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Preface

This book is the story of a success.

Classical Euclidean geometry has always had a weak point (as Greek ge-
ometers were well aware): it was not able to satisfactorily study curves and
surfaces, unless they were straight lines or planes. The only significant excep-
tion were conic sections. But it was an exception confirming the rule: conic
sections were seen as intersections of a cone (a set consisting of the lines
through a point forming a constant angle with a given line) with a plane,
and so they could be dealt with using the linear geometry of lines and planes.
The theory of conic sections is rightly deemed one of the highest points of
classical geometry; beyond it, darkness lay. Some special curves, a couple of
very unusual surfaces; but of a general theory, not even a trace.

The fact is, classical geometers did not have the language needed to speak
about curves or surfaces in general. Euclidean geometry was based axiomat-
ically on points, lines, and planes; everything had to be described in those
terms, while curves and surfaces in general do not lend themselves to be
studied by means of that vocabulary. All that had to be very frustrating;
it suffices to take a look around to see that our world is full of curves and
surfaces, whereas lines and planes are just a typically human construction.

Exeunt Greeks end Egyptians, centuries go by, Arabs begin looking around,
Italian algebraists break the barrier of third and fourth degree equations, enter
Descartes and discovers Cartesian coordinates. We are now at the beginning
of 1600s, more than a millennium after the last triumphs of Greek geometry;
at last, very flexible tools to describe curves and surfaces are available: they
can be seen as images or as vanishing loci of functions given in Cartesian coor-
dinates. The menagerie of special curves and surfaces grows enormously, and
it becomes clear that in this historical moment the main theoretical problem
is to be able to precisely define (and measure) how curves and surfaces differ
from lines and planes. What does it mean that a curve is curved (or that a
surface is curved, for that matter)? And how can we measure just how much
a curve or a surface is curved?



VI Preface

Compared to the previous millennium, just a short wait is enough to get
satisfactory answers to these questions. In the second half of 17th century,
Newton and Leibniz discovered differential and integral calculus, redefining
what mathematics is (and what the world will be, opening the way for the
coming of the industrial revolution). Newton’s and Leibniz’s calculus provides
effective tools to study, measure, and predict the behavior of moving objects.
The path followed by a point moving on a plane or in space is a curve. The
point moves along a straight line if and only if its velocity does not change
direction; the more the direction of its velocity changes, the more its path
is curved. So it is just natural to measure how much curved is the path by
measuring how much the direction of the velocity changes; and differential
calculus was born exactly to measure variations. Voila, we have an effective
and computable definition of the curvature of a curve: the length of the accel-
eration vector (assuming, as we may always do, that the point moves along
the curve at constant scalar speed).

The development of differential geometry of curves and surfaces in the
following two centuries is vast and impetuous. In 18th century many gifted
mathematicians already applied successfully to geometry the new calculus
techniques, culminating in the great accomplishments of 19th century French
school, the so-called fundamental theorems of local theory of curves and sur-
faces, which prove that the newly introduced instruments are (necessary and)
sufficient to describe all local properties of curves and surfaces.

WEell, at least locally. Indeed, as in any good success story, this is just the
beginning; we need a coup de théatre. The theory we have briefly summarized
works very well for curves; not so well for surfaces. Or, more precisely, in the
case of surfaces we are still at the surface (indeed) of the topic; the local de-
scription given by calculus techniques is not enough to account for all global
properties of surfaces. Very roughly speaking, curves, even on a large scale, are
essentially straight lines and circles somewhat crumpled in plane and space;
on the other hand, describing surfaces simply as crumpled portions of plane,
while useful to perform calculations, is unduly restrictive and prevents us from
understanding and working with the deepest and most significant properties
of surfaces, which go far beyond than just measuring curvature in space.

Probably the person who was most aware of this situation was Gauss, one
of the greatest (if not the greatest) mathematician of first half of 19th century.
With two masterly theorems, Gauss succeeded both in showing how much was
still to be discovered about surfaces, and in pointing to the right direction to
be followed for further research.

With the first theorem, his Theorema Egregium, Gauss showed that while,
seen from inside, all curves are equal (an intelligent one-dimensional being
from within such a one-dimensional world would not be able to decide whether
he lives in a straight line or in a curve), this is far from true for surfaces: there
is a kind of curvature (the Gaussian curvature, in fact) that can be measured
from within the surface, and can differ for different surfaces. In other words,
it is possible to decide whether Earth is flat or curved without leaving one’s
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backyard: it is sufficient to measure (with sufficiently precise instruments. . . )
the Gaussian curvature of our garden.

The second theorem, called Gauss-Bonnet theorem since it was completed
and extended by Pierre Bonnet, one of Gauss’s brightest students, disclosed
that by just studying local properties one can fail to realize that deep and
significant phenomena take place at a global level, having geometrical im-
plications at a local level too. For instance, one of the consequences of the
Gauss-Bonnet theorem is that no matter how much we deform in space a
sphere, by stretching it (without breaking) so to locally change in an appar-
ently arbitrary way its Gaussian curvature, the integral of Gaussian curvature
on the whole surface is constant: every local variation of curvature is neces-
sarily compensated by an opposite variation somewhere else.

Another important topic pointed to the interrelation between local and
global properties: the study of curves on surfaces. One of the fundamental
problems in classical differential geometry (even more so because of its prac-
tical importance) is to identify the shortest curve (the geodesic) between two
given points on a surface. Even simply proving that when the points are close
to each other there exists a unique geodesic joining them is not completely
trivial; if the two points are far from each other, infinitely many geodesics
could exist, or none at all. This is another kind of phenomenon of a typically
global nature: it cannot be studied with differential calculus techniques only,
which are inherently local.

Once more, to go ahead and study global properties a new language and
new tools were needed. So we arrive at the twentieth century and at the cre-
ation and development (by Poincaré and others) of topology, which turns out
to be the perfect environment to study and understand global properties of
surfaces. To give just one example, the description given by Hopf and Rinow
of the surfaces in which all geodesics can be extended for all values of the
time parameter (a property implying, in particular, that each pair of points
is connected by a geodesic) is intrinsically topological.

And this is just the beginning of an even more important story. Start-
ing from seminal insights by Riemann (who, in particular, proved that the
so-called non-Euclidean geometries were just geometries on surfaces different
from the plane and not necessarily embedded in Euclidean space), definitions
and ideas introduced to study two-dimensional surfaces have been extended to
n-dimensional manifolds, the analogous of surfaces in any number of dimen-
sions. Differential geometry of manifolds has turned out to be one of the most
significant areas in contemporary mathematics; its language and its results are
used more or less everywhere (and not just in mathematics: Einstein’s gen-
eral theory of relativity, to mention just one example, could not exist without
differential geometry). And who knows what the future has in store for us ...

This book’s goal is to tell the main threads of this story from the view-
point of contemporary mathematics. Chapter 1 describes the local theory of
curves, from the definition of what a curve is to the fundamental theorem
of the local theory of curves. Chapters 3 and 4 deal with the local theory
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of surfaces, from the (modern) definition of a surface to Gauss’s Theorema
Egregium. Chapter 5 studies geodesics on a surface, up to the proof of their
existence and local uniqueness.

The remaining chapters (and some of the chapters’ supplementary mate-
rial; see below) are devoted instead to global properties. Chapter 2 discusses
some fundamental results in the global theory of plane curves, including the
Jordan curve theorem, which is a good example of the relatively belated de-
velopment of the interest in global properties of curves: the statement of the
Jordan curve theorem seems obvious until you try to actually prove it — and
then it turns out to be surprisingly difficult, and far deeper than expected.

Chapter 6 is devoted to the Gauss-Bonnet theorem, with a complete proof
is given, and to some of its innumerable applications. Finally, in Chapter 7,
we discuss a few important results about the global theory of surfaces (one of
them, the Hartman-Nirenberg theorem, proved only in 1959), mainly focus-
ing on the connections between the sign of Gaussian curvature and the global
(topological and differential) structure of surfaces. We shall confine ourselves
to curves and surfaces in the plane and in space; but the language and the
methods we shall introduce are compatible with those used in differential ge-
ometry of manifolds of any dimension, and so this book can be useful as a
training field before attacking n-dimensional manifolds.

We have attempted to provide several possible paths for using this book as
a textbook. A minimal path consists in just dealing with local theory: Chap-
ters 1, 3, and 4 can be read independently of the remaining ones, and can
be used to offer, in a two-month course, a complete route from initial defini-
tions to Gauss’s Theorema Egregium; if time permits, the first two sections
of Chapter 5 can be added, describing the main properties of geodesics. Such
a course is suitable and useful both for Mathematics (of course) and Physics
students, from the second year on, and for Engineering and Computer Science
students (possibly for a Master degree) who need (or are interested in) more
advanced mathematical techniques than those learnt in a first-level degree.

In a one-semester course, on the other hand, it is possible to adequately
cover the global theory too, introducing Chapter 2 about curves, the final
section of Chapter 5 about vector fields, and, at the professor’s discretion,
Chapter 6 about the Gauss-Bonnet theorem or Chapter 7 about the classifi-
cation of closed surfaces with constant Gaussian curvature. In our experience,
in a one-semester course given to beginning or intermediate undergraduate
Mathematics or Physics students, it is difficult to find time to cover both
topics, so the two chapters are completely independent; but in the case of an
one-year course, or in an one-semester course for advanced students, it might
be possible to do so, possibly even touching upon some of the supplementary
material (see below).

Each chapter comes with several guided problems, that is, solved exercises,
both computational (one of the nice features of local differential geometry of
curves and surfaces is that almost everything can be explicitly computed —
well, with the exception of geodesics) and of a more theoretical character,



Preface IX

whose goal is to teach you how to effectively use the techniques given in the
corresponding chapter. You will also be able to test your skill by solving the
large number of exercises we propose, subdivided by topic.

You might have noticed another feature peculiar to this book: we address
you directly, dear reader. There is a precise reason for this: we want you to feel
actively involved while reading the book. A mathematics textbook, no matter
at what level, is a sequence of arguments, exposed one after another with
(hopefully) impeccable logic. While reading, we are led by the argument, up
to a point where we have no idea why the author followed that path instead of
another, and — even worse —we are not able to reconstruct that path on our
own. In order to learn mathematics, it is not enough to read it; you must do
mathematics. The style we adopted in this book is chosen to urge you in this
direction; in addition to motivations for each notion we shall introduce, you
will often find direct questions trying to stimulate you to an active reading,
without accepting anything just because you trust us (and, with any luck,
they will also help you to stay awake, should you happen to study in the wee
hours of the morning, the same hours we used to write this book...).

This book also has the (vain?) ambition not to be just a textbook, but
something more. This is the goal of the supplementary material. There is a
wealth of extremely interesting and important results that does not usually
find its place in courses (mostly due to lack of time), and that is sometimes
hard to find in books. The supplementary material appended to each chapter
display a choice (suggested, as is natural, by our taste) of these results. We go
from complete proofs of the Jordan curve theorem, also for curves that are no
more than continuous, and of the existence of triangulations on surfaces (the-
orems often invoked and used but very rarely proved), to a detailed exposition
of the Hopf-Rinow theorem about geodesics or Bonnet’s and Hadamard’s the-
orems about surfaces with Gaussian curvature having a well-defined sign. We
shall also prove that all closed surfaces are orientable, and the fundamental
theorem of the local theory of surfaces (which, for reasons made clear at the
end of Chapter 4, is not usually included in a standard curriculum), and much
more. We hope that this extra material will answer questions you might have
asked yourself while studying, arouse further you curiosity, and provide mo-
tivation and examples for moving towards the study of differential geometry
in any dimension. A warning: with just some exceptions, the supplementary
material is significantly more complicated than the rest of the book, and to be
understood it requires a good deal of participation on your part. A reassur-
ance: nothing of what is presented in the supplementary material is used in
the main part of the book. On a first reading, the supplementary results may
be safely ignored with no detriment to the comprehension of the rest of the
book. Lastly, mainly due to space considerations, the supplementary material
includes only a limited number of exercises.

Two words about the necessary prerequisites. As you can imagine, we shall
use techniques and ideas from differential and integral calculus in several real
variables, and from general topology. The necessary notions from topology are
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really basic: open sets, continuous functions, connectedness and compactness,
and even knowing those in metric spaces is enough. Since these topics are
usually covered in any basic Geometry course, and often in Calculus courses
too, we did not feel the need to provide specific references for the few topology
theorems we shall use. If necessary, you will find all of the above (and much
more) in the first four chapters of [11].

Much more care has been put in giving the results in calculus we shall need,
both because they typically are much deeper than those in general topology,
and to give you statements consistent with what we need. All of them are
standard results, covered in any Advanced Calculus course (with the possible
exception of Theorem 4.9.1); a good reference text is [5].

On the other hand, we do not require you to have been exposed to al-
gebraic topology (in particular, if you do not have any idea of what we are
talking about, you do not have to worry). For this reason, Section 2.1 contains
a complete introduction to the theory of the degree for continuous maps of
the circle to itself, and Section 7.5 discusses everything we shall need about
the theory of covering maps.

Needless to say, this is not the first book about this topic, and it could
not have been written ignoring the earlier books. We found especially useful
the classical texts by do Carmo [4] and Spivak [22], and the less classical but
not less useful ones by Lipschutz [13] and Montiel and Ros [16]; if you will
like this book, you might want to have a look at those books as well. On
the other hand, good starting points for studying differential geometry in any
dimension are the already cited [22], and [10] and [12].

Lastly, the pleasant duty of thanks. This book would never have seen the
light of the day, and would certainly have been much worse, without the
help, assistance, understanding, and patience of (in alphabetical order) Luigi
Ambrosio, Francesca Bonadei, Piermarco Cannarsa, Cinzia Casagrande, Ciro
Ciliberto, Michele Grassi, Adele Manzella, and Jasmin Raissy. We are partic-
ularly grateful to Daniele A. Gewurz, who flawlessly completed the daunting
task of translating our book from Italian to English. A special thanks goes to
our students of all these years, who put up with several versions of our lec-
ture notes and have relentlessly pointed out even the smallest error. Finally,
a very special thanks to Leonardo, Jacopo, Niccolo, Daniele, Maria Cristina,
and Raffaele, who have fearlessly suffered the transformation of their parents
in an appendix to the computer keyboard, and that with their smiles remind
us that the world still deserved to be lived.

Pisa and Rome, July 2011 Marco Abate
Francesca Tovena
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1

Local theory of curves

Elementary geometry gives a fairly accurate and well-established notion of
what is a straight line, whereas is somewhat vague about curves in general.
Intuitively, the difference between a straight line and a curve is that the former
is, well, straight while the latter is curved. But is it possible to measure how
curved a curve is, that is, how far it is from being straight? And what, exactly,
is a curve? The main goal of this chapter is to answer these questions. After
comparing in the first two sections advantages and disadvantages of several
ways of giving a formal definition of a curve, in the third section we shall show
how Differential Calculus enables us to accurately measure the curvature of a
curve. For curves in space, we shall also measure the torsion of a curve, that
is, how far a curve is from being contained in a plane, and we shall show how
curvature and torsion completely describe a curve in space. Finally, in the
supplementary material, we shall present (in Section 1.4) the local canonical
shape of a curve; we shall prove a result (Whitney’s Theorem 1.1.7, in Sec-
tion 1.5) useful to understand what cannot be the precise definition of a curve;
we shall study (in Section 1.6) a particularly well-behaved type of curves, fore-
shadowing the definition of regular surface we shall see in Chapter 3; and we
shall discuss (in Section 1.7) how to deal with curves in R" when n > 4.

1.1 How to define a curve

What is a curve (in a plane, in space, in R™)? Since we are in a mathemati-
cal textbook, rather than in a book about military history of Prussian light
cavalry, the only acceptable answer to such a question is a precise definition,
identifying exactly the objects that deserve being called curves and those that
do not. In order to get there, we start by compiling a list of objects that we
consider without a doubt to be curves, and a list of objects that we consider
without a doubt not to be curves; then we try to extract properties possessed
by the former objects and not by the latter ones.

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 1, © Springer-Verlag Italia 2012



2 1 Local theory of curves

Example 1.1.1. Obviously, we have to start from straight lines. A line in a
plane can be described in at least three different ways:

e as the graph of a first degree polynomial: y = mx + q or £ = my + ¢;
e as the vanishing locus of a first degree polynomial: ax + by + ¢ = 0;
e as the image of a map f: R — R? having the form f(t) = (at + §,~vt + 6).

A word of caution: in the last two cases, the coefficients of the polynomial (or
of the map) are not uniquely determined by the line; different polynomials (or
maps) may well describe the same subset of the plane.

Ezample 1.1.2. If I C R is an interval and f:I — R is a (at least) continuous
function, then its graph

Iy={(tft) |tel} cR?

surely corresponds to our intuitive idea of what a curve should be. Note that
we have

I'y={(z,y) € I xR |y— f(z) =0},

that is a graph can always be described as a vanishing locus too. Moreover, it
also is the image of the map o: I — R? given by o(t) = (t, f(t))

Remark 1.1.5. To be pedantic, the graph defined in last example is a graph
with respect to the first coordinate. A graph with respect to the second co-
ordinate is a set of the form {(f(¢),t) | t € I}, and has the same right to
be considered a curve. Since we obtain one kind of graph from the other just
by permuting the coordinates (an operation which geometrically amounts to
reflecting with respect to a line), both kinds of graphs are equally suitable,
and in what follows dealing with graphs we shall often omit to specify the
coordinate we are considering.

Example 1.1.4. A circle (or circumference) with center (xg,10) € R? and ra-
dius 7 > 0 is the curve having equation

(x —x0)> + (y — yo)* =r?

Note that it is not a graph with respect to either coordinate. However, it can
be represented as the image of the map o: R — R? given by

o(t) = (zo +rcost,yo + rsint) .

Ezxample 1.1.5. Open sets in the plane, closed disks and, more generally, sub-
sets of the plane with non-empty interior do not correspond to the intuitive
idea of curve, so they are to be excluded. The set [0,1] x [0,1] \ Q?, in spite
of having an empty interior, does not look like a curve either.

Let us see which clues we can gather from these examples. Confining our-
selves to graphs for defining curves is too restrictive, since it would exclude
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circles, which we certainly want to consider as curves (however, note that
circles locally are graphs; we shall come back to this fact later).

The approach via vanishing loci of functions looks more promising. Indeed,
all the examples we have seen (lines, graphs, circles) can be described in this
way; on the other hand, an open set in the plane or the set [0,1] x [0,1] \ Q?
cannot be the vanishing locus of a continuous function (why?).

So we are led to consider sets of the form

C={(z,y) € 2| f(z,y) =0} C R?

for suitable (at least) continuous functions f: 2 — R, where £2 C R? is open.
We must however be careful. Sets of this kind are closed in the open set 2,
and this is just fine. But the other implication hold as well:

Proposition 1.1.6. Let 2 C R™ be an open set. Then a subset C C 2 is
closed in §2 if and only if there exists a continuous function f:{2 — R such

that C = {z € 2| f(z) =0} = £71(0).
Proof. 1t is enough to define f: 2 — R by setting
f(x) =d(z,C) = inf{[lz —y[| |y € C},

where || - || is the usual Euclidean norm in R". Indeed, f is obviously contin-
uous, and = € C' if and only if f(z) =0 (why?). O

So, using continuous functions we get sets that clearly cannot be consid-
ered curves. However, the problem could be caused by the fact that continuous
functions are too many and not regular enough; we might have to confine our-
selves to smooth functions.

(Un)fortunately this precaution is not enough. In Section 1.5 of the sup-
plementary material to this chapter we shall prove the following:

Theorem 1.1.7 (Whitney). Let 2 C R" be an open set. Then a sub-
set C C (2 is closed in (2 if and only if there exists a function f:2 — R of
class O such that C = f~1(0).

In other words, any closed subsets is the vanishing locus of a C*° func-
tion, not just of a continuous function, and the idea of defining the curves as
vanishing loci of arbitrary smooth functions has no chance of working.

Let’s take a step back and examine again Examples 1.1.1, 1.1.2, and 1.1.4.
In all those cases, it is possible to describe the set as the image of a map-
ping. This corresponds, in a sense, to a dynamic vision of a curve, thought
of as a locus described by a continuously (or differentiably) moving point in
a plane or in space or, more in general, in R"”. With some provisos we shall
give shortly, this idea turns out to be the right one, and leads to the following
definition.



4 1 Local theory of curves

Definition 1.1.8. Given k € NU {oco} and n > 2, a parametrized curve of
class C* in R" is a map o: 1 — R™ of class C*, where I C R is an interval.
The image o(I) is often called support (or trace) of the curve; the variable
t € I is the parameter of the curve. If I = [a,b] and o(a) = o(b), we shall say
that the curve is closed.

Remark 1.1.9. If T is not an open interval, and k£ > 1, saying that o is of
class C* in I means that o can be extended to a C* function defined in an
open interval properly containing I. Moreover, if ¢ is closed of class C*, unless
stated otherwise we shall always assume that

o'(a) = o' (b), o"(a) =" (), ..., o (a) =P (b).

In particular, a closed curve of class C* can always be extended to a periodic
map 6:R — R"™ of class C*.

Ezample 1.1.10. The graph of a map f: 1 — R™ " of class C* is the image of
the parametrized curve o: I — R" given by o(t) = (t, f(t)).

Ezxample 1.1.11. Given vy, v1 € R"™ such that v; # O, the parametrized
curve o:R — R" given by o(t) = vg + tv; has as its image the straight
line through vy in the direction wv;.

Ezample 1.1.12. The two parametrized curves o1, o2: R — R? given by
o1(t) = (wog + rcost,yo + rsint) and oo(t) = (xo + 7 cos 2t, yg + rsin 2t)

both have as their image the circle having center (xg,y0) € R? and ra-
dius r > 0.

Ezample 1.1.13. The parametrized curve o: R — R? given by
o(t) = (rcost,rsint,at) ,

with 7 > 0 and a € R, has as its image the circular helix having radius r
e pitch a; see Fig 1.1.(a). The image of the circular helix is contained in the
right circular cylinder having equation 2% +y? = r2. Moreover, for each t € R
the points o(t) and o(t+ 27) belong to the same line parallel to the cylinder’s
axis, and have distance 27|al.

Ezample 1.1.14. The curve o: R — R? given by o(t) = (t, |t|) is a continuous
parametrized curve which is not of class C! (but see Exercise 1.11).

All t parametrized curves we have seen so far (with the exception of the
circle; we’ll come back to it shortly) provide a homeomorphism between their
domain and their image. But it is not always so:

Ezample 1.1.15. The curve o: R — R? given by o(t) = (t2 — 4t,1> — 4) is a
non-injective parametrized curve; see Fig. 1.1.(b).
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(a) (b) (c)

Fig. 1.1. (a) circular helix; (b) non-injective curve; (c) folium of Descartes

Ezample 1.1.16. The curve o: (—1,4+00) — R? given by

3t 312
cO={ 1 p 14

is an injective parametrized curve, but it is not a homeomorphism with its
image (why?). The set obtained by taking the image of o, together with its
reflection across the line x = y, is the folium of Descartes; see Fig. 1.1.(c).

We may also recover some vanishing loci as parametrized curves. Not all
of them, by Whitney’s Theorem 1.1.7; but we shall be able to work with van-
ishing loci of functions f having nonzero gradient V f, thanks to a classical
Calculus theorem, the implicit function theorem (you can find its proof, for
instance, in [5, p. 148]):

Theorem 1.1.17 (Implicit function theorem). Let {2 be an open sub-
set of R™ x R™, and F:§2 — R" a map of class C*, with k € N* U {oo}.
Denote by (x,y) the coordinates in R™™, where x € R™ and y € R". Let
po = (zo,y0) € £2 be such that

F(po)=0  and det<8Fi(po)) £0.
dy; ij=1,...m

EEREE)

Then there exist a neighborhood U C R™ ™ of py, a neighborhood V. C R™
of o and a map g:V — R™ of class C* such that U N {p € 2| F(p) = O}
precisely consists of the points of the form (x,g(ac)) with x € V.

Using this we may prove that the vanishing locus of a function having
nonzero gradient is (at least locally) a graph:

Proposition 1.1.18. Let 2 C R? be an open set, and f:2 — R a func-
tion of class C*, with k € N* U {oo}. Choose py € §2 such that f(py) = 0
but Vf(po) # O. Then there exists a neighborhood U of py such that
Un{p e 2| f(p) = 0} is the graph of a function of class C*.
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Proof. Since the gradient of f in py = (x0,yo) is not zero, one of the partial
derivatives of f is different from zero in p; up to permuting the coordinates we
can assume that 9f/0y(py) # 0. Then the implicit function Theorem 1.1.17
tells us that there exist a neighborhood U of pg, an open interval I C R in-
cluding zg, and a function g: I — R of class C*¥ such that U N {f = 0} is
exactly the graph of g. a

Remark 1.1.19. If 0f/0xz(p) # 0 then in a neighborhood of p the vanishing
locus of f is a graph with respect to the second coordinate.

In other words, the vanishing locus of a function f of class C!, being lo-
cally a graph, is locally the support of a parametrized curve near the points
where the gradient of f is nonzero.

Example 1.1.20. The gradient of the function f(x,y) = (x—20)*+(y—yo)*>—12
is zero only in (xg, yo), which does not belong to the vanishing locus of f. Ac-
cordingly, each point of the circle with center (xg,yo) and radius » > 0 has a
neighborhood which is a graph with respect to one of the coordinates.

Remark 1.1.21. Actually, it can be proved that a subset of R? which is locally
a graph always is the support of a parametrized curve; see Theorem 1.6.8.

However, the definition of a parametrized curve is not yet completely sat-
isfying. The problem is that it may well happen that two parametrized curves
that are different as maps describe what seems to be the same geometric set.
An example is given by the two parametrized curves given in Example 1.1.12,
both having as their image a circle; the only difference between them is the
speed with which they describe the circle. Another, even clearer example (one
you have undoubtedly stumbled upon in previous courses) is the straight line:
as recalled in Example 1.1.1, the same line can be described as the image
of infinitely many distinct parametrized curves, just differing in speed and
starting point.

On the other hand, considering just the image of a parametrized curve
is not correct either. Two different parametrized curves might well describe
the same support in geometrically different ways: for instance, one could be
injective whereas the other comes back more than once on sections already
described before going on. Or, more simply, two different parametrized curves
might describe the same image a different number of times, as is the case when
restricting the curves in Example 1.1.12 to intervals of the form [0, 2k].

These considerations suggest to introduce an equivalence relation on the
class of parametrized curves, such that two equivalent parametrized curves re-
ally describe the same geometric object. The idea of only allowing changes in
speed and starting point, but not changes in direction or retracing our steps,
is formalized using the notion of diffeomorphism.

Definition 1.1.22. A diffeomorphism of class C* (with k € N* U {co}) be-
tween two open sets {2, 21 C R" is a homeomorphism h: {2 — (21 such that
both h and its inverse h~! are of class C*.
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More generally, a diffeomorphism of class C* between two sets A, A; C R"
is the restriction of a diffeomorphism of class C* of a neighborhood of A with
a neighborhood of A; and sending A onto Aj.

Ezample 1.1.23. For instance, h(z) = 2z is a diffeomorphism of class C'*
of R with itself, whereas g(z) = 2®, even though it is a homeomorphism of
R with itself, is not a diffeomorphism, not even of class C!, since the inverse
function g~'(x) = 2!/ is not of class C".

Definition 1.1.24. Two parametrized curves o:1 — R™ and 6:1 — R" of
class C* are equivalent if there exists a diffeomorphism h: I — I of class C*
such that 6 = o o h; we shall also say that & is a reparametrization of o, and
that h is a parameter change.

In other words, two equivalent curves only differ in the speed they are
traced, while they have the same image, they curve (as we shall see) in the
same way, and more generally they have the same geometric properties. So
we have finally reached the official definition of what a curve is:

Definition 1.1.25. A curve of class C* in R™ is an equivalence class of para-
metrized curves of class C* in R™. Each element of the equivalence class is
a parametrization of the curve. The support of a curve is the support of any
parametrization of the curve. A plane curve is a curve in R?.

Remark 1.1.26. In what follows we shall almost always use the phrase “let
o:1 — R" be a curve” to say that o is a particular parametrization of the
curve under consideration.

Some curves have a parametrization keeping an especially strong connec-
tion with its image, and so they deserve a special name.

Definition 1.1.27. A Jordan (or simple) arc of class C* in R™ is a curve
admitting a parametrization o: 1 — R" that is a homeomorphism with its
image, where I C R is an interval. In this case, o is said to be a global para-
metrization of C. If I is an open (closed) interval, we shall sometimes say that
C'is an open (closed) Jordan arc.

Definition 1.1.28. A Jordan curve of class C* in R™ is a closed curve C
admitting a parametrization o: [a, b] — R™ of class C*, injective both on [a, b)
and on (a, b]. In particular, the image of C' is homeomorphic to a circle (why?).
The periodic extension & of o mentioned in Remark 1.1.9 is a periodic para-
metrization of C. Jordan curves are also called simple curves (mostly when
n > 2).

Ezample 1.1.29. Graphs (Example 1.1.2), lines (Example 1.1.11) and circu-
lar helices (Example 1.1.13) are Jordan arcs; the circle (Example 1.1.4) is a
Jordan curve.
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Ezample 1.1.30. The ellipse E C R? with semiazes a, b > 0 is the vanishing
locus of the function f:R* — R given by f(z,y) = (z/a)? + (y/b)? — 1, that

is,
2 2
x
L+ = 1} .
a b2
A periodic parametrization of E of class C* is the map o: R — R? given by
o(t) = (acost,bsint).

E = {(x,y) € R?

Ezxample 1.1.31. The hyperbola I C R? with semiazes a, b > 0 is the vanishing
locus of the function f:R? — R given by f(z,y) = (x/a)? — (y/b)? — 1, that

1S
2 2
=Y :1}.
a b2

A global parametrization of the component of I contained in the right half-
plane is the map o: R — R? given by o(t) = (acosht, bsinht).

3

I= {(w,y) eR?

In the Definition 1.1.24 of equivalence of parametrized curves we allowed
the direction in which the curve is described to be reversed; in other words,
we also admitted diffeomorphisms with negative derivative everywhere. As
you will see, in some situations it will be important to be able to distinguish
the direction in which the curve is traced; so we introduce a slightly finer
equivalence relation.

Definition 1.1.32. Two parametrized curves o:1 — R™ and 6:1 — R" of
class C* are equivalent with the same orientation if there exists a parame-
ter change h: I — I from 6 to o with positive derivative everywhere; they are
equivalent with opposite orientation if there exists a parameter change h: I — T
from & to o with negative derivative everywhere (note that the derivative of
a diffeomorphism between intervals cannot be zero in any point, so it is either
positive everywhere or negative everywhere). An oriented curve is then an
equivalent class of parametrized curves with the same orientation.

Ezample 1.1.83. 1If 0: I — R" is a parametrized curve, then the parametrized
curve 0 : —I — R" given by 0~ (¢) = o(—t), where —I = {t e R| -t € I}, is
equivalent to o but with the opposite orientation.

In general, working with equivalence classes is always a bit tricky; you
have to choose a representative element and to check that all obtained results
do not depend on that particular representative element. Nevertheless, there
is a large class of curves, the reqular curves, for which it is possible to choose
in a canonical way a parametrization that represents the geometry of the
curve particularly well: the arc length parametrization. The existence of this
canonical parametrization permits an effective study of the geometry (and, in
particular, of the differential geometry) of curves, confirming a posteriori that
this is the right definition.
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In the next section we shall introduce this special parametrization; on the
other hand, in Section 1.6 of the supplementary material of this chapter we
shall discuss another way of definining what a curve is.

1.2 Arc length

This is a book about differential geometry; so our basic idea is to study geo-
metric properties of curves (and surfaces) by using techniques borrowed from
Mathematical Analysis, and in particular from Differential Calculus. Accord-
ingly, apart from a few particular situations (such as Section 2.8 of the sup-
plementary material in Chapter 2), we shall always work with curves of class
at least O, in order to be able to compute derivatives.

The derivative of a parametrization of a curve tells us the speed at which
we are describing the image of the curve. The class of curves for which the
speed is nowhere zero (so we always know the direction we are going) is, as
we shall see, the right class for differential geometry.

Definition 1.2.1. Let 0:I — R" be a parametrized curve of class (at
least) C!. The vector o”(t) is the tangent vector to the curve at the point o (t).
If tg € I is such that o/(ty9) # O, then the line through o(¢y) and parallel
to o’(tg) is the affine tangent line to the curve at the point o(tp). Finally,
if o’(t) # O for all ¢t € I we shall say that o is regular.

Remark 1.2.2. The notion of a tangent vector depends on the parametrization
we have chosen, while the affine tangent line (if any) and the fact of being
regular are properties of the curve. Indeed, let o: 1 — R™ and 6:1 — R™ be
two equivalent parametrized curves of class C1, and h: I — I the parameter
change. Then, by computing & = o o h, we find

&(t) = W(t) o' (h(1)) . (1.1)

Since k' is never zero, we see that the length of the tangent vector depends on
our particular parametrization, but its direction does not; so the affine tan-
gent line in 6(t) = o(h(t)) determined by & is the same as that determined
by o. Moreover, &' is never zero if and only if ¢’ is never zero; so, being regular
is a property of the curve, rather than of a particular representative.

Ezample 1.2.8. Graphs, lines, circles, circular helices, and the curves in Ex-
amples 1.1.15 and 1.1.16 are regular curves.

Ezample 1.2.4. The curve 0: R — R? given by o(t) = (t2,t%) is a non-regular
curve whose image cannot be the image of a regular curve; see Fig 1.2 and
Exercises 1.4 and 1.10.

As anticipated in the previous section, what makes the theory of curves
especially simple to deal with is that every regular curve has a canonical para-
metrization (unique up to its starting point; see Theorem 1.2.11), strongly
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Fig. 1.2. A non-regular curve

related to the geometrical properties common to all parametrizations of the
curve. In particular, to study the geometry of a regular curve, we often may
confine ourselves to working with the canonical parametrization.

This canonical parametrization basically consists in using as our parame-
ter the length of the curve. So let us start by defining what we mean by length
of a curve.

Definition 1.2.5. Let I = [a, b] be an interval. A partition P of I is a (k+1)-
tuple (tg,...,tx) € [a,b]*! with a = tg < t; < --- < tx = b. If P is partition
of I, we set

Pl = max t; —tj-a] .

Definition 1.2.6. Given a parametrized curve o:[a,b] — R" and a parti-
tion P of [a,b], denote by

k
L(o,P) = Z lo(t;) — o(tj-1)l

the length of the polygonal closed curve having vertices o(tp),...,o(tx). We
shall say that o is rectifiable if the limit

L(c)= lim L(o,P
(o) |\7>|\—>o( )

exists and is finite. This limit is the length of o.

Theorem 1.2.7. Every parametrized curve o:[a,b] — R™ of class C* is rec-
tifiable, and we have

b
sz/Wwwmw.

Proof. Since o is of class C*, the integral is finite. So we have to prove that,
for each € > 0 there exists a § > 0 such that if P is a partition of [a, b] with
IP]| < 6 then

<e. (1.2)

b
[ o' @lae - Lio,P)
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We begin by remarking that, for each partition P = (to,...,tx) of [a,b] and

for each j =1,...,k, we have
[ owar| < [ o
t

j—1 tj—1

lo(t;) = o(tj—1)ll = ‘
so summing over j we find

L(o,P) g/ o’ ()] dt | (1.3)

independently of the partition P.
Now, fix € > 0; then the uniform continuity of ¢’ over the compact inter-
val [a, b] provides us with a § > 0 such that

€
h—
for all s, ¢t € [a,b]. Let P = (to,...,tx) be a partition of [a,b] with [|P|| < d.
Forall j =1,...,k and s € [t;_1,t;] we have

[t —s| <6 =|o'(t)—d'(s)]| < (1.4)

ot~ o) = [ o+ [ (o) - o) ar

ti—1 tj—1

= (t; —tj—1)o’(s) + /tJ (o'(t) —d'(s)) dt .
Hence,
>t~ )l @)l - [

j—1

lo(t;) —o(tj-1)

where the last step follows from the fact that s, ¢ € [t;_1,¢;] implies [t—s| < J,
so we may apply (1.4). Dividing by ¢; —t;_1 we get

lo(t;) = o(ti-1)ll £
D7l sy -, ©
Jj -1 a

then integrating with respect to s over [t;_1,t;] it follows that

lott) = oty = [ I lds =, =t

tj,1

Summing over j =1,...,k we get

b
L(o,P) > / o/ (s) | ds —  ,

which taken together with (1.3) gives (1.2). |
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Corollary 1.2.8. Length is a geometric property of C' curves, and it does
not depend on a particular parametrization. In other words, any two equiva-
lent parametrized curves of class C* (defined on a compact interval) have the
same length.

Proof. Let o:[a,b] — R" and 5 [a, l;] — R" be equivalent parametrized curves,
and h:[a,b] — [a,b] the parameter change. Then (1.1) implies

/H )l dt = /||o DI I8 dt = /||a )l dr = L(o) ,

thanks to the classical theorem about change of variables in integrals. a

Remark 1.2.9. Note that the length of a curve does not depend only on its sup-
port, since a non-injective parametrization may describe some arc more than
once. For instance, the two curves in Example 1.1.12, restricted to [0, 2], have
different lengths even though they have the same image.

The time has come for us to define the announced canonical parametriza-
tion:

Definition 1.2.10. Let 0:1 — R" be a curve of class C* (with k& > 1).
Having fixed ¢y € I, the arc length of o (measured starting from tg) is the
function s: I — R of class C* given by

t

st = [ o' ar

to
We shall say that o is parametrized by arc length if ||o’|| = 1. In other words,
o is parametrized by arc length if and only if its arc length is equal to the
parameter ¢ up to a translation, that is s(t) =t — tg.

A curve parametrized by arc length is clearly regular. The fundamental
result is that the converse implication is true too:

Theorem 1.2.11. Every regular oriented curve admits a unique (up to a
translation in the parameter) parametrization by arc length. More precisely,
let o: 1 — R™ be a regular parametrized curve of class C*. Having fized to € I,
denote by s:I — R the arc length of o measured starting from to. Then
G = oos s (up to a translation in the parameter) the unique regular
C* curve parametrized by arc length equivalent to o and having the same
orientation.

Proof. First of all, s’ = ||o’|| is positive everywhere, so s: I — s(I) is a mono-
tonically increasing function of class C* having inverse of class C* between
the intervals I and I = s(I). So & = 0 o s~': 1 — R™ is a parametrized curve
equivalent to o and having the same orientation. Furthermore,

O‘I(S_l(t))

TO= o)
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so ||&’]| = 1, as required.

To prove uniqueness, let 01 be another parametrized curve satisfying the
hypotheses. Being equivalent to o (and so to &) with the same orientation,
there exists a parameter change h with positive derivative everywhere such
that oy = & o h. As both & and oy are parametrized by arc length, (1.1) im-
plies |A/| = 1; but A’ > 0 everywhere, so necessarily h’ = 1. This means that
h(t) =t + c for some ¢ € R, and thus o7 is obtained from & by translating the
parameter. O

So, every regular curve admits an essentially unique parametrization by arc
length. In some textbooks this parametrization is called the natural parametri-
zation.

Remark 1.2.12. In what follows, we shall always use the letter s to denote
the arc-length parameter, and the letter ¢ to denote an arbitrary parameter.
Moreover, the derivatives with respect to the arc-length parameter will be de-
noted by a dot (), while the derivatives with respect to an arbitrary parameter
by a prime (). For instance, we shall write ¢ for do/ds, and ¢’ for do/dt. The
relation between & and o’ easily follows from the chain rule:

o'(t) = 17 (1) = 7 (s() (1) = o' ()] (1) (15)

Analogously we have

(s) = L o' (s7 (s
= oo 7D

where in last formula the letter s denotes both the parameter and the arc
length function. As you will see, using the same letter to represent both con-
cepts will not cause, once you get used to it, any confusion.

Example 1.2.13. Let 0:R — R™ be a line parametrized as in Example
1.1.11. Then the arc length of o starting from 0 is s(t) = ||v1||¢t, and thus
s71(s) = s/|lv1]|. In particular, a parametrization of the line by arc length is
d(s) = vo + svi/[Jv1]-

Ezample 1.2.14. Let 0:[0,2n] — R? be the parametrization of the circle with
center (z9, o) € R? and radius 7 > 0 given by o (t) = (o +7 cost,yo+7sint).
Then the arc length of o starting from 0 is s(t) = rt, so s7!(s) = s/r. In
particular, a parametrization &: [0, 27r] — R? by arc length of the circle is
given by 6(s) = (zo + 7 cos(s/r),yo + rsin(s/r)).

Ezample 1.2.15. The circular helix 0: R — R® with radius » > 0 and pitch
a € R* described in Example 1.1.13 has ||o’|| = v/72 4 a2. So an arc length
parametrization is

5(s) < S . s as )
(s) = [ rcos rsin .
Vr2 + a2’ Vr2 + a2’ Vr? +a?
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Example 1.2.16. The catenary is the graph of the hyperbolic cosine function;
so a parametrization is the curve o:R — R? given by o(t) = (t,cosht). It
is one of the few curves for which we can explicitly compute the arc length
parametrization using elementary functions. Indeed, o’(t) = (1, sinht); so

t t
s(t) = / V1 +sinh? 7 dr = / cosh7dr = sinht
0 0

and
s7!(s) = arcsinh s = log(s + V1+ s?) .

Now, cosh (log(s +V1+ 52)) = /1 + 52, and thus the parametrization of the
catenary by arc length is

F(s) = <log(s+ \/1+52)7\/1+52> :

Ezxample 1.2.17. Let E be an ellipse having semiaxes a, b > 0, parametrized
as in Example 1.1.30, and assume b > a. Then

t ¢ a2
S(t)z/ \/a2sin27'+b200327'd7-:b/ 1—(1—b2>sin27'd7-
0 0

is an elliptic integral of the second kind, whose inverse is expressed using Ja-
cobi elliptic functions. So, to compute the arc-length parametrization of the
ellipse we have to resort to non-elementary functions.

Remark 1.2.18. Theorem 1.2.11 says that every regular curve can be parame-
trized by arc length, at least in principle. In practice, finding the parametri-
zation by arc length of a particular curve might well be impossible: as we
have seen in the previous examples, in order to do so it is necessary to com-
pute the inverse of a function given by an integral. For this reason, from now
on we shall use the parametrization by arc length to introduce the geomet-
ric quantities (like curvature, for instance) we are interested in, but we shall
always explain how to compute those quantities starting from an arbitrary
parametrization too.

1.3 Curvature and torsion

In a sense, a straight line is a curve that never changes direction. More pre-
cisely, the image of a regular curve is contained in a line if and only if the
direction of its tangent vector o’ is constant (see Exercise 1.22). As a result,
it is reasonable to suppose that the variation of the direction of the tangent
vector could tell us how far a curve is from being a straight line. To get an
effective way of measuring this variation (and so the curve’s curvature), we
shall use the tangent versor.
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Definition 1.3.1. Let 0: I — R" be a regular curve of class C*. The tangent
versor (also called unit tangent vector) to o is the map t: I — R" of class
C*~1 given by

O_I

ol

we shall also say that the versor t(¢) is tangent to the curve o at the point o (¢).

t

Remark 1.3.2. Equation (1.1) implies that the tangent vector only depends
on the oriented curve, and not on a particular parametrization we might have
chosen. In particular, if the curve o is parametrized by arc length, then

t=0= .
ds
On the other hand, the tangent versor does depend on the orientation of the

curve. If t~ is the tangent versor to the curve (introduced in Example 1.1.33)
o~ having opposite orientation, then

t (1) = —t(—t),
that is the tangent versor changes sign when the orientation is reversed.

The variations in the direction of the tangent vector can be measured by
the variation of the tangent versor, that is, by the derivative of t.

Definition 1.3.3. Let 0: I — R" be a regular curve of class C* (with k > 2)
parametrized by arc length. The curvature of o is the function x: I — R™ of

class C*=2 given by )
k(s) = [[6(s) [l = [l (s)]l -

Clearly, (s) is the curvature of o at the point o(s). We shall say that o is
biregular if k is everywhere nonzero. In this case the radius of curvature of o
at the point o(s) is r(s) = 1/k(s).

Remark 1.3.4.If o:1 — R"™ is an arbitrary regular parametrized curve, the
curvature £(t) of o at the point o(¢) is defined by reparametrizing the curve
by arc length. If oy = 0 0 s~ ! is a parametrization of o by arc length, and 4
is the curvature of oy, then we define x: I — R by setting s(t) = r1(s(t)),
so the curvature of o at the point o(t) is equal to the curvature of o1 at the
point o1 (s(t)) = o(t).

Example 1.3.5. A line parametrized as in Example 1.2.13 has a constant tan-
gent versor. So the curvature of a straight line is everywhere zero.

Ezample 1.3.6. Let o:[0,277] — R? be the circle with center (zq,10) € R?
and radius r > 0, parametrized by arc length as in Example 1.2.14. Then

t(s) = &(s) = (—sin(s/r),cos(s/r)) and t(s) = i(— cos(s/r), —sin(s/r)) ,

so o has constant curvature 1/r. This is the reason why the reciprocal of the
curvature is called radius of curvature; see also Example 1.4.3.
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Ezample 1.3.7. Let 0:R — R? be the circular helix with radius » > 0 and
pitch a € R*, parametrized by arc length as in Example 1.2.15. Then,

£(s) < r . s r s a >
s)= (- sin , cos ,
Vr24+a?2  Vr2+a? V24 a2 Vr2 4+ a2’ Vr2 +a?

and
s s

. T
t(s) =— cos ,sin ,00 5
(5) r2+a2( V12 + a2 Vr2 4+ a2 )
so the helix has constant curvature

.
K= )
r2 + q?

Ezample 1.3.8. Let 0: R — R? be the catenary, parametrized by arc length as
in Example 1.2.16. Then

’e) = <\/1:—s2,\/1j-82>

and

£(s) ° !
Ss) = - ) 5
(14 s2)3/27 (1 4 s2)3/2
so the catenary has curvature
1
k(s) = 42

Now, it stands to reason that the direction of the vector t should also
contain significant geometric information about the curve, since it gives the
direction the curve is following. Moreover, the vector t cannot be just any
vector. Indeed, since t is a versor, we have

(t,t) =1,

where (-,-) is the canonical scalar product in R"; hence, after taking the
derivative, we get

($,£)=0.
In other words, t is orthogonal to t everywhere.

Definition 1.3.9. Let 0: I — R"™ be a biregular curve of class C* (with k > 2)
parametrized by arc length. The normal versor (also called unit normal vec-
tor) to o is the map n: I — R™ of class C*~2 given by
t ot
n= . = .
It s
The plane through o(s) and parallel to Span (t(s), n(s)) is the osculating plane
to the curve at o(s). The affine normal line of o at the point o(s) is the line
through o(s) parallel to the normal versor n(s).
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Before going on, we must show how to compute the curvature and the
normal versor without resorting to the arc-length, fulfilling the promise we
made in Remark 1.2.18:

Proposition 1.3.10. Let o: I — R"™ be any reqular parametrized curve. Then
the curvature k: I — RY of o is given by

_ Vo'l = Ko, 0%)

lo"11®

2

(1.6)

In particular, o is bireqular if and only if o' and 0" are linearly independent
everywhere; in this case,

1 /
(a” _ o 202>J/> . (1.7)
\/HU//HQ \(ﬂ” o’ |2 tedl

Proof. Let s: I — R be the arc length of o measured starting from an arbitrary
point. Equation (1.5) gives

70
te®) = ooy
since d dt ds ,
S e(s) = 8 s0) T 0 = I @)
we find

_ 1 d (o
t(s() = o’ (t)]] dt (Ila’(t)|>

1 /, 0_// 7a./ ,
= o @2 <" - ||§f)<t>||gt)>”“)> ; (18)

note that t(s(t)) is a multiple of the component of ¢”’(t) orthogonal to o”(t).

Finally,
(1), 0" (1)) 2
— lé(s) ] = oy - "0 ,
= GO =40 ||2\/' o (1)

and the proof is complete, as the last claim follows from the Cauchy-Schwarz
inequality, and (1.7) follows from (1.8). O

Let us see how to apply this result in several examples.

Ezample 1.3.11. Let 0: R — R? be the ellipse having semiaxes a, b > 0, para-

metrized as in Example 1.1.30. Then o'(t) = (—asint,bcost), and hence
o”(t) = (—acost, —bsint). Therefore
a'(t) 1

t(t) =

= (—asint,bcost)
o’ (@)l \/a2 sin? ¢ + b2 cos? t
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and the curvature of the ellipse is given by

ab

Kk(t) = .
®) (a2 sin®t + b2 cos2 t)3/2

Ezample 1.3.12. The normal versor of a circle with radius r» > 0 is

n(s) = (f cos(s/r), — sin(s/r)) :

that of a circular helix with radius > 0 and pitch a € R* is

(5) ( ’ n o)
n(s) = ( —cos , —sin 0 s
V72 + a2 V12 4 a2

that of the catenary is

s 1 )
n(e) = <_\/1+827 \/1+82> ’

and that of the ellipse with semiaxes a, b > 0 is
- 1
B \/(12 sin? ¢ + b2 cos? t
Ezample 1.5.13. Let 0:1 — R™, given by o(t) = (t, f(t)), be the graph of a
map f:1 — R"! of class (at least) C2. Then

1

n(t) (—=bcost,—asint) .

= et
) | e U )
n \/Ilf”|2—|<f”,f’>|2/(1+||f’||2)( veee T Tt

and

VI = s 1) 12
(L+[1f7]12)3/2 '
In particular, o is biregular if and only if f” is never zero (why?).

Remark 1.8.14. To define the normal versor we had to assume the biregularity
of the curve. However, if the curve is plane, to define a normal versor regularity
is enough.

Indeed, if 0: I — R? is a plane curve of class C* parametrized by arc length,
for all s € I there exists a unique versor n(s) that is orthogonal to t(s) and
such that the pair {t(s),n(s)} has the same orientation as the canonical basis.
In coordinates,

t(s) = (a1,02) = 1(s) = (—ag,a1) ;

in particular, the map n: I — R? is of class C*~1, just like t. Moreover, since
t(s) is orthogonal to t(s), it has to be a multiple of n(s); so there exists a
function &#: I — R of class C*~2 such that we have

t=Rn. (1.9)



1.3 Curvature and torsion 19

Definition 1.3.15. If 0: I — R? is a regular plane curve of class C* (with
k > 2) parametrized by arc length, the map n: I — R? of class CF~1 just
defined is the oriented mormal versor of o, while the function x:I — R of
class C*=2 is the oriented curvature of o.

Remark 1.3.16. Since, by construction, we have det(t,n) = 1, the oriented
curvature of a plane curve is given by the formula

£ = det(t,t) . (1.10)

To put it simply, this means that, if & > 0, then the curve is bending in a
counterclockwise direction, while if £ < 0 then the curve is bending in a clock-
wise direction. Finally, if o: I — R? is an arbitrary parametrized plane curve,
then the oriented curvature of o in the point o(t) is given by (see Problem 1.1)
Rty = - det(o'(8), 0" (1)) (1.11)
lo’ @)
Remark 1.3.17. The oriented curvature < of a plane curve is related to the
usual curvature k by the identity x = |&|. In particular, the normal versor in-
troduced in Definition 1.3.9 coincides with the oriented normal versor n when
the oriented curvature is positive, and with its opposite when the oriented
curvature is negative.

Example 1.3.18. Example 1.3.6 show that the oriented curvature of the cir-
cle with center (zo,y0) € R? and radius r > 0, parametrized by arc length
as in Example 1.2.14, is equal to the constant 1/r everywhere. On the other
hand, let o = (01,02): 1 — R? be a regular curve parametrized by arc length,
with constant oriented curvature equal to 1/r # 0. Then the coordinates of o
satisfy the linear system of ordinary differential equations

5’1 - _.}0-2 )
Ga = Lo .
Keeping in mind that 2 + 65 = 1, we find that there exists a sy € R such

that
. ( . s+ s s+ So)
6(s) = | —sin , COS ,
r r
so the support of o is contained (why?) in a circle with radius |r|. In other
words, circles are characterized by having a constant nonzero oriented curva-
ture.

As we shall shortly see (and as the previous example suggests), the ori-
ented curvature completely determines a plane curve in a very precise sense:
two plane curves parametrized by arc length having the same oriented curva-
ture only differ by a rigid plane motion (Theorem 1.3.37 and Exercise 1.49).
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Space curves, on the other hand, are not completely determined by their
curvature. This is to be expected: in space, a curve may bend and also twist,
that is leave any given plane. And, if n > 3, a curve in R™ may hypertwist
in even more dimensions. For the sake of clarity, in the rest of this section
we shall (almost) uniquely consider curves in the space R3, postponing the
general discussion about curves in R™ until Section 1.7 of the supplementary
material to the present chapter.

If the support of a regular curve is contained in a plane, it is clear (why?
see the proof of Proposition 1.3.25) that the osculating plane of the curve is
constant. This suggests that it is possible to measure how far a space curve
is from being plane by studying the variation of its osculating plane. Since
a plane (through the origin of R3) is completely determined by the direction
orthogonal to it, we are led to the following:

Definition 1.3.19. Let 0: I — R? be a biregular curve of class C*. The bi-
normal versor (also called wunit binormal vector) to the curve is the map
b: I — R? of class C*~2 given by b = t An, where A denotes the vector prod-
uct in R®. The affine binormal line of o at the point o(s) is the line through
o(s) parallel to the binormal versor b(s).

Finally, the triple {t,n,b} of R3-valued functions is the Frenet frame of
the curve. Sometimes, the maps t, n, b: I — R® are also called spherical
indicatrices because their image is contained in the unit sphere of R®.

So we have associated to each point o(s) of a biregular space curve o an
orthonormal basis {t(s),n(s), b(s)} of R® having the same orientation as the
canonical basis, and varying along the curve (see Fig. 1.3).

Remark 1.3.20. The Frenet frame depends on the orientation of the curve.
Indeed, if we denote by {t~,n~, b~} the Frenet frame associated with the
curve o~ (s) = o(—s) equivalent to o having opposite orientation, we have

Fig. 1.3. The Frenet frame
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On the other hand, since it was defined using a parametrization by arc length,
the Frenet frame only depends on the oriented curve, and not on the specific
parametrization chosen to compute it.

Ezample 1.3.21. Let 0: R — R? be the circular helix with radius r > 0 and
pitch a € R*, parametrized by arc length as in Example 1.2.15. Then

b(s) < a . S a s r )
s) = sin ,— cos , )
V72 + a2 VrZ+a?2 Vr2+a? V2 4+ a2 Vr? 4+ a2

Ezample 1.3.22.1f o: T — R® is the graph of a map f = (fi, f2): I — R? such
that f” is nowhere zero, then

b 1
VIR + | det(£7, f7)[2

Ezample 1.3.23. If we identify R? with the plane {z = 0} in R®, we may con-
sider every plane curve as a space curve. With this convention, it is straight-
forward (why?) to see that the binormal versor of a biregular curve ¢: I — R?
is everywhere equal to (0,0, 1) if the oriented curvature of o is positive, and
everywhere equal to (0,0, —1) if the oriented curvature of o is negative.

(det(fxf/,)a* élv {/)

Remark 1.3.24. Keeping in mind Proposition 1.3.10, we immediately find that
the binormal versor of an arbitrary biregular parametrized curve o: I — R is
given by
o No”
b= . 1.12

o Ao )
In particular, we obtain another formula for the computation of the normal
versor of curves in R:

(c' Na") Ao’

n=bAt= .
o’ A o[ o]

Moreover, formula (1.6) for the computation of the curvature becomes

le” Aol
K= . (1.13)
lo’][?
The next proposition confirms the correctness of our idea that the variation
of the binormal versor measures how far a curve is from being plane:

Proposition 1.3.25. Let 0:1 — R® be a biregular curve of class C* (with
k > 2). Then the image of o is contained in a plane if and only if the binor-
mal versor is constant.

Proof. Without loss of generality, we may assume that the curve o is para-
metrized by arc length.
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If the image of o is contained in a plane, then there is a plane H C R?
containing the origin such that o(s) — o(s’) € H for all s, ' € I. Dividing
by s — s’ and taking the limit as s’ — s we immediately find that t(s) € H
for all s € I. In the same way, it can be shown that t(s) € H for all s € I,
so n(s) € H for all s € I. Hence b(s) must always be one of the two versors
orthogonal to H; since it changes continuously, it is constant.

On the other hand, assume the binormal versor is a constant vector bg; we
want to prove that the support of ¢ is contained in a plane. Now, a plane is
determined by one of its points and an orthogonal versor: a point p € R® is in
the plane passing through py € R® and orthogonal to the vector v € R? if and
only if (p — pg,v) = 0. Take sg € I; we want to show that the support of o is
contained in the plane through o(sg) and orthogonal to bg. This is the same
as showing that (o(s),bo) = (c(s0), bo), or that the function s — (o (s), bg)
is constant. And indeed we have

d
,bg) = (t,bg) =0,
o o) = (t,by)
as t is always orthogonal to the binormal versor, so the support of ¢ really is
contained in the plane of equation (p — o (sg), bg) = 0. ]

This result suggests that the derivative of the binormal versor might mea-
sure how far a biregular curve is from being plane. Now, b is a versor; so,
taking the derivative of (b,b) = 1 we get (b,b) = 0, that is b is always
orthogonal to b. On the other hand,

b=tAn+tAn=tAn,
sobis perpendicular to t too; hence, b has to be a multiple of n.

Definition 1.3.26. Let 0:I — R® be a biregular curve of class C* (with
k > 3) parametrized by arc length. The torsion of ¢ is the function 7: 1 — R
of class C*~3 such that b = —7n. (Warning: in some texts the torsion is
defined to be the opposite of the function we have chosen.)

Remark 1.53.27. Proposition 1.3.25 may then be rephrased by saying that the
mmage of a biregular curve o is contained in a plane if and only if the tor-
sion of o is everywhere zero (but see Exercise 1.30 for an example of what
can happen if the curve is not biregular even in a single point). In Section
1.4 of the supplementary material of this chapter we shall give a geometrical
interpretation of the sign of the torsion.

Remark 1.3.28. Curvature and torsion do not depend on the orientation of the
curve. More precisely, if o: 1 — R? is a biregular curve parametrized by arc
length, and o~ is the usual curve parametrized by arc length equivalent to o
but with the opposite orientation given by o~ (s) = o(—s), then the curvature
k7~ and the torsion 7~ of ¢~ are such that

k7 (s) =k(—s) and 77(s)=7(—3s).
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Remark 1.8.29. On the other hand, the oriented curvature and the oriented
normal versor of a plane curve depend on the orientation of the curve. Indeed,
with the notation of the previous remark applied to a plane curve o, we find

Remark 1.3.50. To find the torsion of a biregular curve o: I — R? with an arbi-
trary parametrization, first of all note that 7 = —(b, n). Taking the derivative
of (1.12), we get

db dtdb 1 o Na” (o' Nd" 0" N, A
= = — o o
ds dsdt | o] |llo' Ao o’ Ao |3

"

]’:‘) =
Therefore, keeping in mind Equation (1.7), we obtain

<0_/ /\ 0_///’0_/I> <o_/ /\ 0_//70_///>

- ||U//\U//||2 - HO/AU//HQ

Ezample 1.3.31.1f 0: 1 — R® is the usual parametrization o(t) = (¢, f(t)) of
the graph of a function f: I — R? with f” nowhere zero, then

_ det(f”, f/ll)
£ + [ det(f/, f7)12

Ezample 1.3.82. Let 0: R — R® be the circular helix with radius » > 0 and
pitch a € R*, parametrized by arc length as in Example 1.2.15. Then, taking
the derivative of the binormal versor found in Example 1.3.21 and keeping in
mind Example 1.3.12, we find

7(s) =

T

a
r24+a2

Thus both the curvature and the torsion of the circular helix are constant.

We have computed the derivative of the tangent versor and of the binor-
mal versor; for the sake of completeness, let us compute the derivative of the
normal versor too. We get

n=bAt+bAt=-mAt+bAkn=—kt+7b.

Definition 1.3.33. Let 0: I — R? be a biregular space curve. The three equa-
tions

t=rn,
n=—rt+7b, (1.14)
b=-mn

)

are the Frenet-Serret formulas of o.
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Remark 1.3.34. There are Frenet-Serret formulas for plane curves too. Since
n is, for the usual reasons, orthogonal to n, it has to be a multiple of t. Taking
the derivative of (t,n) = 0, we find (t,n) = —&. So the Frenet-Serret formulas

for plane curves are
t=Fkn,
n=—kt.

In Section 1.7 of the supplementary material of this chapter we shall see anal-
ogous formulas for curves in R"”.

The basic idea of the local theory of space curves is that the curvature
and the torsion completely determine a curve (compare Example 1.3.32 and
Problem 1.7). To convey in precise terms what we mean, we need a definition.

Definition 1.3.35. A rigid motion of R™ is an affine map p: R" — R" of the
form p(z) = Az + b, where b € R" and

AeSOMn)={AcGL(n,R)|ATA=Tand detA=1}.

In particular, when n = 3 every rigid motion is a rotation about the origin,
followed by a translation.

If a curve is obtained from another through a rigid motion, both curves
have the same curvature and torsion (Exercise 1.26); conversely, the funda-
mental theorem of the local theory of curves states that any two curves with
equal curvature and torsion can always be obtained from one another through
a rigid motion. Frenet-Serret formulas are exactly the tool that will enable us
to prove this result, using the classical Analysis theorem about the existence
and uniqueness of the solutions of a linear system of ordinary differential
equations (see [24, p. 162]):

Theorem 1.3.36. Given an interval I C R, a point to € I, a wvector
up € R, and two functions f:1 — R" and A:1 — M, ,(R) of class C*,
with k € N* U {oco}, where M, 4(R) denotes the space of p X q real matrices,
there exists a unique solution u: I — R™ of class C**1 to the Cauchy problem

{u’:Au—i—f,

u(to) = ug -

In particular, the solution of the Cauchy problem for linear systems of
ordinary differential equations exists over the whole domain of definition of
the coefficients. This is what we need to prove the fundamental theorem of the
local theory of curves:

Theorem 1.3.37 (Fundamental theorem of the local theory of cur-
ves). Given two functions k: I — RY and 7: 1 — R, with x always positive
and of class C**1 and T of class C* (with k € N*U{oo}), there exists a unique
(up to a rigid motion) bireqular curve o: I — R? of class C**3 parametrized
by arc length with curvature k and torsion T.
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Proof. We prove existence first. Frenet-Serret formulas (1.14) form a linear
system of ordinary differential equations in 9 unknowns (the components of
t, n, and b); so we can apply Theorem 1.3.36.

Fix a point so € I and an orthonormal basis {tg,ng,bo} with the same
orientation as the canonical basis. Theorem 1.3.36 provides us with a unique
triple of functions t, n, b:I — R®, with t of class C**2 and n and b of
class C*+1 | satisfying (1.14) and such that t(sg) = to, n(sg) = ng, and
b(So) = bo.

We want to prove that the triple {t,n, b} we have just found is the Frenet
frame of some curve. We show first that being an orthonormal basis in s¢
forces it to be so in every point. From (1.14) we deduce that the functions
(t,t), (t,n), (t,b), (n,n), (n,b), and (b, b) satisfy the following system of
six linear ordinary differential equations in 6 unknowns

St t) = 2k(t,m)

S(t,n) = —k(t,t) + 7(t,b) + r(n,n)
fs (t,b) = —7(t,n) + k(n,b) ,

§9<n,n> = —2k(t,n) 4+ 27(n,b) ,
dds<n,b> = —k(t,b) — 7(n,n) + 7(b,b) ,
J(b,b) = —27(n,b) ,

with initial conditions

<t,t>(80) =1, <t7n>(50) =0
(m,n)(so) =1, (n,b)(s0) =0, (b,b)(s0) =

But it is straightforward to verify that
(t,t) = (n,n) =(b,b)=1, (t,n)=(t,b)=(n,b)=0 (1.15)

is a solution of the same system of differential equations, satisfying the same
initial conditions in sg. So the functions t, n and b have to satisfy equalities
(1.15), and the triple {t(s),n(s),b(s)} is orthonormal for all s € I. Moreover,
it has the same orientation of the canonical basis of R? everywhere: indeed,
(t An,b) is a continuous function on I with values in {41, —1}, whose value
is +1 in sp; hence, necessarily, (t A n,b) = +1, which implies (why?) that
{t(s),n(s),b(s)} has the same orientation as the canonical basis everywhere.
Finally, define the curve o: I — R? by setting

S
o(s) = / B(t) dt .
S0
The curve o is of class C**2 with derivative t(s), so it is regular, parametrized

by arc length, and with tangent versor t. Since the equations (1.14) give
0 = kn with k > 0 everywhere, we deduce that x is the curvature and n
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the normal versor of o (in particular, o is biregular). It follows that b is the
binormal versor and, thanks to (1.14) once more, that 7 is the torsion of o,
as required.

Let us now prove uniqueness. Let o1: I — R? be another biregular curve of
class C*+3, parametrized by arc length, with curvature x and torsion 7. Fix
so € I up to a rigid motion, we may assume that o(sg) = 01(sp), and that o
and o1 have the same Frenet frame at sg. By the uniqueness of the solution
of (1.14), it follows that o and o; have the same Frenet frame at all points of
I; in particular, ¢ = &1. But this implies

S S
o(s) =o(so) + / o(t)dt = o1(so) + / o1(t)dt = oq(s) ,
S0 S0

and 01 = 0. O

Therefore curvature and torsion are all we need to completely describe a
curve in space. For this reason, curvature and torsion are sometimes called
intrinsic or natural equations of the curve.

Remark 1.3.38. Exactly in the same way (Exercise 1.49) it is possible to
prove the following result: Given a function &:1 — R of class C*, with
k € N* U {oc}, there exists a unique (up to a rigid motion in the plane) requ-
lar curve o: I — R? of class C*+2 parametrized by arc length having oriented
curvature K.

Guided problems

For convenience, we repeat here the Frenet-Serret formulas, and the formu-
las (given in Remarks 1.3.24 and 1.3.30, and useful to solve the exercises)
for the computation of curvature, torsion and Frenet frame of an arbitrarily
parametrized biregular space curve:

¢ — o’ _d' A" I A Wi
el T et Al T e A o]
0_/ /\0_// 0_/ /\0_// 0_///
_ _ o)

o'l 7T e A
t=rn,
n=—xt+7b,
b=-mm.

Problem 1.1. Let 0: I — R? be a biregular plane curve, parametrized by an
arbitrary parameter t. Show that the oriented curvature of o is given by

m/y// _ w//y/

1
k= det(o’,0") = ,
()2 + (v)2)*?

lo”][?
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where z, y: 1 — R are defined by o(t) = (z(t),y(t)).

Solution. By formula (1.10), the oriented curvature is given by & = det(t, ).
To complete the proof, it is sufficient to substitute t = ¢’/||o’|| and

_ 1 d @)
660) = oo at (||a’(t))
_ 1 o (1) — <U/l(t)’al(t)>o/
T A GURRHARE)

lo” (¢
in (1.10). Since the determinant is linear and alternating with respect to col-
umns, we get & = det(a’, ") /|0’ (t)||?, as desired. O

Problem 1.2. Let 0: 1 — R"™ be a regular curve of class C? parametrized by
arc length. Denote by 0(¢) the angle between the versors t(so) and t(so + €),
tangent to o respectively in o(sg) and in a nearby point o(so + €), for e >0
small. Show that the curvature k(so) of o in o(sg) satisfies the equality

0(¢e)

k(sp) = lim -

Deduce that the curvature k measures the rate of variation of the direction of
the tangent line, with respect to the arc length. [Note: This problem will find
a new interpretation in Chapter 2; see Proposition 2.4.2 and its proof.]

Solution. Consider the versors t(so) and t(sp+¢), having as their initial point
the origin Oj; the triangle they determine is isosceles, and the length of the
third side is given by ||t(so + &) — t(so)||. The Taylor expansion of the sine
function yields

[6(so + &) — t(s0)|| = 2]sin(6(e)/2)| = |0(¢) + o(6(e))] -
Keeping in mind the definition of curvature, we conclude that

H t(so+¢) — t(so) ‘

k(s0) = [[t(so)l| = lim

5
0 0
)|
e—0 £
As lim._,00(e) = 0, the assertion follows. O

Problem 1.3 (the tractrix). Let o:(0,7) — R? be the plane curve defined
by
. t
o(t) = (smt,cost + log tan 2) :
the image of o is called tractrix (Fig. 1.4). [Note: This curve will be used

in later chapters to define surfaces with important properties; see Exam-
ple 4.5.23.]
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Fig. 1.4. The tractrix

(i) Prove that o is a parametrization of class C*°, regular everywhere except
int=m/2.

(ii) Check that the length of the segment of the tangent line to the tractriz
from the point of tangency to the y-azis is always 1.

(iii) Determine the arc length of o starting from to = w/2.

(iv) Compute the curvature of o where it is defined.

Solution. (i) Since tan(t/2) > 0 for all t € (0,7), the curve o is of class C°.
Moreover,

| cost|

sint '

2t
a(t) = (cost, o8 ) and llo' (1) =
sin

so o’ (t) is zero only for t = 7/2, as desired.
(i) If to # m/2, the affine tangent line 7: R — R? to o at the point o (%)
is given by

t cos?t
n(x) = o(te) + xo' (to) = (sinto + zcosty, costy + logtan © +a . ° ) .
2 sin tg
The tangent line intersects the y-axis in the point where the first coordinate
of n is zero, that is, for x = —tanty. So the length we are looking for is

In(=tanto) —n(0)[| = [|(=sinto, —costo)| =1,

as stated.

In a sense, this result is true for ¢ty = 7/2 too. Indeed, even if the tangent
vector to o tends to O for t — m/2, the tangent line to o at o(t) tends to the
z-axis for t — 7/2, since

"t (t
lim U,( ) (1,0)= —(-1,0) = — Tim U,( )
t—m/2= ||o’ ()]l t—m/2+ ||o’ (b)]|
So, if we consider the z-axis as the tangent line to the support of the tractrix
at the point o(7/2) = (1,0), in this case too the segment of the tangent line
from the point of the curve to the y-axis has length 1.
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(iii) If t > 7/2 we have

t t
= [ e@lar== [ T ar=—logsint.
/2 /2 S T
Analogously, if t < m/2 we have

t /2
aw:/ w%wm:f/"@Tw:bﬁmt
T t

/2 S T
In particular,
-1 {7‘(‘ —arcsine™® € [r/2,7) if s € [0,4+00),
s (s) =
arcsine® € (0,7/2] if s € (—00,0],

and using the formula tan 5 = 1f§£z we see that the reparametrization of o
by arc length is given by

a(sil(s)) _ (e_s, —s—+/1—e"25 —log (1 —V1- e—23)) ifs>0,
- (es,s—i—\/l—ezs—log(l—f—\/l—e?S)) ifs<0.

(iv) Using the reparametrization oy = 0 o s=% of o by arc length we have
just computed, we find

1— —2s5 __ 1— —2s
<e8, ¢ Vi-e ) ifs>0,

() 1—V1—e 2
o1(8) =
1—e* 41 —e2s )
e’, if s<0,
1+ 1 —e2

and

( s e—2$
e ifs>0
7\/1—e25> ’
e25
e®, — ifs<0.
( 7 \/1—628)

So the curvature x; of o1 for s # 0 is given by
1
Ve2lsl — 17

and (keeping in mind Remark 1.3.4) the curvature x of o for t # m/2 is

0'1(8) =

r(s) = [lo(s)ll =

K(t) = k1 (s(t)) = |tant] .

As an alternative, we could have computed the curvature of o by using the
formula for curves with an arbitrary parametrization (see next problem and
Problem 1.1). O
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o)

! L/

Fig. 1.5. Logarithmic spiral

Problem 1.4 (logarithmic spiral). Fiz two real numbers a > 0 and b < 0.
The logarithmic spiral (Fig. 1.5) is the plane curve o:R — R? given by

o(t) = (ae’ cos t,ac sin t) .

(i) Show that the support of the spiral satisfies the equation r = ae®®, ex-

pressed in the polar coordinates (r,0).

(ii) Show that o(t) winds around the origin O tending to it as t — oo.

(iii) Determine the arc length of o, starting from t = 0. Find the arc length
in the case a =1/2 and b = —1.

(iv) Determine the curvature and the torsion of o, and remark that the cur-
vature is never zero.

Solution. (i) We have 72 = 22 + y? = a%e?*(cos? t + sin? t) = a?e?"*, and the
assertion follows because r is always positive.

(i) First of all, by (i) we have ||o(t)|| = ae®, and thus o(t) — O as t — oo,
because b < 0.

Moreover, ¢ coincides with the argument 6 of o(¢) up to a multiple of 27; so
the argument of o(t) is periodic of period 27 and assumes all possible values,
that is o winds around the origin.

(iii) Note that the parametrization of ¢ is of class C*°. Differentiating, we
find

o' (t) = aeb(bcos t — sin t, bsin t 4 cos t)

and so
o' (&) = ae? /b2 +1.

We deduce from this that the arc length of o starting from ¢ = 0 is given by:

! K et —1
s(t):/ |\a'(T)||dT:a\/b2+1/ edeTa\/b2+1{ ) ] .
0 0
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In the case a = 1/2, b = —1, the arc length is s(t) = (1 —e™%)/v/2.
(iv) By applying the usual formulas we find
lo" Ao
O o
—(b? — 1)sin? t + 2b% cos®t — (b — 1) cos® t + 2b?sin® ¢
aebt (b2 + 1)3/2
202 — (b — 1) b +1 1

aebt (b2 + 1)3/2 T aebt (b2 + 1)3/2 T ogebt (b2 + 1)1/2 :

In particular, the curvature is never zero, and the curve is biregular.
Finally, since the curve o is plane and biregular, its torsion is defined and
is zero everywhere. a

Problem 1.5 (Twisted cubic). Determine the curvature, the torsion, and
the Frenet frame of the curve o:R — R* defined by o(t) = (t,t,t3).

Solution. Differentiating the expression of o we find
o'(t) = (1,2t,3t*), o"(t) =(0,2,6t) and o"'(t) = (0,0,6).

In particular, o’ is nowhere zero; thus o is regular and

1

= 1,2t,3t%) .
\/1+4t2+9t4( )

t(t)
Next,
o' (t) Ao (t) = (6t%, —6t,2)

is never zero, so o’ and ¢’ are always linearly independent, and o is biregular.
Using the formulas recalled at the beginning of this section we get

"
(*) ! (6t%, —6t,2) ,

(—9t3 — 2t,1 — 9t*, 6t3 + 3t)

n(t) =b{t) A t(t) = V(1 + 482 4 914)(1 4 912 + 9t4)

o' () A" ()| 21+ 962 + 9t

t) = =
K (t) lo’ @I (14482 +9¢4)3/2 7

and
B o_///(t) B 3
() = <b(t)’ lo'(t) A o (0)] > T oo
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Problem 1.6. Prove that the curve o: (0, +00) — R* defined by
14+t 1—¢
TR

t t
18 contained in a plane.

Solution. By noting that

1 1 2 2
J/(t) = <1a T2 T2 T 1) and U//(t) = (07 37 t3) )

we find that the vector product

2
at)yna(t) = 43 (1,-1,1)
is nowhere zero, so the curvature x = |0’ A ¢”||/||o’||* is nowhere zero. By
Remark 1.3.27, we may conclude that o is a plane curve if and only if the
torsion 7 = (o’ Ao”, ") /||o’ Aa"||? is zero everywhere, that is, if and only if
(¢' N ") is zero everywhere. But

1 =L -1 -1

(' Ne" o)y =det [ 0O 3 2 =0,
0 - g g’L
and the assertion follows. a

Problem 1.7. Let o: I — R? be a bireqular curve parametrized by arc length,
having constant curvature kg > 0 and constant torsion 9 € R. Prove that, up
to rotations and translations of R®, o is an arc of a circular heliz.

Solution. If 79 = 0, then Proposition 1.3.25 and Example 1.3.18 tell us that o
is an arc of a circle, so it can be considered an arc of the degenerate circular
helix with pitch 0.

Assume, on the other hand, 79 # 0. Then

d (Tot + I{()b) = TokoN — KoTol = O 3
s
so 7ot + kb has to be everywhere equal to a constant vector v having length
\/ k2 + 7¢. Up to rotations in R? (which do not change the curvature nor the
torsion; see Exercise 1.26), we may assume
i K
€3 = 9 0 9 t+ 9 0 9 b s
Vg + 73 VG + 75

where eg = (0,0, 1) is the third vector of the canonical basis of R*. Let then
o1: T — R? be defined by

v0:\//@3+rge3 =

T0S

o1(s) =o(s) — S 42

€3
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(beware: as we shall see shortly, s is not the arc length parameter of o1). We
want to show that oy is the parametrization of an arc of a circle contained in
a plane orthogonal to es. First of all,

d i
4s €)= (o1, €3) = (t,e3) — )
5 VG + 75

hence (o1, es3) is constant, and so the support of o; is contained in a plane
orthogonal to ez, as claimed. Moreover,

=0;

T0 H% RoTo

! 1
oy =t — e3 = t — b and o7 =kon;
1 3 2 2 2 2 1 on ;5
2 2
VK2 TS Ko + 7o Ko T 7o
hence
3 2
Ko K Ko To
o=, )0 , and opAof= 70, oo ot
NG T Ko + 7o kg + 75

So, using (1.13) we find that the curvature sy of oy is

N L WO
lon 11 Ko

Thus o1, being a plane curve with constant curvature, by Example 1.3.18
parametrizes an arc of a circle with radius r = ko/(k3 + 73) and contained
in a plane orthogonal to es. Up to a translation in R?®, we may assume that
this circle is centered at the origin, and hence ¢ indeed is a circular helix with
radius 7 and pitch a = 79/ (k3 + 73), as stated. 0

Problem 1.8 (Curves on a sphere). Let o:1 — R* be a biregular curve
parametrized by arc length.

(i) Prove that if the support of o is contained in a sphere with radius R > 0
then

2+ (k/K)? = R*K*72 . (1.16)

(ii) Prove that if & is nowhere zero and o satisfies (1.16) then the support of

o is contained in a sphere with radius R > 0. [Note: You can find further
information about curves contained in a sphere in Exercise 1.56.]

Solution. (i) Up to a translation in R® (which does not change curvatures
and torsions; see Exercise 1.26), we may assume the center of the sphere to
be in the origin. So (o,0) = R?; differentiating three times and applying
Frenet-Serret formulas we find

(t,o) =0, kK(n,o)+1=0 and k(n,o)+k7r(b,0)=0. (1.17)
Now, {t,n,b} is an orthonormal basis; in particular, we may write
o= {(o,t)t + (o,n)n+ (o,b)b ,
so (o, t)|> + |(o,n)|? + |(o, b)|? = R?, and (1.17) implies (1.16).
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(ii) Since & is nowhere zero, by equation (1.16) so is 7; hence we may divide
(1.16) by 722, obtaining

1 1d /1\\" _
/ﬁ2+<7’d8<1€)> =R

Differentiating and recalling that & # 0, we find

T+d 1d /1 ~0
k  ds \7ds \ k -

Define now 7: I — R® by setting

1 1d (1)
n=o0c+ n+ b.
K 7ds \ k

Then

dy . d (1 7oA (14 (1 d (1) _
ds_t—’_ds(n)n t+ﬁb+ds(7ds<ﬁ>)b ds(m)n_O’

that is the curve 7 is constant. This means that there exists a point p € R?

such that
1 1d /1)\?
2 _ p2
o — = + = R*;
I Pl K2 (7’ ds (K)) ’

hence, the support of ¢ is contained in the sphere with radius R and center p.
O

Problem 1.9. Let f:R?> — R be a C°° function; in this problem we shall
write f, = 0f/0x, f, = 0f /0y, fox = 0?f/02%, and so on. Choose a point
p € f710) = C, with f,(p) #0, and let g: I — R, with I CR, a C* function
such that f=1(0) is given, in a neighborhood of p, by the graph of g, as in
Proposition 1.1.18. Finally, choose tg € I so that p = (to,g(to)).

(i) Show that the tangent vector to C in p is parallel to (ffy(p), fa (p)), and

thus the vector V f(p) = (fx (p), fy (p)) is orthogonal to the tangent vector.
(ii) Show that the oriented curvature at p of C is given by

fxxfg? - Qfxyfx.fy + fyyfa%
IV £ ’

/%:

where we have oriented C' in such a way that the tangent versor at p is a
positive multiple of (ffy (), fu (p))

(iii) If f(z,y) = 2* +y*—2y—1 and p = (1,0), compute the oriented curvature
of C at p.
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Solution. (i) Consider the parametrization o(t) = (¢,g(t)). The tangent vec-
tor is parallel to o’(to) = (1,¢/(to)). Since f(t,g(t)) = 0, differentiating with
respect to ¢t we find that

fo(tg®)) + fy(tg(t) g (t) =0; (1.18)
w0 iy fz(p)
gl == )

and the assertion immediately follows.
(i) By differentiating again we find "' (o) = (0, 9" (to)); so using the for-
mula & = ||o’|| 3 det(0’, 0”) proved in Problem 1.1 we get

| £y () 9" (to)
IVfp)l?

Take now one more derivative of (1.18) and evaluate it at to: we find that

k=

(1.19)

foa(P) + fay(p) §'(t0) + [fya(p) + fuy(P) 9 (t0)] 9 (t0) + fy(P) 9" (f0) = O .

The parametrization o is oriented as required if and only if f,(p) < 0. So,
extracting ¢”(tp) from the previous expression and inserting it in (1.19), we
find the formula we were seeking.

(iii) In this case,

and so & = 4/17%/2, 0

Exercises

PARAMETRIZATIONS AND CURVES

1.1. Prove that the curve o: R — R? given by o(t) = (t/(1+t*),t/(1 + %))
is an injective regular parametrization, but not a homeomorphism with its
image.

1.2. Draw the support of the curve parametrized, in polar coordinates (r,8),
by 01(0) = (acosb,), for € [0,27]. Note that the image is contained in a
circle, and that it is defined by the equation r = a cos#.

1.3. Prove that the relation introduced in Definition 1.1.24 actually is an
equivalence relation on the set of parametrizations of class C*.

1.4. Prove that the curve o: R — R? given by o(t) = (t2,%) is not regular
and that no parametrization equivalent to it can be regular.
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1.5. Prove that every open interval I C R is C'*°-diffeomorphic to R.

1.6. Prove that every interval I C R is C'*°-diffeomorphic to one of the follow-
ing: [0, 1), (0, 1), or [0, 1]. In particular, every regular curve admits a parametri-
zation defined in one of these intervals.

1.7. Determine the parametrization oy: (—m, ) — R? equivalent to the para-
metrization o: R — R? given by o(t) = (rcos t,7sin t) of the circle, obtained
by the parameter change s = arctan(t/4).

1.8. Prove that the two parametrizations o, o;:[0,27] — R? of class C™ of
the circle defined by o(t) = (cos t,sin t) and o1(t) = (cos 2t,sin 2t) are not
equivalent (see Example 1.1.12 and Remark 1.2.9).

1.9. Let 0,:[0,21] — R? be defined by

[ (cost,sint) fort e [0,7],
”1()_{(—1,0) for ¢ € [, 2n] .

(i) Show that oy is continuous but not of class C.
(ii) Prove that o; is not equivalent to the usual parametrization of the circle
0:[0,27] — R? given by o(t) = (cost,sint).

1.10. Prove that the support of the curve of the Example 1.2.4 cannot be the
image of a regular curve (in particular, it is not a l-submanifold of R?; see
Section 1.6).

1.11. For all k € N* U {oc}, find a parametrized curve o: R — R? of class C*
having as its support the graph of the absolute value function. Show next that
no such curve can be regular.

1.12. Let o:[0,1] — R? given by

= (=1 + cos(4nt),sin(47t)) for ¢t €[0,1/2] ,
)= (1 + cos(—4nt — m),sin(—4nt —m)) for ¢t € [1/2,1];

see Fig. 1.6.(a).

YN Y

Fig. 1.6.
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(i) Show that o defines a parametrization of class C! but not C?.
(ii) Consider o;:[0,1] — R? given by

) () fort €[0,1/2],
o1(t) = { (1 + cos(4nt + ), sin(4nt + 77)) for ¢ € [1/2,1] 5

see Fig. 1.6.(b). Show that o and oy are not equivalent, not even as con-
tinuous parametrizations.

1.13. The conchoid of Nicomedes is the plane curve described, in polar coor-
dinates, by the equation r = b+ a/ cos§, with fixed a, b # 0, and 0 € [—7, 7].
Draw the support of the conchoid and determine a parametrization in Carte-
sian coordinates.

1.14. Show, using the parameter change v = tan(¢/2), that the parametriza-
tions 01:[0,00) — R* and oy: [0, 1) — R? of the circular helix, given by

1—202 2
o1(v) = <7" - 22, 1 _:1;2,2a arctanv) and o(t) = (rcost,rsint,at)

respectively, are equivalent.

1.15. Epicycloid. An epicycloid is the plane curve described by a point P of
a circle C' with radius r that rolls without slipping on the outside of a circle
Cy with radius R. Assume that the center of Cj is the origin, and that the
point P starts in (R, 0) and moves counterclockwise. Finally, denote by ¢ the
angle between the positive xz-axis and the vector OA, joining the origin and
the center A of C; see Fig. 1.7.(a).

(i) Show that the center A of C has coordinates ((r + R) cost, (r + R)sint).
(ii) Having computed the coordinates of the vector AP, determine a parametri-
zation of the epicycloid.

N,

AR TN

(b)

Fig. 1.7. (a) epicycloid; (b) cycloid
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LENGTH AND RECTIFIABLE CURVES
1.16. Let o: [a,b] — R" be a rectifiable curve. Show that
L(o) = ||lo(b) = a(a)l ,
and deduce that a line segment is the shortest curve between two points.

1.17. Let f:R — R be the function given by

_ [tsin(n/t) ft#0

t) = ;

Uy { 0 ift=0.

Show that the curve o:[0,1] — R? given by o(t) = (t, f(t)) is an injective,
non-rectifiable, continuous curve.

1.18. Cycloid. In the zy-plane consider a circle with radius 1 rolling without
slipping on the z-axis, as in Fig. 1.7.(b). The path described by a point of the
circle is called cycloid. Following the motion of such a point P, starting from
the origin and up to the moment when it arrives back to the z-axis, we get a
regular curve o:[0,27] — R? with the cycloid as its support. Show that o is
defined by o(t) = (¢t —sin ¢, 1 — cos t), and determine its length.

1.19. Let 0: [a,b] — R? be the usual parametrization o(t) = (¢, f(t)) of the
graph of a function f:[a,b] — R of class C''. Prove that the length of o is

Lo) = [ Vi+Iropar.

1.20. Prove that if o: [0, +00) — R? is the logarithmic spiral parametrized as
in Problem 1.4, then the limit . 1i_’r{1 fot [lo"(A)]| X exists and is finite. In a

sense, we may say that the logarithmic spiral has a finite length.

1.21. Determine a parametrization by arc length for the parabola o: R — R?
given by o(t) = (t,at?) with a fixed a > 0.

REGULAR AND BIREGULAR CURVES

1.22. Prove that the support of a regular curve o: I — R" is contained in a
line if and only if the tangent versor t: I — R"™ of ¢ is constant.

1.23. Let 0:1 — R* be a regular curve. Show that o(t) and o’(t) are or-
thogonal for every value of ¢t € I if and only if ||| is a constant non-zero
function.

1.24. Determine which of the following maps o;: R — R? are regular and/or
biregular curves:
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e 2t t — 1)

(
2, t2—1 3t3);
(, 2t ).

1) ( )
111) ( )

1.25. Let o: [—27, 27| — R? be the curve given by

(
(i)
(

o(t) = (1 + cos t,sin t,2sin (t/2)) .

Prove that it is a regular curve having as its support the intersection of
the sphere of radius 2 centered at the origin with the cylinder having equa-
tion (x —1)2 +¢% = 1.

CURVATURE AND TORSION

1.26. Let 0:1 — R® be a biregular curve parametrized by arc length, and
p:R?® — R? a rigid motion. Prove that po o is a biregular curve parametrized
by arc length with the same curvature and the same torsion as o.

1.27. Let 0: R — R? be the curve given by o(t) = (1 + cos t,1 —sin t, cos 2t).
Prove that o is a regular curve, and compute its curvature and its torsion
without reparametrizing it by arc length.

1.28. Let f:U — R be a function of class C*> defined on an open subset U
of the plane R?, and o:1 — U a regular curve such that f oo = 0. Prove
that for every t € I the tangent vector o’(t) is orthogonal to the gradient of f
computed in o(t), and determine the oriented curvature of o as a function of
the derivatives of f.

1.29. Let 0: 1 — R? be a regular plane curve, given in polar coordinates by
the equation r = p(0), that is,

a(0) = (p(6) cos b, p(6) sin 6)

for some function p: I — RT of class O nowhere zero. Prove that the arc
length of o is given by

\/p +(p')2dé,

and that the oriented curvature of ¢ is

2(0")% = pp" + p°
(0 + (0)2)"?

1.30. Let 0: R — R? be the map defined by

t,e” Yt 0) ift>0
t — ( K K — )
o(t) {(t,o,el/f) ift<0.

g'/:
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Prove that o is a regular curve of class C°°, biregular everywhere except at the
origin and for ¢ = +1/2, with zero torsion everywhere in R\{0,1/2, —1/2}, but
whose support is not contained in a plane. (Hint: see the proof of Lemma 1.5.1.)

1.31. Let 0: (0, +00) — R? be the curve given by o(t) = (¢,2t,*). Prove that
o is a regular curve whose support is contained in a plane, and compute the
curvature of o at each point.

1.32. Determine the arc length, the curvature and the torsion of the curve
o:R — R? defined by o(t) = (a cosh t,b sinh t,at). Prove that, if a = b = 1,
then the curvature is equal to the torsion for every value of the parameter.

1.33. Let 0: R — R? be the mapping defined by
o(t) = (2V2t —sin t,2v/2sin t +t,3cos t) .

Prove that the curve defined by o is a circular helix (up to a rigid motion
of R?).

1.34. Consider a plane curve o: 1 — R? parametrized by arc length. Prove
that if the vector Oc(s) forms a constant angle  with the tangent versor t(s)
then o is a logarithmic spiral (see Problem 1.4).

1.35. Let 0: [a,b] — R® be a curve of class at least C?.

(i) Show that if the support of o is contained in a plane through the origin
then the vectors o, ¢/, and ¢” are linearly dependent.

(ii) Show that if the vectors o, ¢, and ¢’ are linearly dependent but the
vectors o, o’ are linearly independent then the support of o is contained
in a plane through the origin.

(iii) Find an example in which o and ¢’ are linearly dependent but the support
of o is not contained in a plane through the origin.

FRENET FRAME AND OSCULATING PLANE

1.36. Let 0: R — R? be the curve o(t) = (et,e*, e3). Find the values of t € R
for which the tangent vector ¢’(t) is orthogonal to the vector v = (1,2, 3).

1.37. Let 0:R — R® be the curve o(t) = ((4/5) cost, 1 — sin ¢, —(3/5) cos t).
Determine the Frenet frame of o.

1.38. Let 0: R — R? be the plane curve parametrized by o(t) = (t, 51°). De-
termine the curvature of o and study the values of the parameter for which it
is zero. Determine the normal versor and the oriented normal versor, wherever
they are defined.
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1.39. Let 0: 1 — R® be a regular curve of class at least C2. Show that the
vector ¢’ is parallel to the osculating plane and that its components along
the vectors t and n are ||o’|| and k| o’||?, respectively. Furthermore, if o is
biregular, show that the osculating plane in o(tp) is the plane through o(to)
and parallel to o’(tp) and o” (o). In particular, the equation of the osculating
plane is (o' (to) Ao (to),p — o(to)) = 0.

1.40. Let o be a curve such that all its affine tangent lines pass through a
given point. Show that if ¢ is regular then its support is contained in a straight
line, and find a counterexample with a non-regular o (considering the tangent
lines only in the points of the curve where they are defined).

1.41. Let 0: R — R be a Jordan arc of class C2, not necessarily regular, such
that all its affine tangent lines pass through a given point P. Show that the
support of ¢ is contained in a straight line, and find a counterexample with
a Jordan arc not of class C? (considering the tangent lines only in the points
of the curve where they are defined).

1.42. Let o:[a,b] — R® be a biregular curve such that all its affine normal
line pass through a given point. Show that the support of o is contained in a
circle.

1.43. Consider the curve o: R — R? given by () = (t, (1/2)t2, (1/3)t%). Show
that the osculating planes of ¢ in three different points o(t1), o(t2), o(t3) in-
tersect in a point belonging to the plane generated by the points o(t1), o(t2)
and o(t3).

1.44. Show that the binormal vector to a circular helix parametrized as in FEx-
ample 1.1.13 forms a constant angle with the axis of the cylinder containing
the helix.

1.45. Show that the curve o: R — R® parametrized by
o(t) = (t+ /3 sin t,2 cos t,V/3t —sin t),
is a circular helix (up to a rigid motion of R?).

1.46. Let v: R — R® be the curve parametrized by t — ~(t) = (t, At?, Bt"),
where A, B > 0 are real numbers and n > 1 is an integer.

(i) Determine a map 7: R — R® such that 7(t) is the intersection point be-
tween the affine tangent line to v in (¢) and the plane z = 0.
(ii) Find conditions on A, B, n in order for n to be a regular curve.

FRENET-SERRET FORMULAS

1.47. Determine the curvature and the torsion at each point of the curve
o:R — R? parametrized by o(t) = (3t — 3,3t 3t + 3).
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1.48. Determine the curvature, the torsion, and the Frenet frame of the curve
o:R — R? given by o(t) = (a(t —sin t),a(l — cos t), bt).

1.49. Given a function #: I — R of class C¥, prove that there exists a unique
(up to plane rigid motions) regular curve o: I — R? of class C*12 parametrized
by arc length having oriented curvature &.

1.50. Generalized helices. Let 0: I — R? be a biregular curve parametrized
by arc length. Prove that the following assertions are equivalent:

(i) there exist two constants a, b € R, not both zero, such that ax + br = 0;

(ii) there exists a nonzero versor v such that (t,vg) is constant;

(iii) there exists a plane 7 such that n(s) € 7 for all s € T;

(iv) there exists a nonzero versor v such that (b, vg) is constant;

(v) there exist 6 € (0,7) \ {n/2} and a biregular plane curve parametrized
by arc length 7: Jy — R?, where Jy = (sin6)I, such that

o(s) = n(ssinf) + scosbb,

for all s € I, where b, is the (constant!) binormal versor of 7;

(vi) the curve o has a parametrization of the form o(s) = n(s) + (s — so)v,
where 1 is a plane curve parametrized by arc length, and v is a vector
orthogonal to the plane containing the support of 7.

A curve o satisfying any of these equivalent conditions is called (generalized)
heliz; see Fig. 1.8. Finally, write the curvature, the torsion and the Frenet
frame of o as functions of the curvature and of the Frenet frame of 7.

(Hint: if 7/k = c is constant, set ¢ = $°% and v(s) = cosat(s) + sinan(s)
and prove that v is constant.)

/
)

Fig. 1.8. Generalized helix o(t) = (cost,sin(2t),t)
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1.51. Check for which values of the constants a, b € R the curve o: R — R?
parametrized by o(t) = (at, bt?,t3) is a generalized helix.

1.52. Let 0: 1 — R? be a biregular curve parametrized by arc length. Prove
that k = =£7 if and only if there exists a nonzero versor v such that
(t,v) = (b, v). Prove furthermore that, in this case, (t,v) is constant.

1.53. Let 0:R — R? be the curve o(t) = (1 + cost,sint,2sin(t/2)). Prove
that o is not a plane curve and that its support is contained in the sphere
with radius 2 and center at the origin.

1.54. Let 0: [a, b] — R® be a biregular curve parametrized by arc length. Show
that
d3o

53 = —k%t + in + k7b .

1.55. Let 0: 1 — R® be a biregular curve parametrized by arc length having
tangent versor t, and for every € # 0 set 0. = 0 + ¢t. Prove that o, always is
a regular curve, and that the normal versor of o, is always orthogonal to the
normal versor of o if the curvature x of o is of the form

Ii(s) — c(eZS/s _ 02&_2)—1/2
for some constant 0 < ¢ < 1/e.

1.56. Let 0: I — R? be a biregular curve parametrized by arc length, having
constant curvature kg > 0. Prove that the support of ¢ is contained in a
sphere with radius R > 0 if and only if ko > 1/R and 7 = 0.

1.57. Let 0:1 — R® and a: I — R® be two different biregular curves para-
metrized by arc length, having equal affine binormal lines in the points cor-
responding to the same parameter. Prove that the curves o and « are plane.

1.58. Determine curvature and torsion of the biregular curve o: (0, +oc0) — R?
_A4+2

defined by o(t) = (2¢, 52", 1),

1.59. Determine curvature and torsion of the regular curve o: R — R? defined

by o(t) = (cos t,sin ¢,2sin ).

1.60. The Darboux vector. Let 0: I — R be a biregular curve parametrized
by arc length. The vector d(s) = 7(s)t(s)+#(s)b is called the Darboux vector
at o(s). Show that d satisfies t =dAt,n=dAn, b=dAb.

1.61. Let 0:I — R® be a regular curve parametrized by arc length, having
nowhere zero curvature x and torsion 7; let sg € I be fixed. For every € € R let
v%: 1 — R? be the curve given by v5(t) = o(t) + e b(t), where {t,n,b} is the
Frenet frame of 0. Denote by t¢, n® e b® the tangent, normal and binormal
versors of 4%, and by k%, 7° the curvature and the torsion of v¢. Prove that:
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(i) ~° is always a biregular curve;
(ii) o is a plane curve if and only if b® = +b;
(iii) o is a plane curve if and only if t¢ = t if and only if n® = n.

1.62. Bertrand curves. Two biregular curves o, o1: I — R*  having normal
versors n and n; respectively, are called Bertrand curves if they have the same
affine normal line at every point. In particular, possibly modifying the orien-
tation, it is always possible to assume that n = n;, that is, that the curves
have the same normal versors.

(i) Show that if 0 and o7 are the parametrizations by arc length of two
Bertrand curves then there exists a real-valued function a: 1 — R such
that o1 = o + an.

(ii) Show that the distance between points corresponding to the same pa-
rameter of two Bertrand curves is constant, that is, the function « in (i)
is constant.

(iii) Show that the angle between the tangent lines in two corresponding
points of two Bertrand curves is constant.

(iv) Show that if o and o are biregular Bertrand curves with never vanishing
torsion then there exist constants a € R, b € R* such that s + a7 = b,
where x and 7 are the curvature and the torsion of o.

(v) Prove the converse of the previous statement: if o is a curve having cur-
vature x and torsion 7, both nowhere zero, such that x + ar = b for
suitable constants a € R and b € R*, then there exists another curve o;
such that ¢ and o7 are Bertrand curves.

(vi) Show that if o is a biregular curve with nowhere zero torsion rthen o is
a circular helix if and only if there exist at least two curves o1 and oo
such that ¢ and o; are Bertrand curves, for ¢ = 1, 2. Show that, in this
case, there exist infinitely many curves ¢ such that ¢ and & are Bertrand
curves.

(vii) Prove that if two Bertrand curves o and o7 have the same binormal
versor then there exists a constant a > 0 such that a(x? + 72) = k.

FUNDAMENTAL THEOREM OF THE LOCAL THEORY
OF CURVES

1.63. Find a plane curve, parametrized by arc length s > 0, with curvature
k(s) = 1/s. Do the same with the oriented curvature k(s) = 1/s instead of
the usual curvature.

1.64. Compute the curvature of the catenary o:R — R? parametrized by
o(t) = (acosh (t/a),t), where a is a real constant.

1.65. Given a > 0, determine a curve having curvature and torsion given
respectively by #(s) = 1/1/2as and 7(s) = 0 for s > 0.
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1.66. Compute curvature and torsion of the curve o: R — R® parametrized
by o(t) = e'(cost,sint, 3).

1.67. Regular curves with nonzero constant torsion. We know from
Example 1.3.32 and Problem 1.7 that the circular helix is characterized by
having both curvature and torsion constant (and both nonzero, except for the
degenerate case with support contained in a plane circle). The aim of this
exercise is to study biregular curves having nonzero constant torsion in R?.

(i) Show that if o is a biregular curve having constant torsion 7 = a then

ot)=a" /t b(s) Abds.

to

Moreover, prove that the vectors b, B, and b are linearly independent for
all values of the parameter.

(ii) Consider, on the other hand, a function f:I — R? of class at least C2,
having values in the unitary sphere (that is, ||f|] = 1), and such that
the vectors f(A), f/(A), and f”(\) are linearly independent for all A € I.
Consider the curve o: I — R” given by

a(t) =a ) FOAF (N dA,

for some nonzero constant a and a fixed value ty € I. Show that o is

regular and that it has constant torsion 7 = a~!.

EVOLUTE AND INVOLUTE

Definition 1.E.1. Let 0: ] — R? be a biregular plane curve, parametrized
by arc length. The plane curve 8: I — R? parametrized by

is the evolute of o. Now let o: I — R? be a regular plane curve, parametrized
by arc length. A curve 6: I — R? (not necessarily parametrized by arc length)
is an involute of o if &(s) is parallel to 5(s) — o(s) and orthogonal to &’'(s) for
all s e I.

1.68. Show that the affine normal line to a biregular plane curve o: I — R?
at the point o(s) is equal to the affine tangent line of its evolute § at the
point S(s). In particular, the affine tangent line to the evolute at ((s) is
orthogonal to the affine tangent line to the original curve at o(s).

1.69. Show that the evolute of the catenary o(t) = (¢, cosh t) is parametrized
by B(t) = (¢t — sinh tcosh t,2 cosh t).
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1.70. Find the evolute § of the curve o(t) = (cos® t,sin® t).

1.71. Given a > 0 and b < 0, find the evolute of the logarithmic spiral para-
metrized by o(t) = (ae® cos t,ae’ sin t).

1.72. Prove that any biregular plane curve ¢ is an involute of its evolute.
Moreover, prove that any couple of involutes of o are Bertrand curves (see
Exercise 1.62).

1.73. Let 0: I — R? be a regular curve parametrized by arc length. For ¢ € R,
define o.: I — R* by 0.(s) = o(s) + (¢ — s)&(s) for all s € I.

(i) Prove that a curve 6: I — R? is an involute of o if and only if there exists
¢ € R such that &(s) = o.(s) for all s € I.

(ii) Assume that o is biregular and prove that the involute o, is biregular in
I\{c}. Prove, moreover, that the tangent versor of o, in o.(s) is parallel to
the normal versor of ¢ in o(s) and that, in general, o, is not parametrized
by arc length.

(iii) Assume that o is biregular and prove that the curvature of an involute

o¢ is given by “(/:j';)f‘ , in terms of the curvature x and the torsion 7 of o.

(iv) Let o be the circular helix, as in the Example 1.2.15. Prove that each
involute o. of ¢ is a plane curve.

(v) Determine the involute of the catenary o(t) = (¢, cosh t) and of the circle

o1(t) = (rcost,rsint).

1.74. Let 0: I — R? be a biregular curve parametrized by arc length and let
& = 0 — K~ 'n, where n is the normal versor of o. Prove that if ¢ is an involute
of &, then o is a plane curve.

SPHERICAL INDICATRICES

1.75. Let 0: I — R?® be a regular curve of curvature . Prove that t: I — R?
is regular if and only if o is biregular, and that the arc length of o is an arc
length for t as well if and only if k = 1.

1.76. Let 0: I — R? be a biregular curve of curvature x and torsion 7. De-
note by s the arc length of o, and by s; the arc length of the normal curve
n: I — R*. Prove that ds;/ds = k2 + 72,

1.77. Let 0: R — R? be the circular helix given by o(t) = (r cost,r sint, at).
Prove that its tangent versor t: R — R® is a circle with center on the z-axis,
and compute its radius of curvature.

1.78. Let 0:1 — R3 be a biregular curve. Prove that if the support of its
tangent versor t: I — R? is a circle then o is (up to a rigid motion of R?’) a
circular helix.
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1.79. Let 0: 1 — R? be a biregular curve. Show that the tangent vector at a
point of the tangent curve t: I — R® to ¢ is parallel to the affine normal line
at the corresponding point of o.

1.80. Let 0: I — R® be a biregular curve having curvature s and torsion 7.
Prove that the curvature k; of the tangent curve t: I — R of o is given by

2
-
/61:\/14-/{2.

Supplementary material

1.4 The local canonical form

It is well known that the affine tangent line is the straight line that best ap-
proximates a curve at a given point. But which is the circle that best approxi-
mates a curve at a given point? And which is the plane that best approximates
a curve in space?

To answer these (and other) questions, let us begin by proving in detail
that the affine tangent line is indeed the line that best approximates a curve.
Let 0:1 — R" be a curve of class (at least) C!, and ¢y € I. A line approx-
imating o at ¢y must, at the very least, pass through o(¢p), and so it has a
parametrization of the form n(t) = o(tg) + (t — to)v for some v € R*. Then

o) ol )

t—1o

o(t) = 1(t) = o(t) — olto) — (t — to)v = (¢ — to) (

The line that best approximates o is the one for which the difference o (t)—n(t)
has the fastest rate of approach to 0 when ¢ tends to ty. Recalling that o is
of class C*, we find

o(t) —n(t) = (t —to) (o' (to) — v) + ot — to) ,

and so the line that best approximates o is the one for which v = o/(t¢), that
is the affine tangent line.

This argument suggests that to answer analogous questions it might be
handy to know the Taylor expansion of a curve. The following proposition
express this expansion in a particularly useful way:

Proposition 1.4.1 (Local canonical form). Let 0:1 — R® be a biregular
curve of class (at least) C2, parametrized by arc length. Given sg € I, denote
by {to,ng,bo} the Frenet frame of o at sg. Then

Iﬁ:2 S
o(s) — o(so) = ((sso) - (60)(550)3) to
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+ (H(go) (s —s0)% + ’25(;0) (s — 50)3> ng (1.20)

+n(so)67'(80) (s — 50)°bo + o((s - 80)3) :

Proof. The usual Taylor expansion of o about s¢ is

(s0)
2
30
+ 31! (3153 (s0)(s — s0)> + o((s — 50)?) .

a(s) = o(s0) +(s0)(s = s0) + (s — 50)?

Recalling that

(.)'(80) = to s 5’(50) = K(So)no ,
and & 1
dsg (s0) = (CI::) (s0) = (s0)no — K*(s0)to + K(s0)7(s0)bo
we get (1.20). O

We describe now a general procedure useful for answering questions of the
kind we have seen at the beginning of this section. Suppose we have a curve
o:1 — R™ parametrized by arc length, and a family of maps Fy: 2 — R”
depending on a parameter A € R™, where {2 C R" is an open neighborhood
of the support of 0. Having set C = {x € 2| F)\(z) = O}, we want to find for
which value of A\ the set C) best approximates the curve o at a point sy € I.
In order for C) to approximate o at s, it has at least to pass through o(sg);
then, we require F) (a(so)) = 0. Recalling what we did for the tangent line, it
is natural to consider the map F oo, and to say that the value of A for which
C\ best approximates o at sqy is the one for which the map s — F) (U(s)) has
the fastest rate of approach to zero as s — sg.

Let’s see how to apply this procedure in two examples.

Ezxample 1.4.2. We want to find the plane that best approximates a biregular
curve parametrized by arc length o: I — R? at the point so € I. The equation
of a generic plane through o(sg) is Fy(z) = 0, where

Fo(z) = (x — 0(s0),v)
and v € R? is a versor orthogonal to the plane. Proposition 1.4.1 gives

K(s0)

Fy (0’(8)) = <t0,V>(S - 80) + 9

(ng, v)(s — 50)% + o((s — 50)2) ,

so the plane best approximating the curve at og is the one for which v is or-
thogonal both to tg and ngy. But this means v = +bg, and so we have proved
that the plane best approximating a curve in a point is the osculating plane.
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Example 1.4.3. We want to find the circle that best approximates a biregular
curve parametrized by arc length o: I — R® at the point sq € I. First of all,
the circle with radius » > 0 and center py € H contained in the plane H
through o(sg) has equation F), ,v(z) = O, where

Fpo’r,V(x) = ((x - U(SO)7V>7 ||x - pO”2 - T2) )

and v is a versor orthogonal to H. Moreover, py is such that (pg—o(sp),v) =0
and |lo(so) — pol|? = 72, since the point py belongs to H and the circle has to
pass through o(so).

Clearly, the circle best approximating o at sg has to be contained in the
plane best approximating o at sg, that is, by the previous example, in the
osculating plane. If we denote by {tg,ng,bo} the Frenet frame of o at sq, we
may take v = by and write o(sg) — po = 7cosfty + rsinfng for a suitable
0 € R. Then

Eporv(0(s)) = (0,2r(cos0)(s — so) + (1 + K(so)rsinb) (s — so)?)
—l—o((s — 50)2) ,

so the circle best approximating o at sg (called osculating circle of o at sg) can
be obtained by taking § = —x/2 (that is, po = o(so) + rng) and r = 1/k(sg),
further justifying the name “radius of curvature” for the inverse of the curva-
ture. In particular, the point

(s0) +
Po = oS0 no
K(s0)
is the center of curvature of o at sg. For a plane curve, the evolute is the locus
of the centers of curvature (see Definition 1.E.1).

The local canonical form (1.20) can also be used to understand something
more about the shape of a biregular curve o; for instance, it illustrates the
geometrical meaning of torsion.

Definition 1.4.4. Let H C R® be a plane through py € R?® and orthogonal to
a versor v € R*. The positive (with respect to v) half-space bounded by H is
the open half-space consisting of the points p € R? such that (p — po,v) > 0.
The other half-space is the negative half-space bounded by H.

Definition 1.4.5. Let 0: ] — R® be a be a biregular curve parametrized by
arc length, and {to, ng, bo} the Frenet frame of o at so € I. The plane through
o(sg), parallel to Span(no,bo) is the normal plane to o at o(sp), while the
plane through o(sg), parallel to Span(to,bo) is the rectifying plane of o at

0'(80).

By (1.20), for s near to sg, the inner product (o(s) — o(sp), bg) has the
same sign as 7(s9)(s — So); s0, if T(so) > 0, the curve o, when s increases,
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moves from the negative (with respect to bg) half-space bounded by the oscu-
lating plane to the positive one, while it moves form the positive half-space to
the negative one if 7(sg) < 0.

The behavior with respect to the other two coordinate planes determined
by the Frenet frame, however, is qualitatively the same for all biregular curves.
Indeed, by (1.20), for s close to sg, the inner product (o (s)—o(sp), to) has the
same sign as s — so, while the inner product (o(s) — o(sg),ng) is always posi-
tive; so the curve o crosses the normal plane always moving from the negative
half-space (with respect to tg) to the positive half-space, while it always stays
in the positive half-space (with respect to ng) determined by the rectifying
plane.

Exercises

1.81. Show that a biregular curve is plane if and only if all of its osculating
planes pass through the same point. (Hint: assume that o is parametrized by
arc length. The equation of the osculating plane in o(s) is (b(s),x—o(s)) = 0.
If x( belongs to each osculating plane, then (b(s),xo — o(s)) = 0. Differenti-
ating, you conclude a part of the proof.)

1.82. Prove that if all normal planes to a biregular curve o pass through the
same point then o is plane.

1.83. The circular helix. Fix a real non zero number a and consider the
circular helix g,:R — R?, having radius r and pitch a, parametrized by arc
length as in Example 1.2.15. Consider the map (8, : R — R® defined by
Ba(8) = ga(s)+ K(ls)n(s)7 where k(s) and n(s) are, respectively, the curvature
and the normal versor to o, at o,(s).

(i) Prove that 3, parametrizes a circular helix.
(ii) Determine the value of a and r in order for 3, to be contained in the same
cylinder as oy,.

1.84. Let 0: I — R? be a regular curve whose support is contained in a sphere
with radius r. Show that the curvature of o is greater than or equal to 1/r in
every point.

1.85. Given § > 0, let o: (—d,6) — R® be a curve of class at least C°, para-
metrized by arc length, having curvature and torsion positive everywhere.
Considering just the lowest degree terms in each component (with respect to
the Frenet frame tg, ng, bg in s = 0) of the local canonical form of o at s = 0,
we get a curve o1: (—d,0) — R® parametrized by o,(s) = stg + K(zo) s?ng +
R(0)7(0) (3 1.

6

(i) Show that the orthogonal projection of o7 on the osculating plane of o
at O is a parabola, and compute its curvature.
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(ii) Draw the orthogonal projection of oy on the normal plane to o at O, and
show that it does not have a regular parametrization.

(iii) Show that the orthogonal projection of o1 on the rectifying plane of o at
O is the graph of a function. Finally, show that this orthogonal projection
has a point of inflection at the origin (that is, its curvature is zero at the
origin).

1.86. Show that the difference between the length s of a curve o: [a,b] — R
of class C! and the length of the line segment from o (a) to o (b) is of the order
of 83 (for sufficiently small b — a).

1.87. Consider the helix o: R — R® parametrized by o(t) = (cos t,sin t,t).

(i) Show that the Cartesian equation of the osculating plane of o at the point
corresponding to the parameter ¢t = 7 is given by x +y = 7.

(ii) Determine the projection of o on the plane z = 0.

(iii) Determine the parametrization of the curve obtained by intersecting the
plane z = 0 with the affine tangent lines of the helix.

(iv) Show that, for a fixed point P in space, the points of ¢ for which the

osculating plane passes through P lie in a same plane.

1.88. Show that there does not exist a rigid motion p:R® — R® such that
poo, =o_, where o4, o_:R — R? are the helices parametrized by o (t) =
(rcos t,sin t,+t).

1.89. Show that the straight lines (with the usual parametrization) are the
only regular curves in R® such that the affine tangent lines at all points are
parallel to a given line.

1.90. We shall call inflection point for a regular curve a point at which the
curvature is zero. Show that if o(sg) is an isolated inflection point of a regular
curve parametrized by arc length then the normal versor is defined and is
continuous in a neighborhood of sq.

1.91. Let 0: I — R? be a biregular curve. Show that there is no point P € R?
such that all binormal lines to o pass through P.

1.92. Let Oy = {(z,4,2) € R* | 2 + \y — 2 + y® = 0}. Determine the value
of A € R for which C) best approximates in the origin the curve implicitly
defined by z +y = z* + y*.

ORDER OF CONTACT

Definition 1.E.2. Given a curve o:1 — R? of class C™, let F: 2 — R*
be a map of class C™, where 2 C R? is an open neighborhood of the sup-
port of o, and assume that there is sy € I such that F(o(sg)) = 0, that is
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o(sg) € C ={x € 2| F(x) =0}. We say that F' (or C') and ¢ have contact
of order r < m at pp = o(sp) if and only if

f(s0) = f'(s0) = f"(s0) =+ = f""D(s) =0 and f"(s0) #O,
where f = F oo.

1.93. Show that the definition of order of contact of a map F with a curve o
is independent of the parametrization of the curve.

1.94. Given a curve o: I — R? of class C™, let F: 2 — R be a function of
class C™, where 2 C R® is an open neighborhood of the support of . As-
sume that C' = F~1(0) and the support of o intersect in py = o(ty) and in

0 <r—1 < m — 1 more distinct points. Show that there exist ¢1, to,...,t,—1
in a neighborhood of tg such that
f(to) = f'(t) = "(ta) = ... = fFU" D (trq) = 0.

(Hint: use Rolle’s theorem.)

1.95. Osculating sphere Let 0: I — R? be a biregular curve parametrized
by arc length, and let sy € I be such that o has non zero torsion in o(sg).
Show that there exists a unique sphere with contact order 4 in o(sg). This
sphere is called the osculating sphere in o(sg). Show that the center of this

sphere is o(sg) + K(io)n(so) - (H(Sj)(;gl(s())b(so).

1.96. Determine the order of contact at the origin between the plane regular
curve implicitly defined by % +57 + 32 = 0 and the plane curve parametrized
by o(t) = (t2,1).

1.97. Determine the order of contact at the origin between the parabola para-
metrized by o(t) = (¢,t2) and the regular curve implicitly defined by the
equation z* + 57 + 32 = 0 in a neighborhood of (0, 0).

1.98. Determine the order of contact at py = (1,0) between the curve para-
metrized by o(t) = (v/1 — 2t2,t) and the line 2 — 1 = 0.

1.99. Determine the order of contact at pp = (0,2) between the plane curves
defined by equations z? 4+ y% — 2y = 0 and 322 + 3xy + 2y?> — 62 — 6y +4 =0
by considering one of the curves as a parametrized curve and the other as the
vanishing locus of a function. Is there any difference if the roles are exchanged?
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Fig. 1.9. (a) graph of «; (b) graph of § fora=—1and b=1

1.5 Whitney’s Theorem

The goal of this section is to give a proof of Whitney’s Theorem 1.1.7. Let us
start with some preliminary results.

Lemma 1.5.1. There exists a function a: R — [0,1) which is monotonic, of
class C* and such that a(t) = 0 if and only if t < 0.

Proof. Set

eVt ift>0,
a(t)_{o <0

see Fig. 1.9.(a). Clearly, o takes values in [0,1), is monotonic, is zero only
in R™, and is of class C™° in R*; we have only to check that it is of class C*>
in the origin too. To verify this, it suffices to prove that the right and left
limits of all derivatives in the origin coincide, that is, that

lim o™ (t) =0

tiI(I)lJr o™ ()

for all n > 0. Assume we have proved the existence, for all n € N, of a
polynomial p,, of degree 2n such that

Vt >0 oM (t) = e Vip, (1/t). (1.21)

Granted this, we have

lim o™ (t) = lim Pals)

t—0+ s—+oo e’

therefore to get the assertion it suffices to prove (1.21). We argue by induction
on n. For n = 0, it is enough to take py = 1. Assume that (1.21) is verified
for a given n > 0; then

d

am D (¢) = W [e_l/tpn(l/t)] — U/t {

(/) = (/)]

so we may choose py41(s) = s%(pn(s) — pl(s)). |
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Corollary 1.5.2. Given two real numbers a < b, we may always find a func-
tion B:R — [0,1] of class C*° such that B(t) = 1 if and only if t < a, and
B(t) =0 if and only if t > b.

Proof. Tt suffices to take

alb—1t)

plt) = ab—t)+at—a)’

where a: R — R is the function given by the previous lemma; see Fig. 1.9.(b).
O

Corollary 1.5.3. For all pg € R™ and r > 0, there exists a function f:R" —
[0,1] of class C*° such that

f7'(1) = B(po,r/2)  and  f71(0) =R"\ B(po,r),
where B(p,r) C R™ is the open ball with center p and radius v in R™.

Proof. Let 5:R — [0, 1] be the function defined in the previous corollary, with
a=r%/4 and b =12 Then, f(p) = B(|[p — pol|?) is as required. a

Lemma 1.5.4. Let V. C R" be an arbitrary open subset. Then we may find
a sequence of points having rational coordinates {px}reny C€ Q" NV and a
sequence of rational numbers {ry}ren C Q" such that V = Uren B0k, 1)

Proof. Take p € V. Since V is open, there exists £ > 0 such that B(p,e) C V.
Choose then ¢ € Q" NV and r € QT such that |[p — ¢|| < 7 < £/2. Clearly,
p € B(gq,r); moreover, if x € B(q,r) we have

lp—z| <lp—qll+llg—=z|| <2r<e,

and so B(q,r) € B(p,e) C V. Hence, every point of V' belongs to a ball with
rational center and radius, completely contained in V'; since there are at most
countably many such balls, the assertion follows. a

We can now prove Whitney’s theorem:

Theorem 1.1.7 (Whitney). Let 2 C R" be an open set. Then a subset C' C
2 is closed in (2 if and only if there exists a function f: 2 — R of class C*
such that C' = f~1(0).

Proof. If C = f~1(0), we already know that C is closed in (2. Conversely,
assume that C is closed in §2; then V' = 2\ C is open in 2, and consequently
in R". Lemma 1.5.4 says that we can find a sequence {p,} C Q" and a se-
quence {ry} € Q" such that 2\ C = J,c B(px, k). For each k € N let then
fx: 2 — [0,1] be the restriction to 2 of the function obtained by applying
Corollary 1.5.3 to p, and ry.
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By construction, f and all of its derivatives are zero everywhere except in
B(pk,ri). Since B(pg,ry) is a compact set, for all £ € N we find ¢, > 1 such
that the absolute value of any derivative of fj of order at most k is bounded
above by ¢ over (2. Set then

— f
f:Z2k’2k.
k=0

This series is bounded above by ", 27F so it converges uniformly on f2.
Given m > 0, by construction each m-th derivative of the k-th term of the
series is bounded from above by 2-% as soon as k > m;: so the series of the
m-derivatives converge uniformly too, and hence f € C*°(£2).

We have still to show that C = f=1(0). If p € C, then p ¢ B(pg, ) for
all k € N, so fr(p) =0 for all k € N, and f(p) = 0. Conversely, if p € 2\ C,
we can find ky € N such that p € B(pk,,7k,) C 2\ C; hence fi,(p) > 0 and

F(p) = fro(p)/2% ek, > 0. 0

1.6 Classification of 1-submanifolds

As promised at the end of Section 1.1, we want to discuss now another possi-
ble approach to the problem of defining what a curve is. As we shall see, even
if in the case of curves this approach will turn out to be too restrictive, for
surfaces it will be the correct way to follow (as you shall learn in Section 3.1).
The idea consists in concentrating on the support. The support of a curve
has to be a subset of R" that looks (at least locally) like an interval of the real
line. What we have seen studying curves suggests that a way to give concrete
form to the concept of “looking like” consists in using homeomorphisms with
the image that are regular curves of class at least C* too. So we introduce:

Definition 1.6.1. A 1-submanifold of class C* in R" (with k € N* U {oo}
and n > 2) is a connected subset C' C R™ such that for all p € C there exist
a neighborhood U C R"™ of p, an open interval I C R, and a map o: [ — R"
(called local parametrization) of class C*, such that:

(i) e()=CnNU;
(ii) o is a homeomorphism with its image;
(iii) o’ (t) # O for all t € I.

If o(I) = C, we shall say that o is a global parametrization. A periodic para-
metrization is a map o:R — R" of class C* which is periodic of period £ > 0,
with o(R) = C, and such that for all 5 € R the restriction |, 4,+¢) is a local
parametrization of C' having image C' \ {o(to)}.

FEzxample 1.6.2. The graph I'y C R? of a function f: I — R of class C* is a 1-
submanifold of class C*. Indeed, (check it!) a global parametrization of I'; is
the usual map o: I — R? given by o(t) = (t, f(1)).
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Ezample 1.6.3. If f: 2 — R, where £2 C R? is an open subset, is a function of
class C* with gradient nowhere zero in the points of C = {z € 2| f(z) = 0},
then by Proposition 1.1.18 we may conclude that C'is locally a graph, and so
a 1-submanifold, even if it is not necessarily provided with a global parametri-
zation. For instance, a circle in the plane is a 1-submanifold, but cannot have
a global parametrization (why?); however, it has a periodic parametrization
(see Example 1.1.12).

Exzample 1.6.4. A closed line segment S in R" is not a 1-submanifold. Indeed,
no neighborhood in S of the endpoints is homeomorphic to an open inter-
val of a line (why?), so the endpoints cannot belong to the image of a local
parametrization. Analogously, a “figure 8” in a plane is not a 1-submanifold.
In this case, the central point of the 8 is the one lacking a neighborhood
homeomorphic to an interval (why?).

Example 1.6.5. The graph I'y of the absolute value function f(t) = [t| is not a
1-submanifold. Indeed, suppose on the contrary that it is; then there exist an
open interval I C R — which, without loss of generality, may be assumed to
contain 0 (why?) — and a homeomorphism with its image o: I — R? of class
at least C, satisfying o(0) = (0,0), o(I) C I'y, and o’(t) # O for all ¢ € I.
Now, if we write o = (01,02), saying that the image of ¢ is included in I'f
amounts to saying that oa(t) = |o1(¢)| for all ¢ € I. In particular, the function
t — |oq(t)] has to be differentiable in 0. Its difference quotient is

o2(1) _lon(t) _ lon(t)] on(t) a2

t t or(t)  t

The rightmost quotient tends to ¢ (0) when ¢t — 0. If we had ¢7(0) # 0, in
a neighborhood of 0 the function ¢ — |oy(t)|/o1(t) would be continuous and
with values in {+1,—1}, so it would be constant; but this cannot happen,
since the image of o, being a neighborhood of the origin in I'f, contains both
points with positive abscissa and with negative abscissa. So, ¢f(0) = 0; but
then (1.22) also implies 04(0) = 0, against the assumption o’(0) # O.

Remark 1.6.6. A 1-submanifold C has no interior points. If, by contradiction,
p € C were an interior point, C' would contain a ball B with center p; in
particular, the set U N C'\ {p} would be connected for any connected neigh-
borhood U C B of p. But if U is as in the definition of a 1-submanifold, then
UNC\ {p} is homeomorphic to an open interval without a point, which is a
disconnected set, contradiction.

Remark 1.6.7. Conditions (i) and (ii) in the definition of a 1-submanifold say
that the set C is, from a topological viewpoint, locally like an interval. Con-
dition (iii), on the other hand, serves three goals: provides the 1-submanifold
with a tangent vector, by excluding sharp corners like those in the graph of
the absolute value function; ensures an interval-like structure from a differ-
ential viewpoint too (as we shall understand better when we shall tackle the
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analogous problem for surfaces in Chapter 3); and prevents other kinds of
singularities, such as the cusp in the image of the map o(t) = (t2,t3); see
Exercise 1.4 and Fig. 1.2.

The main result of this section states that, to study curves, the definition
of a 1-submanifold we have given here is unnecessarily complicated. Indeed,
any l-submanifold is an open Jordan arc or a Jordan curve. More precisely,
the following holds:

Theorem 1.6.8. FEvery non-compact 1-submanifold has a global parametriza-
tion, and every compact 1-submanifold has a periodic parametrization. More
precisely, if C C R™ is a 1-submanifold of class C*, then there exists a map
5:R — R" of class C* such that &' (t) # O for allt € R and:

(a) if C is not compact, then ¢ is a global parametrization of C, and C is
homeomorphic to R;

(b) if C is compact, then & is a periodic parametrization of C, and C' is home-
omorphic to the circle ST.

Proof. The proof consists of several steps.

(1) By Theorem 1.2.11 applied to local parametrizations, every point of C'
belongs to the image of a local parametrization by arc length; we want to see
what happens when two local parametrizations by arc length have intersecting
images.

Let 0 = (01,...,0n): 1y, — C and 7 = (74,...,7): I — C be two lo-
cal parametrizations by arc length such that o(I,) N 7(I;) # @; set J, =
o o(I,)N7(I7)) C Iy, Jr =77 (o(I,)N7(I;)) C I, and h = 7 too: J, —
Jr. Clearly, the function A is a homeomorphism between open subsets of R;
moreover, it is (at least) of class C1. Indeed, fix to € J,. Then, from 7oh = o
we get

a(t) = o(te) _ 7(h(t)) —7(h(to)) h(t) — h(to)
t—to  h(t) — h(to) t—to

for all ¢ € J,. When ¢ approaches tg, the first ratio tends to o’(tp), and the
second one to 7/(h(to)). Since 7 is a local parametrization, there exists an
index j for which 7; (h(to)) # 0; hence the limit

i 18 = hlto) _ o5(to)
t—to t—to TJ{ (h(to))

exists, so h is differentiable. Moreover, the same argument with the same j
holds for all ¢ in a neighborhood of ¢y, and so we find

in a neighborhood of ty; consequently, h’ is continuous.
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Now, from 70 h = o we also deduce that (7" o h)h' = ¢’, and thus
=1,

since o and 7 are parametrized by arc length. So the graph I' of i consists
of line segments having slope 1, in the same number as the components
of J, (and consequently of J;). So, in each of these components, we have
h(t) = £t + a, that is, o(t) = 7(&t + a), for a suitable a € R (which may
depend on the component of .J, we are considering).

We are not done yet. The graph I" of & is included in the rectangle I, x I;
we want to prove now that the endpoints of the line segments of I" are neces-
sarily on the perimeter of this rectangle. First of all, note that (sg,s) € I' if
and only if s = h(sg), so

(so,s) eI’ = 7(s) =0(s0) . (1.23)

Assume now, by contradiction, that (to,t) € I, x I, is an endpoint of a line seg-
ment of I" lying in the interior of the rectangle (in particular, o(ty) and 7(t) ex-
ist). From the fact that (¢o,t) is an endpoint, we deduce that ¢y € 9.J,; but, on
the other hand, by continuity, (1.23) implies that 7(t) = o(to) € o(I,)N7(I;),
so ty € J,, obtaining a contradiction.

Now, I" is the graph of an injective function; so, each side of the rectangle
can contain at most one endpoint of I' (why?). But this implies that I" —
and hence .J, — has at most 2 components; and if it has two, both have the
same slope.

Summing up, we have shown that if o(I,) N7(I;) # @ then there are only
three possibilities (see Fig. 1.10):

(i) 7(;) Co(l,) or o(I,) C 7(I;), in which case I" consists of a single line
segment having slope +1 and joining two opposite sides of the rectangle
I, x I

(ii) o(I,) N7(I;) consists of a single component, different from both o (1)
and 7(I;), and I' consists of a single segment having slope +1, joining
two adjacent sides of the rectangle I, x I.;

(iii) o(I,)N7(I;) consists of two components, and I" consists of two segments
with equal slope +1, joining two adjacent sides of the rectangle I, x I.

I y N roNe N T
ITK i 7N I
Io Is | Is
1 1 z
Iy I; Io
Case (i) Case (ii) Case (iii)

Fig. 1.10.
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Finally, note that if I" has slope —1, setting o1(t) = o(—t), we get a local
parametrization by arc length o; of C', having the same image as o, but such
that the graph of hy; = Ufl o gp has slope +1 (why?).

(2) Assume now that there exist two local parametrizations by arc length
0:1, — C and 7:I. — C such that o(I,) N 7(I;) actually has two compo-
nents; we want to prove that, if this happens, we are necessarily in case (b) of
the theorem. Thanks to the previous step, we may assume that the parameter
change h = 77! oo has slope 1 in both components .J! and J2 of .J,. So there
exist a, b € R such that

; 1
h(t):{t+a ifteJ;, (1.24)

t+b ifteJ?;

see Fig. 1.11.
Note now that I, N (I —b) = JZ, where I, —b = {t—b | t € I, }. So, define
o:1, U (I, —b) — C by setting

o Jo®) iftel,,
d”_{7@+w iftel, —b.

Since o(t) = 7(t +b) on I, N (I — b), the function & is well defined and of
class C*. Moreover, if t € J1, we have

G(t)=o(t) =7(t+a)=6(t+10),

where £ = a — b, so we may extend & to a mapping 6:R — C of class C*,
periodic with period ¢. Now, 6(R) = o(I,) U7(I;) is open in C. But for all
to € R we have 6(R) = 6([to, to + ¢]); as a consequence, 6(R) is compact and
therefore closed in C'. Since C' is connected, we get 6(R) = C, that is, & is
surjective and C' is compact. Moreover, since o and 7 are local parametriza-
tions, we may immediately deduce (why?) that & restricted to (to,to+¢) is a
local parametrization, whatever ¢y € R is; so ¢ is a periodic parametrization.

g
-
1 h
\Ja\ IU l ﬁ l IT L
T I Jg 1 b I I h [N
1 a ‘

Fig. 1.11. A compact 1-submanifold
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We have still to show that C' is homeomorphic to S*. We describe S' as
the quotient space obtained by identifying the endpoints of the interval [0, ¢].
As 6(0) = 6(¢), the map ¢ induces a surjective continuous map f:S* — C.
Since |g,¢) is injective, f turns out to be bijective; since S1 is compact and
C is Hausdorff, f is a homeomorphism, as required.

(3) Assume now that the intersection of the images of two local param-
etrizations by arc length never has two components; we want to show that we
are in case (a) of the theorem. Let o: I, — C be a maximal local parametri-
zation, that is, such that it cannot be extended to a local parametrization
defined in an open interval strictly larger than I,. Assume, by contradiction,
that o(I,) is not the whole C, and take a point p in the boundary of o(I,)
in C. Since C is a 1-submanifold, there exists a local parametrization by arc
length 7: I, — C whose image includes p. In particular, 7(I.) No(I,) # &,
since p is adherent to o(I,); and 7(I.) ¢ o(I,) since p € 7(I;) \ o(I,); and
o(I,) ¢ 7(I;) by the maximality of o (why?).

So we are now in case (ii) of step (1); we may suppose further that the
map h =7 too:J, — J, is of the form h(t) =t + b for some b € R. Define
G:1, U (I, —b) — C by setting again

PR i () iftel,,
J(t)_{r(t—i—b) iftel, —b.

But now it is easy to verify (exercise) that & is a local parametrization by arc
length defined over an open interval strictly larger that I,,, which is impossible.

The contradiction comes from having assumed that o is not surjective.
Hence we must have o(I,) = C, so C has a global parametrization, and is
homeomorphic to the interval I,. Since every open interval is homeomorphic
to R (see Exercise 1.5), we are done. O

Exercises

1.100. Let C C R"™ be a 1-submanifold. Prove that there exists an open sub-
set 2 C R™ containing C' and such that C' is closed in 2. Find an example of
a 1-submanifold C' C R? not closed in R?.

1.101. Let H C R? be the plane having equation # +y + z = 1 and S the
cylinder of equation 22 + y2 = 1.

(i) Prove that C = H NS is a l-submanifold of R®.
(ii) Prove that C is an ellipse, and determine a periodic parametrization.

1.102. Draw the l-submanifold defined, in polar coordinates (r,6), by the
equation 7 = a/cosf, for a € R, and determine its equation in Cartesian
coordinates.
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1.7 Frenet-Serret formulas in higher dimensions

The goal of this section is to obtain Frenet-Serret formulas, and to prove a
theorem analogous to Theorem 1.3.37, for curves in R"™. We have seen that to
study curves in R? the regularity condition was sufficient, whereas for curves
in R? it was necessary introduce biregularity. To study curves in R™ with
n > 3 we need an even stronger condition.

Regularity amounts to assuming that ¢’ is nowhere zero, while biregularity
is equivalent to asking that ¢’ and o’ are always linearly independent. For
R"™ we shall need (n — 1)-regularity:

Definition 1.7.1. A curve o: I — R" of class (at least) C* is k-regular, with
1<k<n-1,if
"o, d*o

dtk
are always linearly independent. In particular, 1-regular is equivalent to reg-
ular, and 2-regular is equivalent to biregular.

g

Remark 1.7.2. If o: I — R"™ is parametrized by arc length, and 2 < k <n—1,
it is easy to verify by induction (see Exercise 1.103) that o is k-regular if and
only if
. dk*lt
6t
are always linearly independent.

Now, let o: I — R"™ be a regular curve parametrized by arc length; for rea-
sons that will be clear shortly, we denote by t; its tangent vector ¢, and by
k1 = ||t1]| its curvature. If o is 2-regular, we have seen that the normal versor
n, that we shall denote by to, is always a vector orthogonal to t;; furthermore,

{]1 = /iltz .

In particular, Span(f;,t;) = Span(ta,t;). Differentiating (to,t2) = 1 and
(t2,t1) = 0 we find that t is always orthogonal to to, and that <f:2, t1) = —kK1.
Moreover,

d?t,

ds?
so ty is in the subspace spanned by t; e to if and only if d?t;/ds? is in it,
that is, if and only if ¢ is not 3-regular. This means that if o is 3-regular (and
n > 4), the vector to — (f2,t1)t; — (t2,t2)to = t2 + K1ty is never zero, so we
can find tg: I — R™ and ko: I — R such that t3 is always a versor orthogonal
to t; and t9, and

= kito + A1to ; (1.25)

to = —rity + Koty

holds with k5 nowhere zero. In particular,

; . d%t
Span(ty,t2,t3) = Span(ti,t2, t2) = Span (tlath d321>
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and
d3t,
ds3

so t3 is in the subspace spanned by tq, to and ts if and only if ¢ is not
4-regular.

For the next step, differentiate (ts3, t3) = 1 and (t3, t1) = (t3,t2) = 0 to see
that the vector t3 is always orthogonal to t3 and to ty, and that (3, t2) = —ko.
By the above, if ¢ is 4-regular (and n > 5), we can find k3:1 — RT and
t4: I — R™ such that ty4 is always a versor orthogonal to t1, t and t3, and

— I€11€2{33 S Span(tl, tg, tg) )

t3 = —Kato + Katy

holds with k3 nowhere zero. In particular,

5 _s L) = S . A%ty dPty
pan(ty, ta, t3, t4) = Span(ty, t2, t3,t3) = Span ( t1,t1, ds? 7 ds?
and

d*ty .

ds4 — H1K2H3t4 S Span(tl, tg, t37 t4) ;

0 t4 is in the subspace spanned by tq, to, t3 and t4 if and only if ¢ is not 5-
regular.

In an analogous way, if o is (n — 2)-regular, we may construct n — 1 maps
t1,...,tp_1:1 — R™ and n — 2 positive functions k1, ..., fn_2:I — R such
that tq,...,t,_1 are always pairwise orthogonal vectors so that

. djiltl
Span(ti,...,t;) = Span <t1,t1, e ggiet >

forj=1,...,n—1, and

t = —Kjo1tjo1 + Ayt
for j =1,...,n—2 (where ko = 0). Now there exists a unique map t,,: I — R"
such that {t1,...,t,} is always an orthonormal basis of R" with the same

orientation as the canonical basis. If ¢ is (n — 1)-regular, then t,,_; does not
belong (why?) to the subspace spanned by ti,...,t,_1; therefore we can find
a not necessarily positive function k,_1: I — R such that

t.:n—l = —Kp—2tn_2+ K1ty and t.:n = —Rp-1tn_1.
We summarize our work so far with the following:

Definition 1.7.3. Let 0: I — R" be a (n — 1)-regular curve of class C* (with
k > n), parametrized by arc length. The maps t1,...,t,: I — R"™ we have
just defined constitute the Frenet frame of o. For j =1,...,n — 1 the map t;
is of class C*~7, while t,, is of class C*~("=1 Moreover, for j =1,...,n —1
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the function k;: I — R is the j-th curvature of o, and is of class Ck—G+1),
The curvatures are all positive valued functions, except the last one, which
may assume arbitrary real values. The formulas

VJ = ].,...7TL {ij = _Hj—ltj—l +l€jt]‘+1
(where we have set kg = k,, = 0) are the Frenet-Serret formulas for o.

Frenet-Serret formulas may be summarised in a single matrix equation,
introducing the vector T and the antisymmetric matrix K given by

0 K1
tl —K1 0
T=]: and K=

Rn—1
—Knp—1 0

With this notation, Frenet-Serret formulas can be expressed by the linear
system of ordinary differential equations

T =KT. 1.26
ds (1.26)

We have now all we need to prove the fundamental theorem of the local
theory of curves in R™, mimicking what we did in Theorem 1.3.37:

Theorem 1.7.4. Given functions ki,...,kn—2:1 — R and kp_1:1 — R,
where K; is of class Ck=U+D | the functions K1, ..., kn—o are always positive,
and k > n + 1, there exists a unique (up to rigid motions) (n — 1)-regular
curve o: 1 — R™ of class C* parametrized by arc length, having k1, ..., Kp_1
as its curvatures.

Proof. As in the proof of Theorem 1.3.37, the crucial point is that the Frenet-
Serret formulas (1.26) are a linear system of ordinary differential equations in
3n unknowns, allowing us to apply Theorem 1.3.36.

Let us begin by studying the existence. Fix a point sg € I and an orthonor-
mal basis {t!,...,t2} of R" having the same orientation as the canonical basis.
By Theorem 1.3.36, there exists a unique n-tuple of maps tq,...,t,: I — R"
verifying (1.26) and such that t;(sg) = t? for j = 1,...,n. Moreover, it is
immediate to check that t; is of class Ck=3 for j =1,...,n—1, while t,, is of
class CF—(n=1),

We want to prove that this n-tuple {ti,...,t,} is the Frenet frame of a
curve. We begin by showing that it is an orthonormal basis in every point,
once we have forced it to be so in sg. For the sake of simplicity, we intro-
duce the following convention: given two vectors S, T € (R™)", we denote by
(S,T) € M, (R) the matrix having as its element in position (h, k) the scalar
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product (s, ti) between the h-th component of S and the k-th component of
T. It is easy to verify that

(KT, T) =K(T,T) and (T,KT)= (T, T)KT = —(T,T)K;

in the last step we used the fact that K is antisymmetric. Hence, if we take as
T the vector having as its components the maps ty, ... t,, that solve (1.26), the
matrix of functions (T, T) satisfies the linear system of ordinary differential
equations

;S (T,T) = <‘£,T> + <T, if> = (KT, T) + (T,KT)
= K(T, T) — (T, T)K,

with initial conditions (T, T)(sg) = I,, where I,, is the identity matrix. But
the matrix of functions equal to I,, everywhere satisfies the same linear sys-
tem of ordinary differential equations; then, by Theorem 1.3.36, we have
(T, T) = I,, which means exactly that {ty,...,t,} is an orthonormal ba-
sis in each point. In particular, the function det(ty,...,t,) is nowhere zero;
being positive in g, it is positive everywhere, and the basis {t1,...,t,} has
always the same orientation as the canonical basis.
Finally, define the curve o: I — R", by setting

o(s) = /Stl(t) dt .

S0

The curve o is of class CF; its derivative is t;(s), so it is regular, is para-
metrized by arc length and has tangent versor t;. By formulas (1.26) we know
then that o is (n — 1)-regular with curvatures k1, ..., %,_1, and existence is
achieved.

The uniqueness can be proved as in Theorem 1.3.37. Let o1: I — R™ be
another (n — 1)-regular curve of class C* parametrized by arc length, having
curvatures K1, ...,K,—1. Fix sg € I; up to a rigid motion, we may assume that
o(sg) = 01(sg) and that o and o7 have the same Frenet frame in so. By the
uniqueness of the solution of (1.26), it follows that ¢ and ¢y have the same
Frenet frame in every point of I; in particular, 6 = ;1. But then

S

o(s) =o(so) + /S o(t)dt = o1(so) + / o1(t)dt = oq(s) ,

S0 S0

and 01 = 0. O
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Exercises
1.103. Prove Remark 1.7.2.
1.104. Is the curve o: R — R* given by o(t) = (t,12,t3,t*) 3-regular?

1.105. Show that a curve o:[a,b] — R™ whose support is contained in an
affine subspace of dimension k of R™ has k-th curvature identically zero.

1.106. If 0: R — R* is given by o(t) = (3t — 3,3, 3t2, 3t + 1°), determine the
curvatures of o.

1.107. Determine, for a € R, the curvatures of the curve o:R — R*, para-
metrized by o(t) = (a(1 + cos t),asin ¢,2asin |, a).
1.108. Let 0: (0, +00) — R* be the curve given by o(t) = (t,2t,t*,1).

(i) Prove that o is a 3-regular curve, determine its Frenet frame, and compute
all its curvatures.

(ii) Note that the orthogonal projection of ¢ on the plane x4 = 0 is a curve
contained in an affine space S of dimension 2 (see also Exercise 1.31).
Determine explicitly the equations of S.

1.109. Let 0: R — R™ be a curve such that ¢’ = 0. What can we say of o7
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Global theory of plane curves

In the previous chapter we concentrated our attention on local properties of
curves, that is, on properties that can be studied looking at the behavior of
a curve in the neighborhood of a point. In this chapter, on the contrary, we
want to present some results in the global theory of plane curves, that is,
results that involve (mainly but not exclusively topological) properties of the
support of the curve as a whole.

The first section of the chapter is a short introduction to the theory of the
degree for maps with values in the circle S*. As you will see, it is possible to
assign an integer number, the degree, to each closed curve having its support
in a circle, counting the number of full turns made by the curve. Using the de-
gree, we shall be able to assign to any plane curve two more integer numbers:
the winding number and the rotation index. The winding number is one of the
two key ingredients needed to prove, in Section 2.3, the first main result of
this chapter, the Jordan curve theorem. The rotation index is the key ingre-
dient for the proof, in Section 2.4, of the second main result of this chapter,
Hopf’s theorem of turning tangents. Section 2.2 is devoted to the construction
of the tubular neighborhood of a simple curve, the second key ingredient for
the proof of the Jordan curve theorem. Finally, in the supplementary material
of this chapter, you will find further results in global geometry of curves, such
as the characterization of curves with oriented curvature of constant sign, the
four-vertex theorem, the isoperimetric inequality, and Schonflies’ theorem.

2.1 The degree of curves in S*!

Denote by S* © R? the unitary circle in the plane, that is, the set of points
(z,y) € R? at distance 1 from the origin:

51:{(x7y)€R2|m2+y2=1}.

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 2, © Springer-Verlag Italia 2012
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By identifying R? with the complex plane C in the usual way, that is, by
associating z = x + iy € C with the pair consisting of its real and imaginary
parts (Rez,Imz) = (z,y) € R?, we may describe S! as the set of complex
numbers with modulus 1:

S'={zeC||z|=1}.

In what follows it will be useful to keep in mind both these descriptions.
One of the fundamental tools for the study of the geometry of S! is the
periodic parametrization #: R — S given by

7(x) = (cosz,sinz) ,

or, if we consider S! in the complex plane, by #(x) = exp(ir). Note that
saying that #(z) = v € S! is equivalent to saying that x € R is a possible
determination of the angle from the x-axis to vector v. In particular,

(xy) = (x2) <<= a1 — 129 €27Z, (2.1)

that is, two determinations of the angle of the same point in S' always differ
by an integer multiple of 2.

We shall use the periodic parametrization # to transfer problems from S!
to R, lifting maps:

Definition 2.1.1. If ¢: X — S! is a continuous map from a topological
space X with values in S, a lift of ¢ is a continuous map ¢: X — R such that
T o ¢ = ¢, that is such that the diagram

e
T
¢ V

X > g1
is commutative.

In terms of angles, having a lift (;3 of a continuous map ¢: X — S! means
we are able to associate in a continuous way to every x € X a determination
of the angle between the a-axis and ¢(z); for this reason we shall sometimes
call continuous determination of the angle a lift of ¢.

Not all maps with values in S admit a lift (see Exercise 2.1). However,
there is a particularly important case in which lifts always exist: curves. To
prove this, we need an interesting General Topology result:

Theorem 2.1.2. Let il = {U,}aca be an open cover of a compact metric
space (X, d). Then there exists a number 6 > 0 such that for all x € X there
is a € A such that Bg(x,d) C Uy, where Bg(x, ) is the open ball with center x
and radius 0 with respect to distance d.
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Proof. Let {Uy,...,U,} be a fixed finite subcover of . For all @« = 1,...,n
define the continuous function f,: X — R by setting

falz) =d(z, X\ U,) ,

and set f = max{fi,..., fn}. The function f is continuous; moreover, for each
z € X we can find 1 < a < n such that z € U,, and so f(z) > fu(x) > 0.
Hence, f > 0 everywhere; let 6 > 0 be the minimum of f in X. Then for all
x € X we can find 1 < o < n such that f,(z) > ¢, and so the open ball with
center x and radius J is completely contained in U,, as required. a

Definition 2.1.3. Let 4 = {U,}oca be an open cover of a compact metric
space X. The largest 6 > 0 such that for all x € X we can find o € A with
B(z,0) C Uy is the Lebesgue number of the cover il

We are now able to prove the existence of lifts of curves:

Proposition 2.1.4. Let ¢: [a,b] — S be a continuous curve, and let zo € R
be such that 7(xo) = ¢(a). Then there exists a unique lift ¢:[a,b] — R of ¢
such that ¢(a) = .

Proof. We need a preliminary remark. Consider an arbitrary p € S*, and let
x € R be such that #(x) = p. Then

77 1S\ {p}) = U (x4 2(k — ), x + 2km) ,
kEZ

and 7| (p42(k—1)m,2+2km) (ﬂc +2(k=1)mz+ 2k7r) — ST\ {p} is a homeomor-
phism for all & € Z; this is the crucial property of 7 that makes it possible to
lift curves.

Set now pg = ¢(a) as well as U = S\ {po} and V = S\ {—pp}. Clearly,
St=UUV,s0u={¢p~1(U),¢p~1(V)} is an open cover of [a,b]; by Theo-
rem 2.1.2 we know that if P = (to,...,t,) is a partition of [a, b] with ||P]| less
than the Lebesgue number of 4, then ¢([t;_1,t;]) C U or ¢([t;—1,t;]) C V for
allj=1,....,n.

Since ¢(a) = po ¢ U, necessarily ¢([to,t1]) C V. Now,

71 (V) = | (w0 + (2k — V), zo + (2k + 1)7);
keZ

so, the image of a lift ¢~7|[a,t1} of @liq,,) With g?)(a) = xp, being connected,
is necessarily contained in the interval (zg — m,x9 + 7). But 7 restricted to
(xo — m, o+ ) is a homeomorphism between (xg — m, ¢ +7) and V; so a lift

@lja,t,) exists and is necessarily given by

(Z;l[aytl] = (7%|(900—7T#60+7T))_1 © ¢|[a7t1} :
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Assume now we have proved that there is a unique lift (Z5| (a,t;] Of Plja,e,] With
qz(a) = xo: we are going to show that there is a unique way to extend it to a lift
q~5|[a7tj+1] of @|(a,t,,,]- It suffices to proceed as before: since ¢([t;,t;11]) C U
or ¢([t;j,t;41]) C V, the image of a lift ¢~>|[tj’tj+1] of @i, ,,,,) that extends
continuously 45|[a7tj] must be contained in an interval I of R on which 7 is a
homeomorphism with U or V. It then follows that this lift exists, is unique
and is given by éhtj,tjﬂ} = (7|1)"" © |11, ¢,,.]; and so we have extended the
lift to the interval [a,t;+1]. By proceeding in this way till we reach (in finitely
many steps) the endpoint b, we prove the assertion. a

Once we have found one lift of a continuous map, it is easy to find all other
lifts:

Proposition 2.1.5. Assume that ¢1, ¢o: X — R are two lifts of a continuous
maps ¢: X — Sl,~ where X is a connected topological space. Then there exists
k € Z such that ¢ — ¢y = 2k,

Proof. Since ¢1 and ¢, are two lifts of ¢, we have
Fopr=¢=rog,.

By (2.1), it follows that the continuous map q~52 — gz~51 is defined on a connected
topological space and has values in 27Z, which is a totally disconnected topo-
logical space; so it is constant, as required. a

In particular, if ¢: [a,b] — S! is a continuous curve, then the number

¢(b) — ¢(a)

is the same for any lift ¢:[a,b] — R di ¢. Moreover, if ¢ is a closed curve, that
is, such that ¢(b) = ¢(a), then (2.1) implies that ¢(b) — ¢(a) is necessarily an
integer multiple of 27, since

T (6(b)) = ¢(b) = d(a) = 7((a)) -
So we may introduce the following:

Definition 2.1.6. Let ¢: [a,b] — S! be a closed continuous curve. The degree
of ¢ is the integer number

deg =, (3(0) — () € 2,

where ¢: [a,b] — R is any lift of ¢.

In other words, the degree measures the number of full turns the curve ¢
makes before closing, where a full turn is counted with a positive sign when
¢ travels counterclockwise, and with a negative sign otherwise.



2.1 The degree of curves in S* 71
Example 2.1.7. A constant curve has degree zero, since any lift is constant.
Ezample 2.1.8. Given k € Z, let ¢,:[0,1] — S* be given by
o1 (t) = (cos(2knt),sin(2kmt)) .

Clearly, a lift of ¢y, is given by ¢p(t) = 2knt, so

1

degdr =, (Pr(1) = $r(0)) =k .

m

Later (Corollary 2.1.18) we shall see formulas for computing the degree of
closed piecewise C'! curves with values in S'; but we want to give first an im-
portant necessary and sufficient condition for two closed curves in S! to have
the same degree. To get there, we need the fundamental notion of homotopy
between maps.

Definition 2.1.9. A homotopy between two continuous maps between topo-
logical spaces ¢g, ¢1: Y — X is a continuous map @: [0, 1] x Y — X such that
@(0,) = ¢ and P(1,-) = ¢;. If a homotopy between ¢y and ¢ exists, ¢y and
@1 are said to be homotopic. If Y = [a,b] is a real interval and the curves ¢
and ¢ are closed, that is, ¢p(a) = ¢o(b) and ¢1(a) = ¢1(b), then we shall
always ask @ to be a homotopy of closed curves, that is, with &(¢,a) = &(t,b)
for all ¢ € [0, 1].

In other words, two maps ¢g and ¢, are homotopic if it is possible to go
continuously from one to the other, that is, if ¢y can be deformed in a contin-
uous way to obtain ¢;. Note that being homotopic is an equivalence relation
(see Exercise 2.2).

Example 2.1.10. If X if a path-connected space, two constant maps with val-
ues in X are always homotopic. Indeed, let ¢9:Y — X and ¢1:Y — X be
given by ¢;(y) = z; for all y € Y, where zy and x; are arbitrary points of X.
Let 0:]0,1] — X be a continuous curve with ¢(0) = z¢ and o(1) = x1; then
a homotopy @:[0,1] x Y — X between ¢y and ¢; is given by

Vi e [0,1]Vy eY D(t,y) =olt) .

Example 2.1.11. Every non-surjective closed continuous curve ¢q: [a,b] — St
is homotopic (as a closed curve) to a constant curve. Indeed, let p € S* be a
point not in the image of ¢g, and consider z* € [0,27) such that #(z*) = p.
Now, choose a point zg € (z* — 2m,2*) such that 7(xg) = ¢o(a), and let
bo: [a,b] — R be the unique lift of ¢y with d;o(a) = xp. Since the image of ¢q
does not contain p, the image of QNSO cannot include z* or x* — 27; so, it is com-
pletely contained in the interval (z* — 2, 2*) and, in particular, ¢o(a) = ¢o(b)
implies ¢o(b) = zo. Let now &:[0,1] x [a,b] — S* be defined by

B(s,t) = 7(go(t) + s(xo — o(t))) -
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It is straightforward to verify that @(0,-) = ¢g, P(1,-) = ¢o(a), and &(-,a) =
&(-,b) = ¢o(a); hence @ is a homotopy of closed curves between ¢g and the
constant curve ¢ = ¢p(a).

Ezxample 2.1.12. There are surjective closed continuous curves that are homo-
topic to a constant. For instance, let ¢g: [0, 47] — S be given by

(cost,sint) for t € [0, 7],
do(t) = { (cos(2m —t),sin(2m — t)) for ¢t € [, 3] ,
(cos(t — 4m),sin(t — 4m)) for ¢ € [3m,4n] .

Then @: [0,1] x [0,47] — S*, given by

(cos[(1 — s)t],sin[(1 — s)t]) for t € [0, 7],
®(s,t) = ¢ (cos[(1 — s)(2m —t)],sin[(1 — s)(2m — t)]) for t € [r,3n],
(cos[(1 — s)(t — 4m)],sin[(1 — s)(¢t — 4m)]) for t € [3m,47] ,

is a homotopy of closed curves between ¢y and the constant curve ¢ = (1,0).

One of the main reasons why the degree is important is that two closed
curves in S* are homotopic if and only if they have the same degree. To prove
this, we need the following:

Proposition 2.1.13. Let ®:[0,1] x [a,b] — S be a homotopy between con-
tinuous curves in S*, and xo € R such that 7(xo) = $(0,a). Then there exists
a unique lift #:10,1] x [a,b] — R of ® such that $(0,a) = .

Proof. The argument is analogous to the one used in the proof of Proposi-
tion 2.1.4. Set pg = ®(0,a), U = S*\ {po}, and V = S*\ {—po}. By The-
orem 2.1.2, we know that it is possible to partition [0,1] X [a,b] in finitely
many small squares sent by @ entirely inside U or V. Define now the lift @
one square at a time, starting from the bottom left corner and going from left
to right and from the bottom up, using the procedure described in the proof
of Proposition 2.1.4, taking always as starting point the bottom left corner
of each square. Now, again by Proposition 2.1.4, we know that, having fixed
the value in the bottom left corner, the lift is uniquely determined along the
bottom side and along the left side of each square; since each square iintersects
the previous ones along these two sides only, this ensures (why?) that the lift
@ thus obtained is globally continuous, as well as unique. a

Corollary 2.1.14. Let T be a topological space homeomorphic to a rectangle
[0,1] % [a,b], and @: T — S a continuous map. Then, for all to € OT and all
zo € R such that #(xo) = ¥(to) there exists a unique lift U: T — R of ¥ such
that (o) = .

Proof. Indeed, since T is homeomorphic to [0, 1] X [a, b], we may find (why?)
a homeomorphism h:T" — [0, 1] x [a, b] with h(to) = (0,a); then it suffices to
define ¥ = @ o h, where ®: [0, 1] x [a,b] — R is the unique lift of & = ¥ o h~!
with @(O a) = xg, and the uniqueness of ¥ follows from the uniqueness of @.

0
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And then, as promised:

Theorem 2.1.15. Two closed curves ¢g, ¢1:[a,b] — S are homotopic (as
closed curves) if and only if they have the same degree. In particular, a closed
curve is homotopic to a constant if and only if it has degree 0.

Proof. Let ®:[0,1] x [a,b] — ST be a homotopy of closed curves between
¢o and @1, and set ¢(t) = P(s,t); in particular, all ¢,’s are closed curves.
Lift & to a ¢:[0,1] x [a,b] — R. Since the curves ¢, are closed, we have
&(s,b) — P(s,a) € 277 for all s € [0,1]. In particular, s — P(s,b) — D(s,a)
is a continuous function with values in a totally disconnected space; so it is
necessarily constant, and

2m deg g = D(0,b) — D(0,a) = D(1,b) — B(1,a) = 2w deg ¢ .

For the converse, assume that ¢o and ¢; have the same degree k € Z. This
means that if we take an arbitrary lift ¢y of ¢¢ and an arbitrary lift ¢, of ¢1,
we have

and so 3 3 ) )
¢1(b) = do(b) = ¢1(a) — ¢o(a) - (2.2)
Define now @: [0, 1] x [a,b] — S* by setting

D(s,t) = 7AT(cgo(t) + 5(&1(15) - &o(f))) .

It is immediate to verify that, thanks to (2.2), ¢ is a homotopy of closed
curves between ¢ and ¢1, as desired. Finally, the last claim follows from Ex-
ample 2.1.7. g

We conclude this section by showing how it is possible to give an integral
formula for computing the degree of differentiable curves, a formula we shall
find very useful later on.

Proposition 2.1.16. Let ¢ = (¢1,¢2):[a,b] — S' be a C' curve, and
choose xg € R in such a way that ¢(a) = (cosxg,sinxzg). Then the function

¢:[a,b] = R given by

t
P(t) =z +/ (P10 — ¢ d2) ds

is the lift of ¢ such that qNS(a) = 9.
Proof. We must show that cos ¢ = ¢ and sin ¢ = ¢, that is, that

0= (¢1 —cos)? + (¢ —sing)? = 2 — 2(¢1 cos ¢ + P2 sin @) ;
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so it suffices to verify that ¢; cos ¢ + ¢osin ¢ = 1. This equality is true when
= qa; so it is enough to check that the derivative of ¢1 cos ¢ + ¢ sin ¢ is zero
everywhere.
Now, differentiating ¢? + ¢3 = 1 we get

P10y + P20y =05 (2.3)
then
(¢1c086 + d25in @)’ = ¢ cos ¢ — @' $15ind + g sin g+ dpcosd
= (¢} + 129 — ¢l1¢§) cos ¢ + (¢ + P21 9} - Phe7) sin &
= @1 (1 — @7 — ¢3) cos ¢ + ¢ (1 — ¢ — ¢7) sin ¢
0

)

as required. 0

Definition 2.1.17. A continuous curve o:[a,b] — R" is said to be piece-
wise OF if there exists a partition a =ty < t; < --- < t,, = b di [a, b] such that
U|[tj—17tj] is of class C* for j = 1,...,r. Moreover, we say that o is reqular if
its restriction to each interval [t;_1,t;] is regular, and that it is parametrized
by arc length if the restriction to each interval [t;_1,t;] is parametrized by arc
length.

Corollary 2.1.18. Let ¢ = (¢1, d2): [a,b] — S* be a piecewise C* closed con-
tinuous curve. Then

1 b
deg ¢ = o / (P19 — P p2) dt .

Proof. This follows from the previous proposition applied to each interval over
which ¢ is of class C'!, and from the definition of degree. O

If we identify R? and C, the previous formula has an even more compact
expression:

Corollary 2.1.19. Let ¢: [a,b] — S* C C be a piecewise C* closed continuous

curve. Then ,
1 o4
deg¢—2m/a ¢dt.

Proof. Since ¢ has values in S, we have 1/¢ = ¢, where ¢ is the complex
conjugate of ¢. By writing ¢ = ¢1 + i¢o, we get

&) = (10 + dadh) + (P10 — ¢ 2) = i(p105 — P d2)

by (2.3), and the assertion follows from the previous corollary. a
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Example 2.1.20. Let us use this formula to compute again the degree of the

curves ¢: [0,1] — St defined in Example 2.1.8. Using complex numbers, we
may write ¢y (t) = exp(2kmnit); so ¢} (t) = 2kniexp(2knit), and

1 (! 2kniexp(2knit

deg ¢p, = / p( )

27i exp(2kmit)

Example 2.1.21. We want to verify that the curve ¢:[0,47] — S! of Exam-
ple 2.1.12 has indeed degree zero. Using complex numbers, we may write

exp(it) per t € [0, 7],
do(t) = { exp(i(2r —t)) per t € [r,37],
exp(i(t —4m)) per t € [3m,4n] ;

hence,

_ L[ i R W
deg(b—%i(/o ¢dt+ i ¢dt+/3,, ¢dt —27Ti(7r1—27r1—|—7r1)_0.

2.2 Tubular neighborhoods

Now that preliminaries are over we may introduce the class of curves we shall
deal with most in this chapter (see also Definition 1.1.28).

Definition 2.2.1. A curve o:[a,b] — R" is simple if it is injective on [a,d)
and on (a,b]. A Jordan curve is a closed simple continuous plane curve.

Fig. 2.1 shows examples of non-simple, simple and Jordan curves.

Remark 2.2.2. A non-closed simple continuous curve o: [a,b] — R™ is a home-
omorphism with its image, so it is a closed Jordan arc (see Definition 1.1.27).
Indeed, it is globally injective, and every bijective continuous map from a
compact space to a Hausdorff space is a homeomorphism. Arguing in an anal-
ogous way, it is easy to prove (see Exercise 2.12) that the support of a Jordan
curve is homeomorphic to the circle S!.

One of the main properties of Jordan curves is (not surprisingly) the Jor-
dan curve theorem, which states that the support of a closed simple plane
curve divides the plane in exactly two components (Theorem 2.3.6). This is
one of those results that seem obvious at first sight, but is actually very deep
and hard to prove (in fact, it is not even completely obvious that the curve
in Fig. 2.1.(d) divides the plane in just two parts...).

In this and in next section we shall give a proof of Jordan curve theorem
which holds for regular curves of class (at least) C?, using just tools from
differential geometry and topology (a proof for continuous curves is given in
Section 2.8 of the supplementary material to this chapter). As you will see,
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(c) (d)

Fig. 2.1. (a), (b) non-simple curves; (c) simple curve; (d) Jordan curve

we shall need two ingredients for the proof: a tubular neighborhood of the
support of a curve (to prove that the complement of the support of a Jordan
curve has at most two components), and the winding number (to prove that
the complement of the support of a Jordan curve as at least two components).
The goal of this section is to introduce the first ingredient.

If o: I — R? is a regular plane curve, and e > 0, for all ¢t € I we may take
a small line segment of length 2¢ with center in o(t) and orthogonal to o’(t).
The union of all these small segments together always is a neighborhood of the
support of the curve (with the possible exception of its endpoints); however,
it is well possible that segments for distinct t’s intersect. The main result of
this section says that, if ¢ is a simple curve of class C?, then we can find
€ > 0 such that these small segments are pairwise disjoint, thus forming a
particularly useful neighborhood of the support of the curve, called tubular
neighborhood (see Fig. 2.2).

Definition 2.2.3. Let o:[a,b] — R? be a simple regular plane curve, with
support C = o([a,b]). Given € > 0 and p = o(t) € C, we denote by I,(p,¢)
the line segment o(t) + (—e,e)n(t) having length 2¢ with center in p and
orthogonal to o’(t), where n(t) is the oriented normal versor of o at o(t). De-
note further by N, (¢) the union of the segments I, (p, ), with p € C. The set
N, (e) is a tubular neighborhood of o if € is such that I,(p1,e) NI, (p2,e) = @
for all p; # py € C.

Tubular neighborhoods always exist. To prove it, we need a classical Dif-
ferential Calculus theorem (see [5, p. 140]).
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Fig. 2.2. Tubular neighborhood

Theorem 2.2.4 (Inverse function theorem). Let F: 2 — R" be a map of
class C*, with k € N* U{oo}, where 2 is an open subset of R™. Let py € £2 be
such that det Jac F'(pg) # 0, where Jac F' is the Jacobian matriz of F'. Then
there exist a neighborhood U C 2 of pg and a neighborhood V.C R™ of F(po)
such that F|y:U — V is a diffeomorphism of class C*.

Then:

Theorem 2.2.5 (Existence of tubular neighborhoods). Let C C R? be
the support of a simple regular plane curve o:[a,b] — R? of class C?. Then
there exists eg > 0 such that N,(g) is a tubular neighborhood of o for all
0 < & < g9. In particular, N,(¢) is an open neighborhood of C (endpoints
excluded if the curve is not closed).

Proof. First of all, we recall that a curve o is of class C? in [a, ] if it can be
extended to a C? map defined in an open neighborhood I of [a,b]. In par-
ticular, if o is closed we may extend it to a periodic C? map defined on all
R.

We begin by proving the local existence of the tubular neighborhood. De-
fine a map F:I x R — R? by setting

F(t,z) = o(t) + za(t) , (2.4)

in such a way that N, () = F([a,b] x (—¢,¢)). Being a plane curve, the reg-
ularity of the normal versor n = (72;,72) is equival to the regularity of the
tangent versor t, which is of class C''; so the map F is of class C''. Now, the
Jacobian determinant of F' in (¢,0) is

At o],
| 1) m(@‘*o’
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hence for all tg € [a, ] the inverse function Theorem 2.2.4 yields &y, €, > 0
such that F' restricted to (tg — d¢,, %0 + 0ty) X (=4, €t,) is invertible; and this
means exactly that I, (p1, et,) NIy (p2,et,) = @ for all p1 = o(t1) # o(ta) = po
with t1, t2 € (tg — ¢y, o+t ) = Uy, . Moreover, o(Uy, ) is an open subset of C
because its complement o ([a, b]\ Uz, ) is a compact (hence closed) subset of C.

So we have an open cover {U; }4¢[a,p) Of [a,b], which is a compact set; ex-
tract from it a finite subcover {Uy,, ..., Uy, }. Then U = {o(Uy,),...,0(Us.)}
is an open cover of the support C' of o, which is compact; let § > 0 be the
Lebesgue number of 4. We want to show that g = min{eq,,..., e, ,d/2} is
as required. Indeed, take 0 < ¢ < g¢ and two distinct points p, ¢ € C, and
assume that there exist pg € I, (p,e) N I,(g,e). By the triangle inequality,
then, we have

lp —qll < llp = poll + llpo — ¢l <2e <4,

so p and ¢ have to be in a same o (Uy, ). But, since I is injective on Uy, X (—¢, ),
the condition I,(p,e) N 1,(q,e) # @ implies p = ¢, which is a contradiction,
and we are done.

Now, F is globally injective on [a,b) x (—&,) and on (a,b] X (—¢,¢), and
F(Iy x (—€,¢)) is an open neighborhood of C, where Iy = Uy, U--- U Uy,
contains [a,b]. From this immediately follows (why?) that N, () is an open
neighborhood of the support of o, with the exception of the endpoints if o is
not closed. O

Remark 2.2.6. If N,(g) is a tubular neighborhood of a simple regular plane
curve o: [a,b] — R? of class C? and ¢y € N, (¢), then the point py = o(to) of
the support C' of o that is closest to qq is the unique point p € C' for which
qo € I,(p,€). Indeed, if the function ¢ — ||go — o(t)||> has a minimum in to,
then by differentiating we find (g0 — o (t0),0'(t0)) = 0, and so qo € I5(po, €)-

The assumption of C2-regularity in the theorem is crucial:

Ezample 2.2.7. Fix 2 < a < 3, and let 0,:R — R? be the curve given by
oa(t) = (t, fa(t)), where fo: R — R is the function

tesin b ift>0
at: t . ’
Ja(t) {0 ift<0.

Since
d
dt

the function f, and the curve o, are of class C', but not C?; we want to
show that o, (restricted to any closed interval containing the origin) has no
tubular neighborhood. First of all, it is easy to see that the oriented normal
versor of o, is given by

1 1 1
t% sin =at®* tsin | —t*"2cos
t t t

At) = (ta*Z (cos 1 — atsin 1) 71)

\/1 + t2(a=2) (cos 115 — atsin 1)2
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O(t1)+51 ﬁ(tl) U(t2)+52 ﬁ(tQ)

Fig. 2.3.

for t > 0, and by n(t) = (0,1) for ¢ < 0. If the curve o, had a tubular neigh-
borhood, there would exist an € > 0 such that, for all sufficiently small ¢t > 0,
the segment parallel to n(¢) and connecting o, (t) to the y-axis would have
length at least . But the length of this segment is

) \/1 +12(2=2) (cos ! — atsin 1)?
[(t):tsia 1( t. ) t) ,
|cos ; — atsin t‘
and for all e > 0 we may find a value of ¢ arbitrarily close to zero such that
((t) < g, yielding a contradiction.

We may now prove the first part of Jordan curve theorem:

Proposition 2.2.8. Let 0: [a,b] — R? be a simple closed regular plane curve
of class C?, and denote by C = o([a, b)) its support. Then R*\ C has at most
two components, and C' is the boundary of both.

Proof. Choose € > 0 so that N, (¢) is a tubular neighborhood of . Denote by
T, (respectively, T_) the set of points of N,(e) of the form o(t) 4+ dn(t) with
0 > 0 (respectively, § < 0), where 1 is as usual the oriented normal versor of o.
It is clear that N, (¢)\C' = T UT_. Moreover, both T and T_ are connected.
Indeed, given o(t1) + d10(t1) and o(t2) + d2n(t2) € T4, the path (see Fig 2.3)
that starting from o(¢1) + d10(¢1) moves parallel to o up to o(te) + 010(t2)
and then parallel to n(ty) up to o(ta) + don(ts) is completely within 7). In
an analogous way it can be shown that T_ is (pathwise) connected.

Let now K be a component of R? \ C; clearly, @ # K C C. On the other
hand, if p € C then there is a neighborhood of p contained in C U Ty UT_.
Hence, either Ty or T— (or both) intersect K'; being connected, either K D T\
or K D T_, and in particular 0K 2 C. Since two different components are
necessarily disjoint, it follows that the complement of the support of ¢ has at
most two components, and the boundary of both is C. a

2.3 The Jordan curve theorem

In this section we shall complete the proof of the Jordan curve theorem for
regular curves, by showing that the complement of the support of a simple
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0

Fig. 2.4. Winding numbers

closed regular plane curve of class C? has at least two components. To get
there we need a new ingredient, which we shall construct by using the degree
introduced in Section 2.1.

Given a continuous closed plane curve, there are (at least) two ways to
associate with it a curve with values in S', and consequently a degree. In this
section we are interested in the first way, while in next section we shall use
the second one.

Definition 2.3.1. Let 0: [a, b] — R? be a continuous closed plane curve. Given
a point p ¢ o([a,b]) we may define ¢,: [a,b] — S by setting

o(t)—p
¢p(t) = :
: lo(t) —pll
The winding number t,(c) of o with respect to p is, by definition, the degree
of ¢,; it measures the number of times o goes around the point p.

Fig. 2.4 shows the winding number of a curve with respect to several points,
computed as we shall see in Example 2.3.5.
The main properties of the winding number are given in the following:

Lemma 2.3.2. Let o: [a,b] — R? be a continuous closed plane curve, and let
K be a component of the open set U = R?\ o([a,b]). Then:

(1) tpo(0) = tp, (o) for every pair of points py, p1 € K;
(ii) U has ezxactly one unbounded component Ky, and t,(c) = 0 for all points
pE Ko.

Proof. (i) Let n:[0,1] — K be a curve with 7(0) = pg and 7(1) = p;, and
define @:[0,1] x [a,b] — S* by setting

t —
ppy— )
llo(t) = n(s)ll
Since the image of n is disjoint from the support of o, the map @ is a ho-

motopy of closed curves between ¢,, and ¢,,, and so tp,(0) = ip, (o), by
Theorem 2.1.15.
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Po

Fig. 2.5.

(ii) Since [a, b] is compact, the support of ¢ is contained in a closed disk D
with center in the origin and sufficiently large radius R > 0. Since R? \DcCU
is connected, it is contained in a single component of U; so U has only one
unbounded component.

Let now pg € Ko\ D; then the line segments joining pg to points in the sup-
port of o are all contained in the sector with center py and sides the half-lines
issuing from po tangent to D (see Fig. 2.5). This implies that the image of ¢,
is contained in a proper subset of S!, so (Example 2.1.11) ®p, is homotopic
to a constant curve. Since (Theorem 2.1.15) the degree of a constant curve is
zero, we get iy, (o) = 0. O

Identifying as usual R? with the complex plane C, Corollary 2.1.19 provides
us with an integral formula for computing the winding number of differentiable
curves:

Lemma 2.3.3. Let 0:[a,b] — C be a piecewise C' closed continuous plane
curve, and p ¢ C = o([a,b]). Then the winding number of o with respect to p
s given by

Proof. Tt is straightforward to check that

/ /
% _itm
(bp o—p

)

then, by Corollary 2.1.19, to get the assertion it is sufficient to prove that the
integral of the real part of ¢’/(0 — p) is zero. But indeed,

d L0

and so .
O_/
[ Re 7 dt=logllo(t) ~ pll ~ o lo(a) ~ pl =0

because o is closed. O
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Ezample 2.3.4. Given k € Z, let ¢: [0, 1] — R? be the curve of Example 2.1.8,
and p € R? \ S! a point not belonging to the support of ¢; we want to com-
pute the winding number of ¢ with respect to p. If ||p|| > 1, then p belongs
to the unbounded component of R? \ S, so tp(¢) = 0, thanks to Lemma
2.3.2.(ii). If, on the other hand, ||p|| < 1, then Lemma 2.3.2.(i) tells us that
tp(dk) = to(¢r); but the winding number of ¢ with respect to the origin is
equal (why?) to the degree of ¢y, and so ,(¢x) = k.

Ezample 2.3.5. The curve o: [0, 21] — R? of Fig. 2.4 is given by
o(t) = (sin(2t),sin(3t)) .

The support C of ¢ divides R? in 9 components Ky, ..., Ks, where Kq is
the unbounded component. Take py € R? \ C; we want to compute ¢p,(0). If
po € Ko, we already know that ¢y, (o) = 0; assume then that py = zo + iyo
belongs to one of the other components. By Lemma 2.3.3 and its proof,

1 2 !
Lpo(0) = / 7t
2ni Jo o —p

_ / 3(sin(2t) — xg) cos(3t) — 2(sin(3t) — yo) cos(2t) dt
27 (sin(2t) — a:o)2 + (sin(3t) — y0)2

It is possible (with a good deal of patience) to evaluate this integral by means
of elementary functions, obtaining the values of the winding number shown
in Fig. 2.4.

Finally, we have all we need to complete (following ideas due to Pederson;
see [19]) the proof of the Jordan curve theorem:

Theorem 2.3.6 (Jordan theorem for regular curves). Let o:[a,b] — R?
be a regular Jordan curve of class C?, and denote by C' = o([a,b]) its support.
Then R? \ C has exactly two components, and C is their common boundary.

Proof. Choose € > 0 in such a way that N,(¢) is a tubular neighborhood of
o, and denote again by T, (respectively, T_) the set of points of N, (¢) of the
form o(t) + on(t) with § > 0 (respectively, 6 < 0), where n is the oriented
normal versor of o.

We already know (Proposition 2.2.8) that the complement of C' has at
most two components; to show that it has at least two choose ¢y € (a,b), and
for 0 < § < e set pyg = o(tg) = on(ty). Clearly, ps € Ty and p_s € T_; so, as
T, are connected, the value of ¢, (o) is independent of § (Lemma 2.3.2). In
particular, the integer number

A= lps (U) - LP—(S(U)

is independent of § > 0. So, to conclude the proof it suffices to show that
A # 0; indeed, if this is the case, by Lemma 2.3.2 we know that ps and p_;
have to belong to distinct components of R? \ C.
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Now, identify R? with C, and assume o to be parametrized by arc length.
Then the oriented normal versor i can be obtained by rotating ¢ by 7/2 ra-
dians, an operation which in the complex plane is equivalent to multiplying
by i; so we may write n = io. Hence for all § > 0 we get

oty &) _ 2id6(to) o(t)
o(t)=ps o) =p-s  (o(t) = o(ty))’ + 526 (t0)?
Since ¢ is of class C* and &(tg) # 0, we may write

o(t) —o(te) = (t —to)o(to)[1 +r(t)] ,

where r(t) — 0 when ¢t — . So,

(1) (1)

o(t)—ps ot)—p-s
B 2i8 a(t)
(= t)2[L +r(t)]2 + 62 5(to)
_ 215 (t —t0)2 + 62 {1 Lo - d(to)}

(t —t0)2 + 02 (t — to)2[1 + r(t)]2 + 62 &(to)
2i8
B (t—to)? 462 TR,
with
2i6
R(t) = (t — to)? + 52

(t —to)?
(t —to)*[1+r()]> +462]
where s(t) = (6(t) — (to))/5(to) — 0 for t — to. In particular, for all n > 0
there exists A > 0 (independent of ¢) such that
26
t —tg)? + 02

x |s(t) = r(@) (24 r(t) (1+s(t))

[R()| <n (
as soon as [t —to| < A.

Choose then 0 < 7 < 1/8, and take the corresponding A > 0. So we may
write

A=1p,(0) —1p_,(0)
=A /7 & &
ol <t>(t)p5 )

2;1 t:H ( - o(t)d(if)p—(s) &

1 to+A
27r1/t (t—to +62+R(t))dt'
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By the above remarks, A is an integer number independent on ¢. Now, let §
approach zero in the right-hand side. The first two integrals tend to zero, as
their argument does not have a singularity for ¢ # ¢y. For the third integral,
after the change of variables t — ty = s, we get first of all that

1 [totA 2i8 1 M1 1 [~ 1
, / ! dt = / ds — / ds = 1
27i Jy,—n (t—to)? + 62 m™Joas 1+ 8 T ) o 1482

for 6 — 0. Moreover,

1 to+A
/ R(t)dt
t

271 Sy a

<77/ 2ds<?7/ ,ds=mn.
T ) s lts T J)_l+s

Putting all together, we then get that for a sufficiently small § we may estimate
the difference A — 1 as follows:

[A-1] < 217r /ato_A (a(g(t—)pa - U(t)dgt)p—‘;) "

b . .
N 1 / < oty o) ) dt
27 | Jigar \0(t) =ps  o(t) —p_s
to+A
1 / 20 d— 1
27 Jiooa (t—t0)% + 02

1 to+A
/ R(t) dt
t

+
2T 0—A

+

1
<dn< .
_772

But A is an integer number; so A = 1, and we are done. O

Remark 2.5.7. As we have already remarked, the Jordan curve theorem holds
for arbitrary continuous Jordan curves, not necessarily differentiable ones (for
some special cases, see Exercises 2.8, 2.9, and 2.11). Moreover, the closure of
the bounded component of the complement of the support of a (continuous)
Jordan curve is homeomorphic to a closed disk (Schénflies’ theorem). In Sec-
tion 2.8 of the supplementary material of this chapter we shall prove both the
Jordan curve theorem for continuous curves and Schonflies’ theorem.

Remark 2.3.8. Jordan theorem describes a specific property of the topology
of the plane, not shared by all surfaces: a closed simple regular curve within
a surface S that is not a plane might not partition the surface in exactly two
parts. It is possible to adapt (see Exercise 5.11 and Section 4.8) the notion of
tubular neighborhood in such a way that the proof of Proposition 2.2.8 works,
and so the complement of the support of the curve still has at most two com-
ponents. But on the other hand, two new phenomena may occur. It might
be impossible to define consistently the normal versor to the curve, so Ty
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and T_ coincide, and this is what happens in non-orientable surfaces such as
Mobius strip (see Example 4.3.11). Or, Ty and 7_ might belong to the same
component, which is what happens, for instance, in the torus S = S' x S!
(see Example 3.1.19). In both cases, the complement of the support of the
curve is connected.

As previously remarked, the complement of a compact set in the plane has
exactly one unbounded component. This fact and the proof of Theorem 2.3.6
suggest how to use the winding number to determine the orientation of a
regular plane Jordan curve.

Definition 2.3.9. Let o: [a,b] — R? be a (piecewise C2) Jordan curve in the
plane. The unique (see Exercise 2.8) bounded component of the complement
of the support of ¢ is the interior of o. Lemma 2.3.2.(ii) and the proof of
Theorem 2.3.6 tell us that the winding number of o with respect to any point
of its interior is equal to 1. We say that o is positively oriented (respectively,
negatively oriented) if this winding number is +1 (respectively, —1).

Remark 2.5.10. In the proof of Theorem 2.3.6 we saw that ¢, (0) —¢p_,(0) is
always equal to 1; moreover, iy, (o) # 0 if and only if p1s is in the interior
of o, and in that case we have ¢,,,(c) = £1. Now, ps is in the interior of o if
and only if n(¢p) points towards the interior of o, and this happens if and only
if o is described counterclockwise. Hence, o is positively (negatively) oriented
if and only if it is described counterclockwise (clockwise).

Remark 2.3.11. Warning: the sign of the oriented curvature has nothing to
do with the orientation of the curve. The simplest way to realize this is to
observe that the oriented curvature of a closed simple curve might well be
positive somewhere and negative somewhere else, while the curve cannot be
partially positively oriented and partially negatively oriented. In Section 2.5 of
the supplementary material of this chapter we shall characterize plane curves
having oriented curvature with constant sign.

2.4 The turning tangents theorem

There is another very natural way of associating a S!-valued curve (and con-
sequently a degree) with a closed regular plane curve.

Definition 2.4.1. Let 0:[a,b] — R? be a closed regular plane curve of class
C1', and let t: [a,b] — S* be its tangent versor, given by

_ o)
o' ()]l

The rotation index p(o) of o is the degree of the map t; it counts the number
of full turns made by the tangent versor to o.

t()
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Corollary 2.1.18 provides us with a simple formula to compute the rotation
index:

Proposition 2.4.2. Let 0: [a,b] — R? be a closed reqular plane curve of class
C' with oriented curvature &:[a,b] — R. Then

1 /b , 1 (" det(o’,0")
— P dt = ’ dt .
oo) = o / B/t =, / o

Proof. By Corollary 2.1.18,

I )
plo) = 27T/a det(t,t') dt .

Let s: [a,b] — [0, /] be the arc length of o, measured starting from a; recalling
(1.10) and the fact that ds/dt = ||o’|| we get

b b l
/det(t,t’)dtz/ det(t,t)(j; dt:/ det(t, t) ds
a a 0
£

- / A(s)ds = / ROl @) dt

and we are done, thanks to Problem 1.1. a

Ezample 2.4.3. Let ¢5:[0,1] — R? be the curve in Example 2.1.8, which has
oriented curvature & = 1. Since ¢}, (t) = 2k (— sin(2kmt), cos(2knt)), we get

1

o) = 5 [ EOIGO] =k

Ezample 2.4.4. Let 0:]0,27] — R? be the curve in Example 2.3.5. Then

dt=0.

(o) 1 /02” 12sin(2t) cos(3t) — 18 sin(3t) cos(2t)

T or 4 cos?(2t) + 9 cos?(3t)

Later on, we shall need the rotation index for piecewise C! curves too; to
this end, we introduce the following definitions.

Definition 2.4.5. Let o:[a,b] — R? be a regular piecewise C' plane curve,
and choose a partition a = tg < t; < --- <t = b of [a,b] such that oj,_,
is regular for j =1,...,k. Set

o' (t;

;)= lim o'(t)

t—t.
J

forj=1,...,k, and
o(t}) = lim o'(1)
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for j =0,...,k — 1. Moreover, if o is closed, we also set o'(t,) = o'(t, ) and
o' (tf) = o' (t); remark that it may well be that o’(t;) # o’(t]). We shall
say that ¢; is a cusp for o if o’(t;) = —o”(tj'). If ¢; is not a cusp, the external

angle €; € (—m, ) is the angle between o’(¢;") and U/(t;'_), taken with the pos-
itive sign if {o’(t; ), 0’ (tj)} is a positive basis of R?, and negative otherwise.
The points where the external angle is not zero are the vertices of the curve.
Finally, a curvilinear polygon of class C* is a closed simple regular piecewise
C* curve without cusps.

Definition 2.4.6. Let o:[a,b] — R? be a regular piecewise O plane curve
without cusps, and a = ¢y < t; < -+ < tx = b a partition of [a,b] such
that O’|[tj717tj] is regular for j = 1,...,k. We define the angle of rotation
0:[a,b] — R as follows: let 6: [a,t;) — R be the unique lift of t: [a,t;) — S*
such that 6(a) € (—m,7|. In other words, 0| ,) is the continuous determi-
nation of the angle between the z-axis and the tangent versor t with initial
value chosen in (—, 7). Set next

O(t1) = lim 6(t) + ¢ ,

t—t,

where ¢; is the external angle of o in ¢1; in particular, 6(¢;) is a determination
of the angle between the z-axis and o’ (t]"), while 6(¢;) — &, is a determination
of the angle between the x-axis and o’ (¢] ).

Define next 0:[t;,t3) — R to be the lift of t:[t;,t2) — S! starting

from 6(t1), and set again 6(t2) = lim 6(t) + 2, where e2 is the external
t—t,

angle of ¢ in t5. Proceeding in the same way, we define 6 on the entire interval
[a,b); finally, we set
6(b) = tlirgl 0(t) + e,
where ¢, is the external angle of o in b = ¢, (with e, = 0 if o is not closed).
Note that this makes the angle of rotation continuous from the right but not
necessarily from the left in the vertices.
Finally, if the curve o is closed the rotation indezx of o is the number

1

5 (600) = 0(@) .

plo) =
Since o/ (t) = o’(tJ), the rotation index is always an integer. Clearly, if we
reverse the orientation of the curve the rotation index changes sign.

One of the consequences of our proof of the Jordan curve Theorem 2.3.6 is
the fact that the winding number of a Jordan curve with respect to an internal
point is always equal to +1. The main result of this section is an analogous
result for the rotation index, known as Hopf’s turning tangents theorem:

Theorem 2.4.7 (Hopf’s turning tangents theorem, or Umlaufsatz).
The rotation index of a curvilinear polygon is always +1.
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of(t)
, @D b alt) Hia,t)
ar— Ha,a) 3 o(a)
a b -
o(a)=o(b) H(tD)
Fig. 2.6.

Proof. Let o = (01,09): [a,b] — R? be a curvilinear polygon, which we may
assume to be parametrized by arc length. We begin by assuming that ¢ has
no vertices; in particular, t = ¢ is continuous and ¢(a) = 4(b). Since o is
closed, we may extend it by periodicity to a periodic C' plane curve, which
we shall still denote by o, defined on the whole R and with period b — a.

If [@,b] C R is an arbitrary interval of length b—a, clearly we have p(olp)
= p(0ja,p)); hence, up to translations of the parameter we may assume that
o2(t) has a minimum in ¢ = a. Moreover, up to translations in the plane, we
may also assume that o(a) = O. Thus the support of ¢ is contained in the
upper half-plane, and &2(a) = 0, and so (up to inverting the orientation of
the curve, if necessary) we have ¢(a) = 7(b) = e1, where e; is the first vector
of the canonical basis of R?; see Fig. 2.6.

Let 6: [a,b] — R be the angle of rotation of o, with initial value 6(a) = 0.
We want to define a secant angle n:T" — R on the triangle

T ={(t1,t) €ER? |a <t <ty <D},

so that it will be a continuous determination of the angle between the z-axis
and the vector from o (¢1) to o(t2). To do so, we define a map H:T — S by
setting

o(t2) —o(t)
|o(tz) — o)l
O"(tl) if tl = tQ 3
—a(b) if (t1,t2) = (a,b) .

if t1 < t9 and (thtg) 7é ((Z,b) ;
H(ty,ta) =

The map H is continuous along the segment t; = to, since

H(tl,tg) _ lim U(tQ) - 0<t1) /

oy o(ta) —o(t1)
(ti,t2)—(tt)  Toa— 1t

to — 11

lim
(t1,t2)—(t,t)

RO
= oy =00
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The continuity of H in (a,b) is proved in an analogous way:

m  H(hty) = lm U2 Toltitb—a)
(t1,t2)—(a,b) (t1,t2)—(ab) ||o(t2) — o(t1 +b—a)||
o(t2) —

= lim (S)
(s,it2)—(b.b) [lo(t2) — o (s)]|

_ _o(t2) —o(s) o(ta) —o(s) ‘
(s,t2)—(b,b) to — s to — s

o0

ey~

where the minus sign appears because s = t1 + b — a > to. Since the triangle
T is homeomorphic to the rectangle [0, 1] x [a, b], by using Corollary 2.1.14 we
may lift H to a unique continuous function 7: T — R such that n(a,a) = 0;
the function 7 is our secant angle.

Now, both 6 and ¢ — n(t,t) are lifts of &; since 0(a) = 0 = n(a,a), by the
uniqueness of the lift we get that 0(t) = n(¢,t) for all ¢, so

1

plo) = ,_(6(b) — 0(a)) =

1

o n(b,b) .

We want to find the value of 7(b,b) by going along the other two sides
of the triangle T. By construction (see Fig. 2.6) the vector o(t) — o(a) al-
ways points towards the upper half-plane: so n(a,t) € [0, 7] for all t € [a, b].
In particular, H(a,b) = —d(b) = —e; yields n(a,b) = . Analogously, the
vector o(b) — o(t) always points towards the lower half-plane; as n(a,b) = 7,
we have n(t,b) € [r,2n] for all ¢ € [a,b]. In particular, H(b,b) = 6(b) = e;
yields n(b,b) = 2, and the assertion is proved in the case of a C! curvilinear
polygon.

Suppose now that o has vertices; to prove the theorem, we just need a
curvilinear polygon without vertices having the same angle of rotation as o.
To do so, we shall modify o near each vertex in such a way to make it regular
without changing the angle of rotation.

Let then o(t;) be a vertex having external angle ¢;, and choose a positive
number « € (0, (7 — |e;])/2); by using the periodicity of o, up to a change in
the domain we may also assume that t; # a, b. By our definition of the angle
of rotation, we have

lim 6(t) = 0(t;) — &; and lim 6(t) = 0(t;) -

t—t; t—t)

So we may find a § > 0 less than both ¢; — ¢t;_1 and ¢;;1 — t; such that
0(t)— (0(t:)—¢;)| < afort € (t;—6,t;), and [0(t)—0(t;)| < afort € (t;,t1+5).
In particular,

[0(t) — 6(s)] <2+ |g;| < (2.5)
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Fig. 2.7.

for all s, t € (t; — 0,¢; + 0). So the angle of rotation of o has a variation less
than 7 in this interval.

The set C' = 0([(1, b\ (t; —0,t; + 6)) is a compact set not containing o (¢;);
so we may find 7 > 0 such that CNB(o(t;),7) = @. Let t*, t** € (t; —0,t;+0)
be the first and the last value of ¢, respectively, for which o(t) € 9B (o (t;),7);
then &(t*) points towards the interior of dB(c(t;),r), while ¢(¢**) points
towards the exterior of B (o (t;),r); see Fig 2.7.

Replace the segment of o from t* to t** with (Exercise 2.17) a regular
curve 7: [t*,t**] — R? having support contained in B(a(ti),r), tangent to o
at o(t*) and o(t**), and with an angle of rotation v satisfying ¥ (t*) = 0(t*)
and

[(s) —v@)| <m
for all s, ¢t € [t*,t**]. Then the inequality (2.5) implies (why?) that

O(t™) = 0(t") = (t™) —9(t")

and so the curvilinear polygon obtained by inserting 7 in the place of o[« ;=+]
has exactly the same rotation index as o. By repeating the operation in all
vertices of o, we get a curvilinear polygon of class C! with the same rotation
index as o, and we are done. a

Definition 2.4.8. We shall say that a curvilinear polygon is positively ori-
ented if its rotation index is +1.

Remark 2.4.9. A regular Jordan curve o of class C? is positively oriented in
the sense of Definition 2.3.9 if and only if it is so according to the present def-
inition. Indeed, Remark 2.3.10 tells us that o is positively oriented according
to Definition 2.3.9 if and only if its normal versor points towards its interior.
In the situation described at the beginning of the proof of the turning tan-
gents theorem, the interior of o necessarily lies in the upper half-plane; so o
is positively oriented according to Definition 2.3.9 if and only if the normal
versor to o at o(a) is ey. But this holds if and only if 6(a) = e; without having
to change the orientation, and the proof later shows that this happens if and
only if the rotation index of ¢ is +1. So the two definitions are consistent.
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Guided problems

Problem 2.1. Consider the plane curve o:[0,2xw] — R? parametrized by
o(t) = ((2cost — 1) cost, (2cost — 1)sint) .

(i) Show that the support of o is defined, in polar coordinates (r,0), by the
equation r = 2cos 6 — 1.

(ii) Draw the support of o, pointing out the orientation defined by o.

(iii) Compute the winding number of o with respect to the point p = (1/2,0).

(iv) If h:[0,27] — [0, 27] is given by

t fort e [0,7/3],
h(t) =< —t+2n forte [n/3,5m/3],
t fort € [6m/3,2n] ,

determine the parametrization of the curve o1 = o o h:[0,27] — R?, and
compute its winding number with respect to the point p = (1/2,0). Note
that o1 4s not equivalent to o, since h is not continuous.

Solution. (i) Easily obtained from x = r cosf and y = rsin6.

(ii) See Fig. 2.8.(a).

(iii) Fig. 2.8.(a) suggests that i,(0) = 2, and indeed a calculation shows
that

. 1 [?™ 2(cost —1)% + ] cost
ip(0) ;

“or 2cos?t — 3cost + &
(iv) The parametrization of o is given by
o1(t) = ((2cosh(t) — 1) cos h(t), (2cos h(t) — 1) sin h(t)) ;

see Fig. 2.8.(b). Looking at the figure, one suspects that the winding number
should be i,(01) = 0, and indeed

1 /3 57/3 2 | 9 t—1)2 + 1 t
ip(01) = / —/ +/ (cost =1 g0ty g
2m | Jo /3 5m/3 2cos?t — 3cost + 1

Fig. 2.8.
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Problem 2.2. Let 0g, 01:[0,1] — R? be two closed continuous curves such
that 00(0) = 01(0) = ¢, and choose py € R? not in the union of the supports
of og and o1. Prove that if ||oo(t) — o1(t)|| < |loo(t) — poll for all t € [0,1],
then iy, (00) = ip,(01).

Solution. Consider the map @: [0, 1] x [0,1] — R? defined by
D\, t) = (1= Noo(t) + Aor(t).

We want to show that @ is a homotopy of closed curves in R? \ {po}.

Note first that @ is a continuous map, since so are its components. Clearly,
&(0,) = 0g and Y(1,-) = o1; moreover, P(\,0) = P(\, 1) = ¢ for all A € [0, 1].
We have now to show that py does not belong to the image of @. If, by contra-
diction, we had py = @(\g, tg) for a suitable (Ao, o) € [0, 1] x [0, 1], we would
have

oo(to) — po = Xo(o0(to) — o1(to)) -
Since, by assumption, pg is not in the support of o1, we deduce that A\g # 1,
and so

lloo(to) = poll = Ao [loo(to) — a1 (to)|l < lloo(to) — o1(to)ll »

against the assumption on o¢ and oq.
Define now ¢, ¢1:[0,1] — S and @:[0,1] x [0,1] — S* by setting

Q(Aa t) — Do
12(A,t) — poll

65 = ) oy =

Then & is a homotopy between ¢y and ¢, and so
ip, (00) = deg ¢o = deg 1 = ip,(01) ,

by Theorem 2.1.15. O

Problem 2.3. Let o: [a,b] — R? be a regular plane curve of class at least C2,
parametrized by arc length, and let 0:[a,b] — R be its angle of rotation.

(i) Prove that = & and

(ii) Show that the rotation index is p(o) = (1/2m) fab R(t)dt. In particular, if

o is a positively oriented Jordan curve then f: R(t)dt = 2m.

Solution. (i) Indeed, Proposition 2.1.16 and formula (1.10) imply

0(s) = 0(a) +/S det(t(t),t(t)) dt = 0(a) +/S/%(t) dt .

(ii) It follows from the equality p(c) = ,. (6(b) — 6(a)), and thus the last

assertion is a consequence of Theorem 2.4.7 and Remark 2.4.9. a
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Problem 2.4. Let ¢:[0,1] — R? be a regular closed plane curve of class at
least C%, and suppose that there exists ¢ > 0 such that |&(t)] < ¢ for all
t €[0,1]. Prove that
2
L(o) > mlp(o)]

- )

c

where L(o) is the length of o. Deduce, in particular, that if o is simple then
L(o) > 27/ec.

Solution. Proposition 2.4.2 implies

1 1 1
27r|p<a>|=] / fena'dt]s [ allolae < [C1olar=cLio).
0 0 0

The last claim follows from the fact that if o is simple then p(o) = +1 (The-
orem 2.4.7). O

Problem 2.5. Let o: [a,b] — R? be a regular closed plane curve with oriented
curvature k positive everywhere.

(i) Show that if o is not simple then p(o) > 2.
(ii) Find a regular non-simple closed plane curve having an oriented curvature
that changes sign and rotation index equal to zero.

Solution. (i) Since o is not simple, there is at least one point p € R? that is
image of two distinct values of the parameter. Up to a parameter change for o
and a rigid motion in R?, we may assume that o is parametrized by arc length,
that p = o(a) = (0,0) and that t(0) = (1,0). Let so € (a,b) be the least value
of the parameter such that o(sg) = p. Since £(0) > 0, for s > a close enough
to a the point o(s) = (01(s),02(s)) lies in the upper half-plane. So, the second
component o of ¢ is a continuous function in the compact set [a, so] that is
not identically zero, vanishes at the endpoints, and in at least one point in
the interior of the interval has a strictly positive value. Hence o5 reaches a
strictly positive local maximum in a point s; € (a,sg). So, d2(s1) = 0, and
the tangent line to o at s; is horizontal. If 0: [a, ] — R is the angle of rotation
of o, we deduce then that 6(s;) = k, for some k € Z.

Now, in Problem 2.3 we saw that § = &; so 6 is strictly increasing. In
particular, 0 = 0(0) < 0(s1) < 0(sg) < 0(b). Our goal is equivalent to proving
that 0(b) > 2m. If 0(sg) > 2w, we are done. If, on the contrary, 0(sg) < 2,
we have 0(s;) = m; but arguing as above for the interval [sg,b] we find a
s2 € (80,b) such that 0(s2) = 0(so) + , so 0(b) > 0(s2) > 0(s1) + 7 = 2w, as
required.

(ii) Let 7:[0,27] — R be given by 7(t) = (sint,sin(2t)). It is straightfor-
ward to see that 7(0) = 7(m) = (0,0), so 7 is not simple. Moreover, ||7/(t+7)||
= ||7/(¢)||, while det (7' (¢t +), 7" (t+7)) = — det(7/(¢), 7" (t)). Hence Problem
1.1 yields &(t+7) = —&(t), so & changes sign. Finally, using Proposition 2.4.2
we conclude that p(7) = 0, as required. |
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Exercises

HOMOTOPIES
2.1. Prove that there is no lift of the identity map id: S' — S*.

2.2. Given two topological spaces X and Y, prove that “being homotopic” is
an equivalence relation on the set of continuous maps from Y to X.

2.3. Consider the curve o7: [0, 27] — R? defined by

[ (cos(2t),sin(2t)) te€[0,7],
i(t) = { (1,0) te[m2m.

Prove that o1 is homotopic to the usual parametrization og: [0, 27] — R? of
the circle given by og(t) = (cost,sint) by explicitly constructing a homotopy.

2.4. Prove that two continuous closed curves o and oy:[a,b] — D, where D
is an open disk in the plane, are always homotopic (as closed curves) in D.

TUBULAR NEIGHBORHOOD

2.5. Find a tubular neighborhood for the ellipse o: R — R? parametrized by
o(t) = (cost,2sint).

2.6. Find a tubular neighborhood for the arc of parabola o:[-3,3] — R?
parametrized by o(t) = (¢, 2t2).

WINDING NUMBER AND THE JORDAN CURVE THEOREM

2.7. Show that the curve o:[—2,2] — R? given by o(t) = (t> — 4,t> —4) is a
Jordan curve.

2.8. Prove that the complement of the support of a regular piecewise C? Jor-
dan curve has exactly two components, one of them bounded and the other
unbounded.

2.9. Prove the Jordan arc theorem: if C C R? is the support of a non-closed
regular piecewise C? plane simple curve o: [a,b] — R?, then R*\ C is con-
nected.

2.10. Is the Jordan arc theorem, stated in Exercise 2.9, still true if ¢ is defined
in the interval [a,b)?

2.11. Let 0: R — R? be a piecewise C2 Jordan arc having support C' closed
in R?. Prove that R? \ C has exactly two components. Find a regular piecewise
C? plane simple curve with support C' closed in R? such that R? \ C has more
than two components.
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2.12. Prove that the support of a continuous Jordan curve is homeomorphic
to St

2.13. Let 09, 01:[a,b] — D\ {0} be two continuous closed curves, where
D ¢ R? is an open disk with center in the origin. Prove that oo and o1 have
the same winding number with respect to the origin if and only if there exists
a homotopy @:[0,1] x [a,b] — D \ {O} between oy and o7.

2.14. Let 0 = (01, 02): [a,b] — R? be a piecewise C* closed curve with sup-
port contained in a circle with center p = (2¢,249) € R? and radius r > 0.
Prove that

b b
[ r=atigsdt = [ oioa = ap)dt =m0
a a

2.15. For all A € R let 0x: R — R? be the curve given by
oa(t) = (2cos(t) + M, sin(t) + M2 \) .

(i) Compute the curvature of o(t) at the point ¢t = 7 as a function of the
parameter A.

(ii) For which values of the parameter A is the curve oy (t) a plane curve?

(iii) Compute the winding number of oy with respect to the points (3,0,0),
and (0,0,0).

ROTATION INDEX AND THE TURNING TANGENTS
THEOREM

2.16. Let o: [a,b] — R? be a regular closed plane curve, and let @: [a,b] — S*
be its oriented normal versor. Compute the degree of nn in terms of the rotation
index of o.

2.17. Take a number 7 > 0 and two distinct points p;, ps € dB(O,r) C R
Choose then two vectors vy, vy € S such that vy # —wve, (vy,p1) < 0, and
(vg,p2) > 0. Prove that there exists a regular curve 7: [a, b] — R? parametrized
with respect to the arc length, satisfying the following conditions:

if ¢ [a,b] — R is the angle of rotation of 7, then |¢(s) — 1(t)| < 7 for all
t € [a,b].

(Hint: in most cases a hyperbola works.)
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Supplementary material

2.5 Convex curves

It is easy to construct examples of plane curves whose oriented curvature
changes sign (see, for instance, Problem 2.5); in this section we want to char-
acterize the closed curves for which this does not happen. The interesting fact
is that the characterization involves global properties of the support of the
curve.

Definition 2.5.1. A regular plane curve o:[a,b] — R? is said to be convex
if for all ¢y € [a,b] the support of o is contained in one of the two closed
half-planes bounded by the affine tangent line to o at o(tg), that is, if the
function

U1y (t) = (o(t) = a(to), n(to))

has a constant sign on [a, b] for all o € [a, b].

Definition 2.5.2. We shall say that a regular plane curve o: [a,b] — R? para-
metrized by arc length is repetitive if it is not simple and for alla < sg < s1 < b
such that o(sg) = o(s1) there exists € > 0 such that o(sgp+s) = o(s1 + s) for
all s € (—¢,¢) or o(sp+s) =0(sy —s) for all s € (—¢,¢).

Repetitive curve are in a sense periodic in their domain; see Exercise 2.20.
We may now prove the announced characterization:

Theorem 2.5.3. Let o: [a,b] — R? be a C? regular closed curve parametrized
by arc length having oriented curvature k:[a,b] — R. Then o is simple and &
does not change its sign if and only if o is convex and non-repetitive.

Proof. Since o is parametrized by arc length, by (1.10) and Proposition 2.1.16
(see also Problem 2.3) we know that

0(s) =z + /S R(t)dt

is a lift of t, where 2y = 6(a) € R is a determination of the angle between the
x-axis and t(a).

Assume now that o is simple and (up to inverting the orientation) with
oriented curvature £ > 0; in particular, 6, having a non-negative derivative,
is a not-decreasing function.

If, by contradiction, o were not convex, we could find s, s1, and s2 € [a, ]
distinct (and with at least two of them different from a and b) such that

Vso(s1) = (0(s1) = 0(s0),0(s0)) < 0 < (0(s2) — 0(s0),0(50)) = Vs (52) ;

we may also assume that s; is the minimum point and s, the maximum point
of 1s,. In particular, ¢} (s1) = ¥, (s2) = 0; as ¢} (s) = (t(s),n(so)), we



2.5 Convex curves 97

deduce that t(sp), t(s1) and t(s2) are all parallel, so two of them coincide.
Assume t(s1) = t(s2), with s1 < sg; the proof in the other cases is analogous.

From t(s1) = t(s2) we deduce that 6(s3) = 0(s1)+2kn for some k € Z. But
0 is not-decreasing and, since o is simple, 6(b) — 6(a) = 27 (Theorem 2.4.7).
So, necessarily, 8(s2) = 6(s1), and hence 6 and t are constant on the interval
[s1, s2]. But this would imply that |, ., is a line segment; in particular, we
would have o(s2) = o(s1) + (s2 — s1)t(s1). But, since t(s1) = £t(so) L n(so),
this would imply s, (s2) = s, (1), contradiction.

To prove the converse, assume that o is convex and non-repetitive. The
function (s,t) — 1s(t) is continuous, and for fixed s has a constant sign. If
the sign were positive for some values of s and negative for other values of s,
by continuity there should exist (why?) a so for which v, = 0; but this would
imply o(s) = o(so) + (s — so)t(so) for all s € [a,b], and o would be convex
indeed, but not closed.

So the sign of the function 14(t) is constant; up to inverting the orientation
of o we may assume ), (t) > 0 everywhere. In particular, every sg € [a,b] is a
absolute minimum point for ¥, and so

R(s0) = 15, (s0) = 0,

as required.
We have still to prove that o is simple. Suppose on the contrary that it is
not so, and let sg, s1 € [a,b) be distinct points such that o(sg) = o(s1). Since

Pso(s1+8) = (0514 5) — 0(s0),1(s0)) = (t(s1),0(s0))s + o(s) ,

the convexity of o implies t(s1) = £t(sp). For ¢ > 0 small enough, define
then o1: (—¢,¢) — R? by setting o1 (t) = o(s; & s), where the sign is chosen
in such a way that 1(0) = t(sg). Moreover, since ¢ is not repetitive, there
exist § > 0 and a sequence s, — 0 such that every o1(s,) is not of the form
o(sg + s) for any s € (—6,0).

Now, arguing as in the first part of the proof of the existence of tubular
neighborhoods, we find that for € > 0 small enough there exist two functions
h, a: (—e,€) — R of class C! such that it is possible to write

o1(s) = a(h(s)) + a(s)ﬁ(h(s)) ,

with «(0) =0, h(0) = so and h(s) € (sg — J,s0 + 0) for all s € (—¢,¢).
Note that

a(s) = (o1(s) —a(h(s)),n(h(s))) = Uy (s1£s) > 0.

In particular, &(0) = 0; moreover, by construction we have «(s,) > 0 for
all v € N.
Now,

51(s) = h(s) [1 - als)& ((5))]6(h(s)) + a(s)r(A(s)) .
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In particular, &1(0) = A(0)t(so), and so h(0) = 1. Moreover, the oriented
normal versor of ¢ in s; £ s is obtained by rotating 1 (s) counterclockwise by
m/2, 80

(s + s) = h(s) [1—a(s)i(h(s))]n(h(s)) — a(s)t(h(s)) .

But then
0 < g, 45, (h(s,,)) = <J(h(s )) —o1(s,),0(s1 £ 5,))
= —a(s,)h(s W) [1 = alsy)k(h(sy))]
which is negative for v large enough, yielding a contradiction. a

The next few examples show that it is not possible to relax the hypotheses
of this theorem.

Ezample 2.5.4. The logarithmic spiral o: R — R? defined in Problem 1.4 and
given by o(t) = (e~ ! cost,e ! sint) is simple and has oriented curvature (t) =
e! /v/2 positive everywhere, but it is neither closed nor (globally) convex.

Ezample 2.5.5. The regular closed curve o [0,27] — R? introduced in Prob-
lem 2.1 (see Fig. 2.8) and given by o(t) = ((2cost — 1) cost, (2cost — 1) sint)
has oriented curvature #(t) = (9 — 6 cost)/(5 — 4 cost)*/? positive everywhere
but is neither convex nor simple: o(7/3) = o(57/3) = (0,0).

Ezample 2.5.6. The regular closed curve o: [0, 47] — R? parametrized by arc
length given by o(s) = (coss,sins) is convex and repetitive with positive
oriented curvature.

Exercises

2.18. Show that the curve o:[—2,2] — R? given by o(t) = (t> — 4,t> — 4) is
convex (see also Exercise 2.7).

2.19. Show that the graph of a function f:[a,b] — R of class C? is convex if
and only if f is convex.

2.20. Let o:[a,b] — R? be a repetitive regular plane curve parametrized by
arc length. Prove that one of the following holds:

(a) there exists [ € (0,b — a) such that o(a + s) = o(a + 1+ s) for all
se€[0,b—a—1];

(b) there exists | € (2a,a + b) such that o(a +s) = o(l — a — s) for all
s €[0,1 — 2al;

(c) there exists [ € (a + b,2b) such that o(a +s) = o(l —a — s) for all
sell—a—0bb—al.
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2.21. The cissoid of Diocles is the support of the curve o: R — R? given by
) 2ct?  2ct?
o =
1+t2714+¢2) 7

(i) Show that the curve o is simple.

(ii) Show that o is not regular at O.

(iii) Show that for all 0 < a < b the restriction of ¢ to [a,b] is convex.

(iv) Show that, for ¢ — +oo, the tangent line to o at o(t) tends to the line
having equation x = 2¢, the asymptote of the cissoid.

with ¢ € R*.

2.6 The four-vertex theorem

The oriented curvature & of a closed plane curve is a continuous function de-
fined on a compact set, and so it always admits a maximum and a minimum;
in particular, &’ is zero in at least two points. An unexpected result from the
global theory of plane curves is the fact that the derivative of the oriented
curvature of a Jordan curve is in fact zero in at least four points, rather than
just two.

Definition 2.6.1. A vertex of a regular plane curve is a zero of the derivative
of its oriented curvature.

Remark 2.6.2. In this section we shall only deal with everywhere regular
curves, so no confusion between this notion of a vertex and that of vertex
of a piecewise C' curve will be possible.

The main goal of this section is to prove the following:

Theorem 2.6.3 (Four-vertex theorem). A C? regular Jordan curve has
at least four vertices.

We shall give a proof based on ideas by Robert Ossermann (see [18]). Let
us begin by introducing the notion of circle circumscribing a set.

Lemma 2.6.4. Let K C R? be a compact set containing more than one point.
Then there exists a unique closed disk with minimum radius that contains K.

Proof. Let f:R? — R be the continuous function given by
f(p) = max|lz —p] .

Since K contains more than one point, we have f(p) > 0 for all p € R
Moreover, the closed disk with center p and radius R contains K if and only
if R > f(p). Lastly, it is clear that f(p) — 400 as ||p|| — +o0; so f has an
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absolute minimum point py € R?, and Ry = f (po) > 0 is the minimum radius
of a closed disk containing K.

Finally, if K were contained in two distinct closed disks Dy and Dy both
with radius Ry, we would have K C Dy N Dy. But the intersection of two
distinct disks with the same radius always lies in a disk with a smaller radius,
against our choice of Ry, so the disk with minimum radius containing K is
unique. a

Definition 2.6.5. Let K C R? be a compact set containing at least two
points. The boundary of the disk with minimum radius containing K is the
circle circumscribed about K.

Fig. 2.9.

The circle circumscribed about a compact set intersects it in at least two
points:

Lemma 2.6.6. Let K C R? be a compact set containing more than one point,
and S the circle circumscribed about K. Then K intersects every closed semi-
circle of S. In particular, SNK contains at least two points, and if it contains
exactly two points, they are antipodal.

Proof. We may assume that S has center in the origin and radius R > 0; it is
sufficient (why?) to prove that K intersects the upper semicircle Sy . Since S
and K are compact, if they were disjoint they would be at a strictly positive
distance . So K would be contained in the set consisting of the disk having S
as boundary with a neighborhood of radius € of the upper semicircle removed;
but then it is easy to verify (see Fig. 2.9) that this set is contained within a
circle §” with center on the y-axis and radius strictly smaller than R, yielding
a contradiction. O

The idea is that any intersection point between the support of a regular
Jordan curve and the circle circumscribed yields at least two vertices. To prove
this we need two more lemmas.
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Lemma 2.6.7. Let o: [a,b] — R? be a regular plane curve of class C? para-
metrized by arc length with oriented curvature &:[a,b] — R and support C =
o([a, b)), and let S be a positively oriented circle with radius R > 0. Assume
that there exists so € [a,b] such that &(sg) coincides with the tangent versor
to S at po = o(so) € S. Then:

(i) if there exists a neighborhood U of pg such that UNC' lies within the closed
disk having S as its boundary then %(sg) > 1/R;

(ii) if there exists a neighborhood U of py such that U N C lies in the comple-
ment of the open disk having S as its boundary then &(so) < 1/R.

Proof. Assuming that d(so) coincides with the tangent versor to S at pg
amounts to saying that R(sg) = —(py — o), where o € R? is the center of S
and n is the oriented normal versor of 0. Define then the function h: [a, b] — R
by setting h(s) = ||o(s) —x¢]|?. Clearly, we have h(sg) = R?; moreover, by dif-
ferentiating we find 4'(sg) = 2(t(s0), po—x0) = 0, and h”(so) = 2(1—F(s0)R).
Since s is, in case (i), a local maximum point for h and, in case (ii), a local
minimum point for h, we get the assertion. g

Lemma 2.6.8. Let o: [a,b] — R? be a positively oriented reqular Jordan curve
of class C? parametrized by arc length with support C = o([a,b]) and oriented
curvature k:[a,b] — R. Let S be the circle circumscribed about C, having ra-
dius R > 0. Take two distinct points p1 = o(s1), p2 = o(s2) € C NS, with
51 < s2. Then either the support of 0|, s, is contained in S or there exists
a point sg € (s1,82) such that &(sp) < 1/R.

Proof. We begin with a remark. Let S be positively oriented too; moreover,
up to a translation of the plane, we may assume that S has center in the
origin. If h:[a,b] — R is the function h(s) = ||o(s)||? then the maxima of h
are exactly the points of intersection between C' and S. By differentiating h
we find that in these points o has to be tangent to S; moreover, since the
interior of ¢ is contained in the interior of S and both curves are positively
oriented, the oriented normal versors (and thus the tangent versors) of o and
of S at these points coincide.

Up to a rotation, we may assume that p; and py belong to the same verti-
cal line ¢, and that p; is under ps. Since S and ¢ have the same tangent versor
in p1, the support Cy of 0|, s, intersects the right half-plane determined by
£. If C is contained in S, we are done; otherwise, there exists a point ¢, € C1
belonging to the open disk having S as boundary, and the circle through p1,
g1 and py has radius R’ > R.

Translate leftwards this circle to get a circle S’ that intersects C; in a
point gy = o(sp), but such that any further left translation would give us a
circle disjoint from C;. In particular, by using an analogue of function h, we
immediately see that o is tangent to S’ at qq.

Moreover, o and S’ (positively oriented) have the same tangent versor at
qo- Indeed, consider the simple curve obtained by joining C; to the two half-
lines having as endpoints p; e ps. By Exercise 2.11 this curve divides the plane
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in two components, which we shall call the right and left components. Since
o is positively oriented, the interior of o is completely contained in the left
component. By our construction of S’, the interior of S’ is contained in the
left component as well (since it lies on the left of the half-lines starting from
p1 and ps). But this implies that in go both the oriented normal versor of S’
and the oriented normal versor of o (which, as we already know, are parallel)
point toward the left component, and so coincide.

We can then apply Lemma 2.6.7, obtaining &(sg) < 1/R’ < 1/R, as re-
quired. O

We may now prove Theorem 2.6.3:

Proof (of Theorem 2.6.3). Let o:[a,b] — R? be a positively oriented regular
Jordan curve of class C? parametrized by arc length with support C, and let
S be the circle circumscribed about C', positively oriented; up to a translation
of the plane, we may assume that S has center in the origin and radius R > 0.

Arguing as in the first part of the proof of Lemma 2.6.8, we see that the tan-
gent versors of o and of S in the points of intersection coincide. Lemma 2.6.7
implies then that the oriented curvature of o is greater or equal than 1/R in
every point of intersection.

Let now py and p; € C'N S be two distinct points of intersection between
C and S; by Lemma 2.6.6 we know that they exist. Up to modifying the do-
main of o, we may assume pg = o(a) and p; = o(s1) for some s; € (a,b). If
the support of 0|4, lies in S, the oriented curvature & of o is constant on
[a, s1], and so we have infinitely many vertices. Otherwise, Lemma 2.6.8 tells
us that the minimum of % in [a, s1] occurs in a point s¢ € (a, s1), and thus we
have found a vertex of . Now, the same lemma applied to p; and pg = o(b)
instead, provides us with another minimum point s{, € (s1,b), and a second
vertex. But between two minimum points a maximum point must occur, dif-
ferent from them since R(s1) > 1/R; so we find a third vertex in (so, s(), and,
for the same reason, a fourth vertex in [a, s9) U (s, ]. O

In Theorem 2.6.3 the hypotheses for the curve to be simple and closed are
crucial, as the following examples show.

Ezample 2.6.9. The curve o: [0, 27] — R? of Example 2.5.5 is not simple and
has just two vertices, since

. 12(cost — 2)sint
!/

t) =

F(t) (5 — 4cost)>/?

Ezample 2.6.10. The parabola o: R — R? given by o(t) = (t,t?) is simple and
has oriented curvature &(t) = 2/(1 + 4t?)3/2, so it has just one vertex.
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Finally, there exist curves with exactly four vertices:

Ezample 2.6.11. Let 0:[0,27] — R? be the ellipse having semiaxes a, b > 0
parametrized as in Example 1.1.30. Keeping in mind Example 1.3.11, it is
straightforward to see that the oriented curvature of o is

ab

k(t) = I
®) (a2sin®t + b2 cos2 t)3/2

S0
3ab(b? — a?)sin(2t)
2(a?sin®t + b2 cos2t)5/2

R (t) =

and o has exactly 4 vertices as soon as a # b (that is, as soon as ¢ is not a
circle).

Exercises

2.22. Let 0: R — R? be the curve o(t) = (3cost — t,4 + 2sin® ¢, 2 + 2t).

(i) Compute the curvature and the torsion of o.
(i) Find at least one line tangent to o at infinitely many points.

2.23. Let 0: R — R? be the ellipse given by o(t) = (4 + 2cost, —5 + 3sint).

(i) Find the circle circumscribed about the ellipse.
(ii) Find the points where the ellipse and the circle touch and show that the
two curves have there the same affine tangent line.

2.7 Isoperimetric inequality

In this section we want to prove a result in the global theory of curves with a
flavour somewhat different from the previous ones. The question we intend to
answer is the following: which regular simple closed plane curve having a fixed
length L > 0 is the boundary of a region of the largest area? As we shall see,
answering this question we shall find a more general result relating the area
and the perimeter of any domain bounded by a piecewise C? regular simple
closed curve.

First of all, we need a formula to compute the area of the interior (see Ex-
ercise 2.8) of a piecewise C? regular Jordan curve. To find it, we borrow from
Differential Calculus the classical divergence or Gauss-Green theorem (see [5,
pp. 359-360)):

Theorem 2.7.1 (Gauss-Green). Let 0 = (01,03): [a,b] — R? be a posi-
tively oriented piecewise C? regular Jordan curve, and denote by D C R? the
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interior of o. Then, for any pair of functions fi, fo € C*(D) defined and of
class C! in a neighborhood of D we have

’ , , [ (0fs Oh
/a [f1(a(t)o1(t) + f2(a(t))o5(t)] dt_/D (ax1 - a@) dzydzy . (2.6)

Then:

Lemma 2.7.2. Let 0 = (01,03): [a,b] — R? be a positively oriented piecewise
C? regular Jordan curve, and denote by D C R? the interior of o. Then

b b
Area(D) :/ ooy dt = —/ oloadt .

Proof. Let fi1, fo:R?* — R be given by fi(z) = —x3 and fy(z) = 1. Then
(2.6) yields

_ _ 1 dfs  Ofs
Area(D) = /del dzy = ) /D <3x1 a@) dxq dao
b

1
= 2/ (010 — olog)dt .

Now,

b b
/ (010 + ojo9) dt = / (0102)" dt = a1(b)o2(b) — o1(a)oa(a) =0 ;

b b
/ orohdt = —/ oyoadt
a a

and we are done. ]

SO

We are now able to prove, following an idea by Peter Lax (see [9]) the
main result of this section, the isoperimetric inequality.

Theorem 2.7.3. Let o:[a,b] — R? be a piecewise C? regular Jordan curve
having length L > 0, and denote by D C R? its interior. Then

4mArea(D) < L?. (2.7)
Moreover, the equality holds if and only if the support of o is a circle.

Proof. Given r > 0, the length of the curve ¢” = ro (which is the curve
obtained by applying to ¢ a homothety with ratio r) is L, while (why?) the
area of the interior of ¢” is r?Area(D).
So, up to replacing o by 02™/L we may assume L = 27, and it is enough
to prove that
Area(D) < 7,
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with the equality holding if and only if the support of ¢ is a circle.

Clearly, we may assume o to be parametrized by arc length, with a = 0
and b = 2w, and the starting point is chosen so that ¢(0) and o(w) are not
vertices of o (in other words, o is of class C? in a neighborhood of 0 and of
7). Moreover, up to a rigid motion of the plane, we may also assume that
01(0) = o1(m) = 0.

By Lemma 2.7.2,

2
Area(D) = / 0102 ds ;
0

so it will be enough to prove that both the integral from 0 to 7w and the in-
tegral from 7 to 27 of 019 are at most /2, with the equality holding if and
only if the support of o is a circle.

First of all, we have

™ 1 ™ 1 ™
/ o102ds < / (02 +03)ds = / (1+0? —6d)ds, (2.8)
0 2 Jo 2 Jo

where the last equality holds because ¢ is parametrized by arc length.
Now, since 01(0) = o1(m) = 0, there exists a piecewise C' function
u: [0, L/2] — R such that

o1(s) = u(s)sins .

In particular, 61 = % sins + u cos s, so (2.8) gives
T 1 T
/ o109ds < 5 / (1 —?sin? s+ u2(sin2 s — cos? $) — 2ut sin s cos s) ds .
0 0
But
™ s d
/ (u2(sin2 5 — cos? 5) — 2u sin s cos s) ds = —/ d [uz sin s cos s] ds=0;
0 o ds

SO
/ 169 ds < 1/ (1—isin®s)ds < |, (2.9)
0 2 Jo 2
as required. An analogous argument applies to the integral from 7 to 27, and
so (2.7) is proved.

If the support of o s a circle, equality in (2.7) is well known. Conversely, if
in (2.7) the equality holds, it has to hold in (2.8) and (2.9) as well. Equality
in the latter implies & = 0, so 01 (s) = ¢sin s for a suitable ¢ € R. But equality
in (2.8) implies 01 = 9, s0 02(s) = —ccos s+ d, for a suitable d € R, and the
support of o is a circle. a

Remark 2.7.4. Theorem 2.7.3 actually holds for all rectifiable continuous Jor-
dan curves, but with a rather different proof; see [2] and [17].
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We conclude this section with a straightforward corollary of the isoperi-
metric inequality, which, in particular, answers the question we asked at the
beginning of this section:

Corollary 2.7.5. Among the piecewise C? regqular Jordan curves having a
fized length the circle is the one enclosing the largest area. Conversely, a disk,
among the domains with fized area bounded by a piecewise C? regular Jordan
curve, has the shortest perimeter.

Proof. If the length is fixed to be equal to L, then by Theorem 2.7.3 the
area may be at most L?/4m, and this value is only attained by the circle.
Conversely, if the area is fixed to be equal to A, then by Theorem 2.7.3 the
circumference is at least equal to V4w A, and this value is only attained by a
disk. O

Exercises

2.24. Let 0:]0,b] — RR? be a positively oriented convex regular plane curve of
class C*° parametrized by arc length. Having fixed a real number A > 0, the
map oy: [0, — R? defined by

oa(s) = o(s) — An(s)
is called curve parallel to o .

(i) Show that oy is a regular curve.

(ii) Show that the curvature k) of oy is given by k) = k/(1 + Ak), where
K = kg is the curvature of o.

(iii) Draw the supports of o and of ¢ in the case of the unit circle o: [0, 27] —
R? parametrized by o(t) = (cos t,sin t).

(iv) Show that if o is as in (iii) then the lengths of o and oy satisfy L(oy) =
L(o) 4+ 2Am, while the areas of the interiors D of o and D) of o satisfy
Area(Dy) = Area(D) + 2\1 + A%

(v) Are the formulas for the length and the area found in (iv) still true for
general o7

(vi) Show that there exists A < 0 such that o is still regular.

2.8 Schonflies’ theorem

In this section we give an elementary proof due to Thomassen (see [23]) of
the Schonflies theorem for Jordan curves mentioned in Remark 2.3.7. Along
the way we shall also give a proof of the Jordan curve theorem for continuous
curves.

Remark 2.8.1. In this section, with a slight abuse of language, we shall call
Jordan arcs and curves what we have been calling supports of Jordan arcs
and curves.
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Fig. 2.10.

Definition 2.8.2. A simple polygonal arc in the plane is a Jordan arc con-
sisting of finitely many line segments. Analogously, a simple polygonal closed
curve is a plane Jordan curve consisting of finitely many line segments.

We begin by proving the Jordan curve theorem for simple polygonal closed
curves.

Lemma 2.8.3. If C C R? is a simple polygonal closed curve, then R*\ C
consists of exactly two components having C as their common boundary.

Proof. We begin by showing that RQ\C has at most two components. Assume,
by contradiction, that py, pe, ps € R? \ C belong to distinct components of
R?\ C, and choose an open disk D C R? such that DN C is a line segment (so
that D\ C has just two components). Since each component of R? \ C' has C
as its boundary, for j = 1,2,3 we may find a curve starting from p;, arriving
as close to C' as we want, and then going parallel to C till it meets D. But
D\ C has just two components; so at least two of the p;’s can be connected
by a curve, against the hypothesis that they belong to distinct components.

We have now to show that R? \ C is disconnected. Up to a rotation, we
may assume that no horizontal line contains more than one vertex of C. Then
define a function i: R* \ C' — {0,1} as follows: given p € R*\ C, denote by
£, the horizontal right half-line issuing from p. If £,, does not contain vertices
of C, then i(p) is equal to the number (taken modulo 2) of intersections of
¢, with C. If, instead, ¢, contains a vertex of C, then i(p) equals the number
(taken modulo 2) of intersections with C' of a right half-line slightly above (or
slightly below) £,,. Fig. 2.10 shows the cases that may happen, and it is clear
that i(p) is well defined.

The function ¢ is clearly continuous, so it is constant on each component
of R? \ C. It takes the value 0 for points sufficiently above C; to prove that
R?\ C is disconnected it suffices to show that it takes the value 1 too. To this
end, take a point p € R? \ C such that the line ¢, intersects C' in points that
are not vertices, and let gy € £, NC be the rightmost intersection point. Then
i(g) = 1 for all points of ¢, slightly on the left of gy, and we are done. O

Definition 2.8.4. The exterior ext(C) of a Jordan curve C' C R? is the unique
unbounded connected component of R? \ C, while the interior int(C) is the
union of the bounded components of R? \ C.
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Lemma 2.8.5. Let C C R? be a simple polygonal closed curve. Choose a sim-
ple polygonal arc P C int(C) joining two points p1, ps € C and intersecting
C only in the endpoints. Denote by Py, P, C C the two polygonal arcs in C
from py to ps. Then R?\ (CUP) has exactly three connected components, with
boundary C, P, U P and P, U P, respectively. In particular, every curve in
int(C) joining a point of Py \{p1,p2} with a point of Po\{p1,p2} intersects P.

Proof. One of the components is clearly ext(C); so we have to prove that
int(C) \ P has exactly two components.

The fact that there are at most two of them is shown as in the proof of
previous lemma. The same proof also shows that there are at least two: in-
deed, choose a line segment ¢ C int(C) that intersects P in a single point
in P Nint(C). Then the endpoints of ¢ belong to different components of
R?\ (P U P,), and so to different components of R* \ (P U C). |

Before going on, we need some definitions from graph theory.

Definition 2.8.6. A graph G is a pair (V(G), E(G)) consisting of a finite set
V(G) of points, called vertices of the graph, and a set E(G) of (unordered)
pairs of points of V(G), called edges of the graph. If e = {v,w} € E(G) is
an edge of the graph G, we shall say that e joins the vertices v and w, or
that it is incident to v and w. A subgraph H of a graph G is given by subsets
V(H) C V(G) and E(H) C E(G) such that all edges in E(H) join vertices
in V(H). A graph isomorphism is a bijection between the sets of vertices that
induces a bijection between the sets of edges. A path L in a graph G is a finite
ordered sequence vy, ...,v; € V(G) of vertices, with vy, ..., vx_1 distinct, and
such that {vy, v}, ..., {vg—1,vx} are edges of G (and we shall say that L joins
vy and vg). If v, = vy, we say that L is a cycle. If A C V(G)U E(G), we shall
denote by G — A the graph obtained by removing all vertices in A and all
edges either in A or incident to vertices in A.

Remark 2.8.7. In this definition each pair of vertices of a graph may be joined
by at most one edge; our graphs do not admit multiple edges.

Definition 2.8.8. A realization of a graph G is a topological space X together
with a finite subset of points Vx (G) in a 1-1 correspondence with the vertices
of G, and a finite set Ex(G) of Jordan arcs in X, in a 1-1 correspondence
with the edges of G, satisfying the following properties:

(a) X is given by the union of the (supports of the) Jordan arcs in Ex(G);

(b) if £ € Ex(G) corresponds to {v,w} € E(G), then ¢ is a Jordan arc joining
the point p, € Vx(G) corresponding to v with the point p,, € Vx(G)
corresponding to w, and we shall write £ = p,p.;

(¢) two distinct elements of Ex(G) intersect at most in the endpoints.

We shall say that a graph G is planar if it can be realized as a subset of the
plane R?. In this case, with a slight abuse of language, we shall often identify
a planar graph with its plane realization.
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U1 & 2 U
V3 Uy
Vs @ ® Ug

Fig. 2.11. K3,3

Ezample 2.8.9. A main role in the following will be played by the graph K3 3:
it has six vertices, subdivided in two subsets of three, and all the edges join
vertices of the first subset with those of the second one; see Fig. 2.11. However,
note that the drawing in Fig. 2.11 is not a realization of K33 in the plane,
since the edges intersect in points that are not vertices. As we shall see, one
of the key steps for the proof of Schonflies’ theorem is exactly the fact that
K3 3 is not a planar graph.

Every planar graph can be realized by using polygonal arcs:

Lemma 2.8.10. Every planar graph G has a realization Xo C R* such that
the elements of Ex(G) are polygonal arcs.

Proof. Let X C R? be a realization of G, and for all p € Vi (G) choose a disk
D, C R? with center in p, which only intersects X in the edges containing p.
Since Vx (G) is finite, we may assume that D, N D, = & if p # q.

For all pg € Ex(G), let Cpy C pg be a Jordan arc joining 0D,, with 0D,
and only intersecting 0D, U D, in the endpoints. Then, first of all, replace
pg\ Cpq With two segments, one joining p with Cpy,NOD,, and the other joining
g with CpqNOD,. Since the distance between two distinct arcs of the form C,,
is strictly positive we may replace them with disjoint polygonal arcs contained
in R?\ Upevy (a) Dps and we have the realization X, we were looking for. O

We are now able to prove the first key result of this section:
Proposition 2.8.11. K33 is not planar.

Proof. The edges of K33 can be obtained by taking those in the cycle
V1U203V4U5V601, Plus {v1,v4}, {va,v5} and {vs, vs}; see Fig. 2.11.

Assume that there is a plane realization X C R? of K3 3; by the previous
lemma, we may assume that the edges of X are polygonal arcs. Then the edges
in the cycle would form a simple closed polygonal closed curve C, and there is
no way of inserting the other three edges without violating Lemma 2.8.5. 0O



110 2 Global theory of plane curves

Fig. 2.12.

It is not hard to use this proposition to show that Jordan curves disconnect
the plane:

Corollary 2.8.12. If C' C R? is a Jordan curve, then Rz\C is disconnected.

Proof. Denote by 1 (respectively, £3; the rationale behind this numbering will
be revealed at the end of the proof) a vertical straight line intersecting C' and
such that C' is contained in the closed right (respectively, left) half-plane hav-
ing ¢, (respectively, £3) as its boundary. Let p; € C'N {; be the point having

maximum y-coordinate, and denote by C; and Cs the two arcs on C' between
py difit pow L2 be a vertical line between /1 and £3. Since C1 N ¢y and Cy Ny

are compact and disjoint, we can find within /5 a line segment ¢4 joining C4
with Cs and intersecting C' only in its endpoints, po and py. Let then ¢5 be
a simple polygonal arc joining p; to p3 going upwards along ¢; up to a point
of ext(C) above C, going to ¢3 with a horizontal line segment, and then go-
ing along ¢3 down to ps. Clearly ¢5 is contained (except for its endpoints) in
ext(C).

If 44 (except its endpoints) were contained in ext(C') as well, we might find
a simple arc /g joining an interior point ps of £4 with an interior point pg of
l5 in ext(C). But then (see Fig. 2.12) CU£y U l5 U Ls would be a realization of
K3 3 in the plane (with vertices {p1, p2, ps, P4, D5, P }; the numbering has been
chosen to be coherent with Fig. 2.11) which is impossible. Hence the interior
points of £; have to be in int(C), and thus R? \ C' is disconnected. O

We shall need some more results in graph theory.

Definition 2.8.13. A graph G is said to be connected if each pair of vertices
in G can be joined by a path in G. We shall say that G is 2-connected if
G — {v} is connected for all v € V(G).

Remark 2.8.14. Clearly, a graph is connected if and only if each of its realiza-
tions is path-connected.
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Lemma 2.8.15. Let H be a 2-connected subgraph (with at least two vertices)
of a 2-connected graph G. Then it is possible to construct a finite sequence
H = Go,G1,...,Gr = G of subgraphs of G such that G; is obtained from
G;_1 by adding a path that joins two distinct vertices of G;_1 while the re-
maining vertices of the path do not belong to Gj_;.

Proof. We argue by induction on the number of edges in E(G) \ E(H). If this
number is zero then G = H and there is nothing to prove. Assume then that
G # H, and that the lemma has been proved for all pair (G’, H') such that the
cardinality of E(G')\ E(H') is strictly less than the cardinality of E(G)\E(H).

Let H' be a maximal 2-connected proper subgraph of G containing H. If
H' # H, we may apply the inductive hypothesis to (H', H) and to (G, H');
so we may assume that H' = H. Since G is connected, there exists an edge
vivg € E(G)\ E(H) such that vy € V(H). But G — {v1} is connected too;
so there is a path vy ... v, in G — {v1} such that vy belongs to V(H) while
the v;’s for 2 < j < k do not (and we are allowing k = 2, that is vy € H).
Since the subgraph G; obtained by adding the path vivy ... v, to H is still
2-connected, by maximality we have G; = G, and we are done. O

Lemma 2.8.16. Let G be a 2-connected planar graph, and denote by e(G)
and v(Q) the number of edges and of vertices of G. If X C R? is a realization
of G whose edges are polygonal arcs, then R*\ X has ezactly e(G) —v(G) + 2
connected components, each of which is bounded by a simple polygonal closed
curve in X.

Proof. Let C be a simple polygonal closed curve in X. By Lemma 2.8.3, the
claim is true if X = C'. Otherwise, we can get X from C' by adding paths as in
the previous lemma. Each path increases the difference between the number
of edges and the number of vertices by 1, and subdivides (by Lemma 2.8.5)
an existing component in two components in such a way that the boundary of
each is still a simple polygonal closed curve in X. The assertion then follows
by induction. a

Definition 2.8.17. If X C R? is the realization of a planar graph, the con-
nected components of R? \ X are the faces of X. In particular, the unbounded
face is the outer face and, if X is 2-connected, the boundary of the outer face
is the outer cycle.

Remark 2.8.18. If X; and X5, are planar graphs whose edges are realized as
polygonal arcs, then it is easy to see that X; U X5 is (the plane realization of)
a third planar graph, having as vertices the intersections of the edges of X3
and X9 (in addition to the vertices of X7 and X»), and this is the graph we
shall refer to when we shall consider unions of planar graphs. Moreover, if X3
and X5 are 2-connected and have at least 2 points in common, then X; U X5
is 2-connected as well.
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Lemma 2.8.19. Let X1, ..., X}, C R? be 2-connected planar graphs with edges
realized as polygonal arcs. Assume that, for j = 2,...,k—1, each X; intersects
in at least two points both X;_1 and X;41, and does not meet the other X;’s.
Assume furthermore that X1 N Xy = @. Then the intersection of the outer
faces of X1 U Xs, XoU X3,..., Xp—1 U X is contained in the outer face of
XU - U Xg.

Proof. Let p be a point in a bounded face of X = X7 U--- U Xj. Since X is
2-connected, by Lemma 2.8.16 there exists a simple polygonal closed curve C'
in X such that p € int(C). Choose C' in such a way that it lies in a union
X;UXip U---UX; with j — ¢ minimum. We claim that j —4 < 1. Assume
by contradiction that j — ¢ > 2; we may assume that among all the simple
polygonal closed curves in X; U X;; U---U X having p in their interior, the
number of edges in C' and not in X;_; is the least possible. Since C intersects
both X; and X,_o (which are disjoint), C' must contain at least two disjoint
maximal paths in X;_;. Let L be one of those, and let L’ be the shortest path
in X;_; from L to C'\ V(L). The endpoints of L’ split C' in two polygonal
arcs C and Cs, each of which contains segments not in X;_;. But one of the
two polygonal closed curves L' UC7 and L' UC5 contains p in its interior, and
has a lower number of edges in X;_; than C has, a contradiction.

Hence, C has to lie in a union of the form X; U X;,, and so p is in a
bounded face of a X; U X;44. O

We are now able to prove the Jordan arc theorem:

Theorem 2.8.20 (Jordan arc theorem). If L C R? is a Jordan arc, then
R? \ L is connected. More precisely, each pair of points p, q € R? \ L can be
joined by a simple polygonal arc in R* \ L.

Proof. Let p, ¢ € R*\ L, and let 0 < 36 < min{d(p, L),d(q, L)}, where d is
the Euclidean distance. As L is the support of a uniformly continuous curve,
we may divide L into a finite number of arcs Lq,..., L, each with diameter
less than §; and, for j =1,...,k — 1, denote by p; and p;,; the endpoints of
L; (in the obvious order).

Let ¢’ be the least distance between L; and L; for |i — j| > 2; clearly,
0 < & < 6. Divide each L; into sub-arcs L;1,..., Ly, with a diameter less
than ¢’/4, and denote by p; ; and p; j;1 the endpoints of L;;.

Let X; be the planar graph consisting of the union of the boundaries of the
squares with center p; ; and sides of length ¢’/2. Then the graphs Xq,..., X}
satisfy the hypotheses of Lemma 2.8.19. Moreover, X; U X, is in the interior
of the disk with center p; and radius 56’ /2, while both p and ¢ are out of the
disk with center p; and radius 30; so, by Lemma 2.8.19, we know that p and
q belong to the outer face of X7 U---U X, and thus they can be connected
with a simple polygonal arc not intersecting L. O

To deduce from this result the Jordan curve theorem we need a last defi-
nition and a last lemma.
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Definition 2.8.21. Let C' C R? be a closed subset, and {2 a connected com-
ponent of R? \ C. We shall say that a point p € C' is accessible from (2 if there
exists a simple polygonal arc from a point ¢ € §2 to p contained in {2 (except
for the endpoints).

Lemma 2.8.22. Let C C R? be a Jordan curve, and £2 a component ofRQ\C.
Then the set of points of C accessible from (2 is dense in C'.

Proof. Choose a point ¢ € £2, and let C; C C be an open subarc of C. The-
orem 2.8.20 implies that R? \ (C'\ C}) is connected; so there exists a simple
polygonal arc in R?\ (C'\ C}) from ¢ to a point lying in a component of R*\ C'
distinct from (2. Then this arc has to intersect C in a point accessible from
{2. So every open subarc of C' contains accessible points, and we are done. 0O

So we have reached the proof of:

Theorem 2.8.23 (Jordan curve theorem). Let C C R? be a Jordan curve.
Then R? \ C has ezxactly two components, and C' is their common boundary.

Proof. Assume, by contradiction, that R?\ C has at least three components
{21, £25 and {23, and choose p; € §2;, for j =1, 2, 3. Let then C;, Cy and Cj3
be three pairwise disjoint arcs of C. By the previous lemma, for i, j =1, 2, 3
we can find a simple polygonal arc L;; from p; to C;. Moreover, we may also
assume that L;; N L;j» = {p;} if j # j'. Indeed, if following L;s starting from
Cy we intersect L;; in a point p, # p;, we may modify L;2 in such a way that
its final section runs close to the section of L;; from p) to p; and that the new
Lo intersects L;; only in p;. We modify analogously L;3 if necessary.
Clearly, L;j N Ly; = @ if i # ¢'. But then the planar graph obtained by
adding suitable subarcs of the C’s to the L;;’s is a planar realization of K3 3,
contradicting Proposition 2.8.11. O

As usual, the bounded component of R? \ C will be called interior of C.
To prove Schonflies” theorem we need a generalization of Lemmas 2.8.5
and 2.8.16:

Lemma 2.8.24. Let C' C R? be a Jordan curve, and P C int(C) a simple
polygonal arc joining two points p1, pa € C and intersecting C' only in the
endpoints. Denote by C1, Co C C the two arcs in C' from py to ps. Then
R?\ (C'UP) has exactly three components, having as boundary C', C; UP and
Co U P, respectively. In particular, every curve in int(C) that joins a point of
C1\ {p1,p2} with a point of Ca \ {p1,p2} intersects P.

Proof. As in the proof of Lemma 2.8.5, the only non-trivial part is to prove
that int(C) \ P has at least two components.

Let ¢ C int(C) be a line segment intersecting P in a single point p, not a
vertex of P. If the endpoints of £ were in the same component §2 of R*\ (CUP),
then we could find in {2 a simple polygonal arc L such that L U/ is a simple
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polygonal closed curve. But in this case the endpoints of the segment of P
containing p should be in distinct components of R?\ (L U f). On the other
hand, they are joined by a simple curve (contained in P UC) not intersecting
L U/, a contradiction. ]

Corollary 2.8.25. Let G be a 2-connected planar graph, and denote by e(G)
and v(G) the number of edges and of vertices of G. If X C R? is a realization
of G whose edges are polygonal arcs, except possibly for the outer circle which
is a Jordan curve, then X has exactly (G) — v(G) + 2 faces, each of which
has as its boundary a cycle in X.

Proof. Tt works exactly as the proof of Lemma 2.8.16, using Lemma 2.8.24
instead of Lemma 2.8.5. ]

Last definitions:

Definition 2.8.26. Two 2-connected planar graphs X, X’ ¢ R? are said to
be R%-isomorphic if there exists a graph isomorphism ¢ between X and X’
mapping cycles that are boundaries of faces to cycles with the same prop-
erty and the outer cycle to the outer cycle. The isomorphism g is called a
R?-isomorphism.

Remark 2.8.27. Clearly, a R?-isomorphism between planar graphs X and X’
can be extended to an homeomorphism between X and X’ as topological
spaces, but unless otherwise stated we shall consider it just as a vertex-to-
vertex map between graphs.

Definition 2.8.28. A subdivision of a graph G is a graph G’ obtained by
replacing some (or all) the edges of G by paths with the same endpoints.

At last, we are ready for Schonflies” theorem:

Theorem 2.8.29 (Schonflies). Let C € R? be a Jordan curve. Then int(C)
18 homeomorphic to a closed disk.

Proof. By assumption, we have a homeomorphism f:C — S'; we want to
extend f to a homeomorphism between int(C) and int(S!) = D.

Let B C int(C) be a countable dense subset, and A C C' a countable dense
set of points accessible from int(C'), which exists by Lemma 2.8.22. Choose
a sequence {p,} C AU B such that every point of A U B appears infinitely
many times; we may also assume that py € A.

Let Xy C int(C) be 2-connected planar graph consisting of C' and a simple
polygonal arc joining py with another point of C' as in Lemma 2.8.24. Clearly,
we may find a 2-connected planar graph X/, C D, consisting of S* and a sim-
ple polygonal arc, and a R2-isomorphism go: Xo — X{, that coincides with f
on the vertices of Xj in C.

Our first goal is to construct two sequences of 2-connected planar graphs
Xo, X1,... Cint(C) and X{,, X{,... C D satisying the following properties:
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(i) X, (respectively, X/ ) contains as a subgraph a subdivision of X,,_; (re-
spectively, X/ _1);

(ii) there exists a Rz—isomorphism In: Xpn — X, that coincides with ¢,,_1 on
the vertices of X,,_1, and with f on the vertices of X,, contained in C,

(iii) X, (respectively, X/) consists of the union of C (respectively, S*) with
polygonal arcs contained in int(C') (respectively, in D);

(iv) pn € Xp;

(v) X\ S!is connected.

We proceed by induction; so assume we have already defined Xi,..., X, 1
and X7],...,X/_; in such a way that (i)—(v) hold.

If p, € A, let P be a polygonal simple arc from p,, to a point ¢, € X,,_1\C
(chosen in such a way that p, g, is not already an edge of X,,_;) such that
Xn-1 NP C{pn,qn}, and set X,, = X,,_1 UP. Let S C X,,_1 be the cycle
(Corollary 2.8.25) bounding the face of X,,_; containing P. Then add to X,_,
a simple polygonal arc P’ contained in the face bounded by g¢,,—1(5) and join-
ing f(pn) with g,—1(¢n) if ¢, was a vertex of X,,_1, or else with another point
of gn—1(¢), where ¢ is the edge of X,,_1 containing ¢,. Set X = X/_; U P,
and define the R*-isomorphism g,: X,, — X/, in the obvious way.

If, on the other hand, p, € B, we have to work slightly more. Consider
the largest square with center p,, and whose sides are vertical and horizon-
tal, contained in int(C'). Within this square (which we shall not take as is,
since its sides may contain infinitely many points of C') we draw a new square
with center p,, and vertical and horizontal sides at a distance less than 1/n
from the corresponding sides of the larger square. Divide this second square
with horizontal and vertical lines in regions having a diameter less than 1/n,
and in such a way that both a horizontal line segment and a vertical one go
through p,. Denote by Y,, the union of X,,_; with all these horizontal and
vertical segments, and possibly an additional simple polygonal arc in int(C) in
such a way that Y,, is 2-connected and Y;, \ C' is connected. By Lemma 2.8.15,
we know that Y,, is obtained starting from X,,_; and adding paths contained
in faces. Add the corresponding paths to X/ _; so as to obtain a graph Y,
that is R%-isomorphic to Y;,. Then add horizontal and vertical segments in D
to Y, in such a way that the (bounded) faces of the resulting graph have all
a diameter less than 1/2n. If necessary, move slightly these segments to have
them intersect S* only in f(A) and Y,_; in finitely many points, keeping the
diameter of the bounded faces less than 1/n; in this way, we get a graph we
shall call X/ . Since X/ is 2-connected, we may obtain it by starting with Y,/
and adding paths (in this case, line segments) contained in faces. Do the same
on Y, in such a way to obtain a graph X,, that is R*-isomorphic to X/, and
(i)—(v) are satisfied.

So we have extended f to a bijective map defined on CUV (X)UV (X1)U- - -
with values in STUV (XJ)UV (X])U---. These sets are dense in int(C) and D,
respectively; we want to show that f admits a bijective continuous extension
from int(C) to D, and this will be the required homeomorphism.
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Pick p € int(C) where f is not yet defined, and choose a sequence {q} C
V(Xo) UV (X1)U--- converging to p. Let § = d(p,C), and p,, € B such that
llpn — pll < 8/3. If n is large enough, p is contained in the square with center
Prn used to construct Y,,. In particular, p lies in a face of X, bounded by a cy-
cle S such that both S and f(S) are contained in a disk with radius less than
1/n. Since f preserves the faces of X,,, it maps the interior of S to the interior
of f(S). But {qgr} is in the interior of S for k large enough; so, {f(qx)} is in
the interior of f(S) for k large enough. It follows that the sequence {f(qx)}
is Cauchy, so it converges. In an analogous way it can be shown that the
limit does not depend on the sequence we have chosen, so we have extended
f to the whole interior of C'. Moreover, this construction clearly shows that
f is injective and continuous in the interior of C'; it is bijective too, since
V(X)) UV(X])U---is dense in D. Moreover, f~! is analogously continuous
on D. To conclude the proof, it is enough to show that f is continuous on C'
too, since a bijective continuous map between a compact set and a Hausdorff
space is a homeomorphism.

Choose a sequence {gx} C int(C') converging to a point ¢ € C'; we have to
show that {f(qx)} converges to f(q). Suppose it does not. Since D is compact,
up to taking a subsequence, we may assume that {f(gr)} converges to a point
¢ # f(q). Since f~! is continuous in D, it follows that ¢’ € S'. Since A is
dense in C, its image f(A) is dense in S*; so, in both arcs S} and S, from ¢’ to
f(q) in S* we may find a point f(p;) € S;Nf(A). By construction, there exists
an such that X,, contains a path P from p; to ps that intersects C only in the
endpoints. By Lemma 2.8.24, P divides int(C') in two connected components.
The map f maps these components to two components of D \ f(P). One of
these contains f(gy) for k large enough, while the other one has f(¢) on its
boundary (but not on the section of boundary common to both components).
But since the gi’s converge to ¢, we may find a connected set (an infinite
union of polygonal curves) in int(C') containing {gx} and having ¢ as unique
accumulation point in C; so any accumulation point of {f(gx)} has to lie in
the intersection of S and the boundary of the component containing f(q), a
contradiction. O

Remark 2.8.30. We have actually proved that it is possible to extend any
homeomorphism f between C' and S' to a homeomorphism between the clo-
sures of the interiors. With slightly more effort, it can be proved that it is also
possible extend it to a homeomorphism of the whole R? to itself; see [23].
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Local theory of surfaces

The rest of this book is devoted to the study of surfaces in space. As we did for
the curves, we shall begin by trying to understand how best define a surface;
but, unlike what happened for curves, for surfaces it will turn out to be more
useful to work with subsets of R? that locally look like an open subset of the
plane, instead of working with maps from an open subset of R? to R? having
an injective differential.

When we say that a surface locally looks like an open subset of the plane,
we are not (only) talking about its topological structure, but (above all) about
its differential structure. In other words, it must be possible to differentiate
functions on a surface exactly as we do on open subsets of the plane: comput-
ing a partial derivative is a purely local operation, so it is has to be possible to
perform similar operation in every object that locally looks (from a differential
viewpoint) like an open subset of the plane.

To carry out this program, after presenting in Section 3.1 the official defi-
nition of what a surface is, in Section 3.2 we shall define precisely the family
of functions that are smooth on a surface, that is, the functions we shall be
able to differentiate; in Section 3.4 we shall show how to differentiate them,
and we shall define the notion of differential of a smooth map between sur-
faces. Furthermore, in Sections 3.3 and 3.4, we shall introduce the tangent
vectors to a surface and we shall explain why they are an embodiment of par-
tial derivatives. Finally, in the supplementary material we shall prove (Section
3.5) Sard’s theorem, an important result about critical points of smooth func-
tions, and we shall see (Section 3.6) how to extend smooth functions from a
surface to the whole of R?.

3.1 How to define a surface

As we did for curves, we begin by discussing the question of the correct def-
inition of what a surface is. Our experience from the one-dimensional case

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 3, © Springer-Verlag Italia 2012
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suggests two possible approaches: we might define surfaces as subsets of the
space with some properties, or we can define them as maps from an open
subset of the plane to the space, satisfying suitable regularity properties.

Working with curves we preferred this second approach, since the existence
of parameterizations by arc length allowed us to directly relate the geometric
properties of the support of the curve with the differential properties of the
curve itself.

As we shall see, in the case of surfaces the situation is significantly more
complex. The approach that emphasizes maps will be useful to study local
questions; but from a global viewpoint it will be more effective to privilege
the other approach.

But let us not disclose too much too soon. Let us instead start by intro-
ducing the obvious generalization of the notion of a regular curve:

Definition 3.1.1. An immersed (or parametrized) surface in space is a map
©:U — R? of class C>, where U C R? is an open set, such that the differen-
tial dg,: R? — R? is injective (that is, has rank 2) in every point « € U. The
image p(U) of ¢ is the support of the immersed surface.

Remark 3.1.2. For reasons that will become clear in Section 3.4 (see Re-
mark 3.4.20), when studying surfaces we shall only use C°° maps, and we
shall not discuss lower regularity issues.

Remark 3.1.5. The differential dy, of ¢ = (¢1,¥2,p3) in xz € U is represented
by the Jacobian matrix

o7 @) S0 )

6z1 BIQ
Jac (z) = [ 972 (z) 972 (z)| € Ms2(R) .
0 (x) 00 (@)

As for curves, in this definition the emphasis is on the map rather than
on its image. Moreover, we are not asking for the immersed surfaces to be
a homeomorphism with their images or to be injective (see Example 3.1.6);
both these properties are nevertheless locally true. To prove this, we need a
lemma, somewhat technical but extremely useful.

Lemma 3.1.4. Let o:U — R3 be an immersed surface, where U C R? is
open. Then for all xg € U there exist an open set 2 C R> of (20,0) € U x R,
an open neighborhood W C R? of o(z0), and a diffeomorphism G: 2 — W
such that G(z,0) = ¢(x) for all (x,0) € 2N (U x {0}).

Proof. By definition of immersed surface, the differential in xzy of the map
© = (¢1, 2, p3) has rank 2; so the Jacobian matrix of ¢ computed in zy has
a 2 x 2 minor with nonzero determinant. Up to reordering the coordinates, we
may assume that this minor is obtained by discarding the third row, that is,

we can assume that
i
det (x0) #0.
Ox; i,j=1,2
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Let then G:U x R — R? be given by
G(x17$2,t) = (P(xl,itz) + (0,07t) ;

note that if to find the minor with nonzero determinant,we had discarded the
Jj-th row, then G would be defined by adding te; to ¢, where e; is the j-th
vector of the canonical basis of R>.

Clearly, G(x,0) = ¢(z) for all z € U, and

J

det Jac G (xg,0) = det (g% (mo)> #0;
ij=1,2

So the inverse function theorem (Theorem 2.2.4) gives us a neighborhood
2 C U xR of (x9,0) and a neighborhood W C R? of ¢(z¢) such that G| is
a diffeomorphism between {2 and W, as required. a

In particular, we have:

Corollary 3.1.5. Let p: U — R? be an immersed surface. Then every xg € U
has a neighborhood Uy C U such that ¢|y,: Uy — R? is a homeomorphism
with its image.

Proof. Let G: {2 — W be the diffeomorphism provided by the previous lemma,
m:R?> — R? the projection on the first two coordinates, and set U; =
(2N (U x {0})). Then ¢(z) = G(z,0) for all z € Uy, and so |y, is a
homeomorphism with its image, as required. a

However, it is important to remember that, in general, immersed surfaces
are not homeomorphisms with their images:

Ezample 3.1.6. For U = (—1,400) X R, let p: U — R? be given by

oo =(, 3" 3’ )

1+x3’1+m3’y

see Fig. 3.1. It is easy to verify that ¢ is an injective immersed surface, but is
not a homeomorphism with its image, as <p((—1, 1) x (=1, 1)) is not open in

().

A careful consideration of the material seen in the previous chapters will
show that the approach based on defining a curve as an equivalence class
of maps was effective because of the existence of a canonical representative
element defined from such a fundamental geometric concept as length. The
drawback (or the advantage, depending on which half of the glass you pre-
fer) of the theory of surfaces with respect to the theory of curves is that
for surfaces this cannot be done, and cannot be done because of intrinsic,
unavoidable reasons.
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Of course, we may well define two immersed surfaces ¢:U — R® and
:V — R? to be equivalent if there exists a diffeomorphism h: U — V such
that ¢ = 1 o h. However, the problem we face with such a definition is that
the procedure we followed in the case of curves to choose in each equivalence
class an (essentially) unique representative element does not work anymore.

In the case of curves, we have chosen a canonical representative element,
the parametrization by arc length, by using the geometric notion of length.
Two equivalent parametrizations by arc length have to differ by a diffeomor-
phism h that preserves lengths; and this implies (see the proof of Proposi-
tion 1.2.11) that |h'| = 1, so h is an affine isometry and the parametrization
by arc length is unique up to parameter translations (and orientation changes).

In the case of surfaces, it is natural to try using area instead of length.
Two equivalent “parametrizations by area” should differ by a diffeomorphism
h of open sets in the plane that preserves areas. But Calculus experts teach us
that a diffeomorphism h preserves areas if and only if | det Jac(h)| = 1, which
is a far weaker condition than |h’'| = 1. For instance, all diffeomorphisms of
the form h(z,y) = (= + f(y),y), where f is any smooth function of one vari-
able, preserve areas; so using this method there is no hope of identifying an
essentially unique representative element.

But the obstruction is even more fundamental than this. Arc length para-
metrization works because it is a (local) isometry between an interval and the
curve; on the other hand, we shall see towards the end of Chapter 4 (with
Gauss’ theorema egregium Theorem 4.6.11) that, except for very particular
cases, isometries between an open set in the plane and a surface do not exist. A
notion equivalent to parametrization by arc length to study the metric struc-
ture of surface cannot possibly exist. Moreover, even the topological structure
of surface is far more complex than that of open subsets of the plane (see
Remark 3.1.21); to try and study it by using a single map would be hopeless.

Historically, the most successful — for its effectiveness both in dealing
with local questions and in studying global problems — definition of a surface
tries, in a sense, to take the best from both worlds. It emphasizes the support,
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that is, the subset of R® considered as such; but the idea that a surface has
to be a set locally built like an open subset of the plane is made concrete and
formal by using immersed surfaces (which work well locally, as we have seen).

Enough chatting: it is now time to give the official definition of surface in
space.

Definition 3.1.7. A connected subset S C R® is a (regular or embedded) sur-
face in space if for all p € S there exists a map p: U — R? of class C°°, where
U C R? is an open subset, such that:

(a) p(U) C S is an open neighborhood of p in S (or, equivalently, there exists
an open neighborhood W C R? of p in R?® such that o(U) = W N S);

(b) ¢ is a homeomorphism with its image;

(c¢) the differential dg,:R* — R? is injective (that is, it has maximum rank,
ie, 2) forallz e U.

Any map ¢ satisfying (a)—(c) is a local (or regular) parametrization in p;
if O € U and ¢(0O) = p we say that the local parametrization is centered
in p. The inverse map ¢~ ':¢(U) — U is called local chart in p; the neigh-
borhood ¢(U) of p in S is called a coordinate neighborhood, the coordinates
(ml(p), J:Q(p)) = o~ 1(p) are called local coordinates of p; and, for j = 1, 2, the
curve t — @(x, + te;) is the j-th coordinate curve (or line) through o(x,).

Definition 3.1.8. An atlas for a regular surface S C R? is a family A = {4}
of local parametrizations p,: U, — S such that S = J, ¢a(Ua).

Remark 3.1.9. Clearly, a local parametrization ¢: U — R? of a surface S car-
ries the topology of the open subset U of the plane to the topology of the
open set ¢(U) of S, since ¢ is a homeomorphism between U and ¢(U). But
to work with surfaces it is important to keep in mind that ¢ carries another
fundamental thing from U to S: a coordinate system. As shown in Fig. 3.2,
the local parametrization ¢ assigns to each point p € ¢(U) a pair of real
numbers (z,y) = ¢ 1(p) € U, which will play the role of coordinates of p
in S, in analogy to the role played by the usual Cartesian coordinates for
points in the plane. In a sense, choosing a local parametrization of a surface
amounts to constructing a geographical map of a part of the surface; and
this is the reason (historically too) of the use of geographical terminology in
this context. Warning: different local parametrizations provide different lo-
cal coordinates (charts)! In the next section we shall describe the connection
between coordinates induced by different parametrizations (Theorem 3.2.3).

Remark 3.1.10. If ¢:U — S is a local parametrization of a surface S C R?,
and y:U; — U is a diffeomorphism, where U; is another open subset of R?,
then @ = @ o x is another local parametrization of S (why?). In particular,
if p=@(xg) € S and x is the translation x(z) = z + 2o then p = po x is a
local parametrization of S centered at p.
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R? S

i N z.y)—
S yU(y)p

— [

Fig. 3.2. A local parametrization

Remark 3.1.11.If ¢:U — S is a local parametrization of a surface S C R?,
and V C U is an open subset of R? then |y also is a local parametrization of
S (why?). In particular, we may find local parametrizations with arbitrarily
small domain.

As we shall see, the philosophy beneath the theory of surfaces is to use
local parametrizations to transfer notions, properties, and proofs from open
subsets of the plane to open sets of the surfaces, and vice versa. But let us
see for now some examples of surface.

Ezample 3.1.12. The plane S C R® through p, € R® and parallel to the
linearly independent vectors vy, vo € R® is a regular surface, with an
atlas consisting of a single local parametrization <,0:R2 — R? given by
() = po + x1v1 + T2V2.

Ezample 3.1.13. Let U C R? be an open set, and f € C®(U) an arbitrary
function. Then the graph I'y = {(z, f(z)) € R? | x € U} of fis a regular
surface, with an atlas consisting of a single local parametrization ¢: U — R3
given by ¢(z) = (z, f(x)). Indeed, condition (a) of the definition of a surface
is clearly satisfied. The restriction to Iy of the projection on the first two
coordinates is the (continuous) inverse of ¢, so condition (b) is satisfied as
well. Finally,

Jacp(z) = 0

om (@) 57 (2)

has rank 2 everywhere, and we are done.

Ezxample 3.1.14. The support S of an immersed surface ¢ that is a homeo-
morphism with its image is a regular surface with atlas A = {¢}. In this case
we shall say that ¢ is a global parametrization of S.
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Ezample 3.1.15. We want to show that the sphere
S?={peR’|[p|=1}

with center in the origin and radius 1 is a regular surface by finding an atlas.
Let U = {(z,y) € R? | 22 + y? < 1} be the open unit disc in the plane, and
define @1, ..., p6: U — R? by setting

p1(@,y) = (x,y,\/l—afz—zﬁ) , pa(m,y) = (%y,—\/l—:@—y?) :
p3(z,y) = (:v \/1—x2—y2,y) , pal,y) = (wv—\/l—xz—y%y) :
e5(w,y) = (\/l—xQ—y27x,y) , we(T,y) = (—\/1—x2—y27x,y) :

Arguing as in Example 3.1.13, it is easy to see that all the maps ¢; are
local parametrizations of S?; moreover, S = ¢ (U) U --- U pg(U), and so
{p1,...,p6} is an atlas for S2. Note that if we omit even one of these local
parametrizations we do not cover the whole sphere.

Ezxample 3.1.16. We now describe another atlas for the sphere. Set
U={6,0)cR*|0<0<70<¢<2n},
and let p1: U — R? be given by
©1(0,¢) = (sin cos ¢, sin O sin ¢, cos b)) ;

we want to prove that ¢ is a local parametrization of the sphere. The pa-
rameter 6 is usually called colatitude (the latitude is w/2 — 6), while ¢ is the
longitude. The local coordinates (6, ¢) are called spherical coordinates; see
Fig. 3.3.

First of all,

01(U) = S*\ {(z,v, 2) eR3 |y=0,z2 >0}

Fig. 3.3. Spherical coordinates
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is an open subset of S2, so condition (a) is satisfied. Next,

cosfcos¢p —sinfsing
Jacp1(0,¢) = | cosfsing sinfcos¢ | ,
—sinf 0

and it is straightforward to verify that this matrix has rank 2 everywhere
(since sin @ # 0 when (0, ¢) € U), so condition (c) is satisfied. Moreover, if we
take an arbitrary (z,y,2) = ¢(0,¢) € ¢1(U), we find 0 = arccosz € (0, 7);
being sin @ # 0, we recover (cos ¢, sin ¢) € S and consequently ¢ € (0,27) in
terms of x, y and z, so ; is globally injective. To conclude, we should prove
that ¢ is a homeomorphism with its image (i.e., that 901_1 is continuous); but
we shall see shortly (Proposition 3.1.31) that this is a consequence of the fact
that we already know that S? is a surface, so we leave this as an exercise (but
see also Example 3.1.18). Finally, let ¢o: U — R? be given by

w2(0,¢) = (—sinf cos ¢, cos §, — sin O sin @) .

Arguing as above, we see that s is also a local parametrization, with o (U) =
S2\ {(x,y,2) e R® | =0,z < 0}, so {¢1, 2} is an atlas for S2.
Exercise 3.4 describes a third possible atlas for the sphere.

Ezample 3.1.17. Let S C R3 be a surface, and S; C S an open subset of S.
Then S; is a surface as well. Indeed, choose p € S; and let ¢:U — R? be
a local parametrization of S at p. Then U; = ¢~ 1(S;) is open in R? and
1 =¢lu,: U — R? is a local parametrization of S; at p.

If x: 2 — R? is a diffeomorphism with its image defined on an open neigh-
borhood 2 of S, then x(95) is a surface. Indeed, if ¢ is a local parametrization
of S at p € S, the map x o ¢ is a local parametrization of x(S) at x(p).

Ezample 3.1.18 (Surfaces of revolution). Let H C R® be a plane, C' C H the
support of an open Jordan arc or of a Jordan curve of class C*°, and { C H a
straight line disjoint from C'. We want to prove that the set S C R® obtained
by rotating C' around / is a regular surface, called surface of revolution having
C as its generatriz and ¢ as its axis.

Without loss of generality, we may assume that H is the plane xz, that ¢
is the z-axis, and that C lies in the half-plane {x > 0}. If C' is the support of
an open Jordan arc, we have by definition a global parametrization o: I — R?
that is a homeomorphism with its image, where I C R is an open interval.
Since all open intervals are diffeomorphic to R (Exercise 1.5), we may assume
without loss of generality that I = R. If, on the other hand, C' is the support
of a Jordan curve, take a periodic parametrization o: R — R? of C. In both
cases, we may write o(t) = (a(t),0, 5(t)) with a(t) > 0 for all t € R, so

S = {(a(t)cost,a(t)sinb,3(t)) | t,0 € R} .
Define now ¢: R — R? by setting
o(t,0) = (a(t) cos b, a(t)sin, B(t)) ,
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so that S = p(R?). If we fix to € R, the curve 0 — (to,0) is a parallel of S;
it is the circle with radius «a(¢p) obtained by rotating the point o(¢y) around
L. If we fix 0y € R, the curve t — @(t,0y) is a meridian of S; it is obtained
rotating C' by an angle 6, around /.

Now we have

o/ (t)cos® —aft)sind
Jacp(t,0) = | o/(t)sin®  «(t)cosb
A'(t) 0

So Jac ¢(t, #) has rank less than 2 if and only if

o (t)a(t) =0,
a(t)p'(t)sind =0,
a(t)d'(t)cosd =0,

and this never happens since « is always positive and ¢ is regular. In partic-
ular, ¢ is an immersed surface having S as its support.

This, however, is not enough to prove that S is a regular surface. To con-
clude, we have to consider two cases.

AT
AN
N

I

I
S
\\\\\\\\\\\\\m" :’m//

(a)

Fig. 3.4. Surfaces of revolution (whole and sections)

(a) C is not compact, and o is a global parametrization: see Fig. 3.4.(a). In
this case, we set p1 = @lrx(0,27) and Y2 = Q|rx(—n,x); since the union
of the supports of 1 and 9 is S, if we prove that ¢ and ¢, are local
parametrizations we are done. Since

(pl(Rx (0,27r)) =S\ {(z,y, 2) eR3 |y =0,2 >0}

is open in S and ¢ is the restriction of an immersed surface, to show
that ¢ is a local parametrization it suffices to prove that it is a homeo-
morphism with its image. From ¢;(¢,0) = (z,y, 2) we find §(t) = z and
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a(t) = /22 +y2. As o is injective, from this we can find a unique t € I,
and hence a unique 6 € (0, 27), such that z = «(t) cos§ and y = «(t) sin 6;
thus, ¢ is invertible. Furthermore, since o is a homeomorphism with its
image, the coordinate ¢ depends continuously on z and \/ 2 +y2; if we
prove that 6 also depends continuously on (z,y, z) we have proved that
g@fl is continuous. Now, if (x,y,2) € S is such that y > 0 we have

0 < y _ y/af(t) _ sinf sin(6/2) ztang
++/z2+y2  1+wz/a(t)  1+4cosf  cos(6/2) 27
S0
6 = 2 arctan < 4 > € (0,m)
T+ /22 + y?

depends continuously on (z,y, z). Analogously, is (z,y, z) € S is such that
y < 0 we find

0 = 2w + 2 arctan Y € (m,2m),
T+ /22 + 2

and in this case too we are done. Finally, in order to verify that gpl_l is
continuous in a neighborhood of a point (zo,0, z9) € ¢1 (R x (0,27)) note
that xg < 0 necessarily, and that if (z,y, 2z) € S with < 0 then

Yy ~ y/a(t)  sind cos(6/2)

— — — — cot
Vazt+y2—x l—z/alt) 1-—cosf  sin(0/2) corall

SO
6 = 2 arccotan Y € (7/2,3m/2) ,
—z 4 /22 + y2
and in this case we are done as well. The proof that ¢- is a local para-
metrization is completely analogous, so S is a regular surface.
(b) C is compact, and o is a periodic parametrization with period 2r > 0;
see Fig. 3.4.(b). In this case set ©1 = ©[(0,2r)x(0,27)5 P2 = ©|(0,27)x (=7, 7)>
Y3 = <p|(7r,r)><(0,27r)a and P4 = <)0|(77',r)><(77r,7r); then, arguing as in the
previous case, we immediately see that {1, pa, 3, @4} is an atlas for S.

Another way to prove that surfaces of revolution are regular surfaces is out-
lined in Exercise 3.23.

Example 3.1.19. A torus is a surface obtained by rotating a circle around an
axis (contained in the plane of the circle) not intersecting it. For instance, if
C'is the circle with center (zo, 0, z9) and radius 0 < 1y < |zo| in the zz-plane,
then the torus obtained by rotating C' around the z-axis is the support of the
immersed surface ¢: R — R? given by

o(t,0) = ((rcost + ) cos b, (rcost + zg) sin 6, rsint + z) ;
see Fig. 3.5.(a).
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Fig. 3.5. (a) a torus; (b) a two-sheeted cone

Ezample 3.1.20. Let us see now an example of a subset of R® that is not a
regular surface. The two-sheeted (infinite) cone is the set

S=A{(x,y,2) eR* | 2® +y* =22},

see Fig. 3.5.(b). The set S cannot be a regular surface: indeed, if the origin
O € S had in S a neighborhood homeomorphic to an open subset of the plane,
then S\ {O} should be connected (why?), but this is not the case. We shall
see shortly (Example 3.1.30) that the one-sheeted infinite cone SN{z > 0} is
not a regular surface too, whereas either connected component of S\ {O} is
(Exercise 3.9).

Remark 3.1.21. We can now show that there are non-compact surfaces that
cannot be the support of a single immersed surface which is also a homeo-
morphism with its image. In other words, there exist non-compact regular
surfaces not homeomorphic to an open subset of the plane. Let S € R? be the
non-compact surface obtained by removing a point from a torus (Examples
3.1.17 and 3.1.19). Then S contains Jordan curves (the meridians of the torus)
that do not disconnect it, so it cannot be homeomorphic to an open subset of
the plane without contradicting the Jordan curve theorem (Theorem 2.3.6).

We give now a general procedure for building regular surfaces. Let us begin
with a definition:

Definition 3.1.22. Let V' C R” be an open set, and F:V — R™ a C*®
map. We shall say that p € V is a critical point of F' if dF,:R" — R™ is
not surjective. We shall denote the set of critical points of F' by Crit(F). If
p € V is a critical point F(p) € R™ will be called a critical value. A point
y € F(V) CR™ that is not a critical value is a regular value.

Remark 3.1.23.1f f:V — R is a C* function defined on an open subset
V C R" and p € V then df,:R" — R is not surjective if and only if it is
everywhere zero. In other words, p € V' is a critical point of f if and only if
the gradient of f is zero in p.
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Remark 3.1.24. In a very precise sense, almost every point of the image of a
C® map is a regular value. Indeed, it can be shown that if F:V — R™ is a
function of class C*°, where V is an open subset of R", then the measure of
the set of critical values of F' in R™ is zero (Sard’s theorem). In Section 3.5
of the supplementary material of this chapter we shall prove Sard’s theorem
for 1 <n <3 and m = 1, the only cases we shall be interested in here.

The previous remark explains the vast applicability of the following result
(see also Exercise 3.9):

Proposition 3.1.25. Let V C R? be an open set, and f € C>(V). IfaeRis
a regular value of f then every connected component of the level set f~'(a) =
{p eV | f(p) = a} is a regular surface.

Proof. Let py = (70,%0,20) € f~(a). Since a is a regular value for f, the
gradient of f is not zero in pg; so, up to permuting the coordinates, we may
assume that 9f/0z(po) # 0. Let now F:V — R® be given by F(z,y,2) =

(z,y, f(z,y,2)). Clearly,

det Jac F(po) = 5 (po) #0.

Thus we may apply the inverse function theorem (Theorem 2.2.4) to get neigh-
borhoods V' C V of py and W C R® of F(py) such that F|g:V — W is a
diffeomorphism. Setting G = (g1, g2, 93) = F~! we have

(u,v,w) = FoG(u,v,w) = (gl(u,v,w),gg(u,v,w),f(G(u,v,w))) )
So g1(u, v, w) = u, g2(u,v,w) = v, and
Y(u,v,w) € W f(G(u,v,w)) =w. (3.1)

Clearly, the set U = {(u,v) € R? | (u,v,a) € W} is an open subset of R*, and
we may define : U — R® with

o(u,v) = G(u,v,a) = (u,v,gg(u,v,a)) .

By (3.1), we know (why?) that o(U) = f~(a) NV, and it is straightforward
to verify that ¢ is a local parametrization of f~!(a) at po. O

Definition 3.1.26. Let V' C R® be an open set and f € C*°(V). Every com-
ponent of f~1(a), where a € R is a regular value for f, is a level surface
of f.

In the supplementary material of the next chapter we shall prove (Corol-
lary 4.8.7) that, conversely, every closed surface in R? is a level surface; see
also Exercise 3.21.
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Ezample 3.1.27. The ellipsoid having equation

with a, b, ¢ > 0 is a regular surface. Indeed, it is of the form f~!(1), where
f:R® — R is given by

Since Vf = (2x/a? 2y/b* 2z/c?), the only critical point of f is the origin,
the only critical value of f is 0, and so f~1(1) is a level surface.

Ezample 3.1.28. More in general, a quadric is the subset of R* of the points
that are solutions of an equation of the form p(x,y, z) = 0, where p is a poly-
nomial of degree 2. Not all quadrics are regular surfaces (see Example 3.1.20
and Problem 3.4), but the components of those that are provide a good reper-
tory of examples of surfaces. Besides the ellipsoid, we have the two-sheeted
(or elliptic) hyperboloid of equation (z/a)?+ (y/b)*> — (z/c)? +1 = 0, the one-
sheeted (or hyperbolic) hyperboloid of equation (z/a)?+(y/b)*—(z/c)?>—1 = 0,
the elliptic paraboloid having equation (z/a)? + (y/b)?> — z = 0, the hyperbolic
paraboloid having equation (z/a)? — (y/b)?> — z = 0, and cylinders having a
conic section as generatrix (see Problem 3.3). Fig. 3.6 shows some quadrics.

Ellipsoid

One-sheeted hyperboloid

Two-sheeted hyperboloid

Elliptic paraboloid
Hyperbolic paraboloid

Fig. 3.6. Quadrics
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We end this section with two general results.

Proposition 3.1.29. Fvery reqular surface is locally a graph. In other words,
if S C R® is a reqular surface and p € S then there exists a local parametriza-
tion :U — S in p of one of the following forms:

(;my,f(x,y)) , or
o(z,y) =< (z, flz,y),y), or
(f(x,y),x,y) ;

for a suitable f € C*(U). In particular, there is always an open neighborhood
NCRrR? of S such that S is closed in 2.

Proof. Let 1 = (1,12,%3):U; — R® be a local parametrization centered
at p. Up to permuting coordinates, we may assume that

Op, )
det O 0;
¢ (axk( ) h,k=1,2 ’

so, setting F' = (¢1,12) we may find a neighborhood V' C U of O and a
neighborhood U C R? of F(O) such that F|y:V — U is a diffeomorphism.
Let F~1:U — V be the inverse map, and set f = 130 F~1:U — R. Since we
have F o F~! = idy, we get

Yo F u,v) = (u,v,f(u,v)) ,

5o ¢ =1 o F1:U — R? is a local parametrization of S at p of the required
form. Finally, for all p € S let W, C R? be an open neighborhood of p such
that W, NS is a graph. Then W, NS is closed in W), and so S is closed (why?)
in 2="U,cs Wp. O

The converse of this result holds too: every set that is locally a graph is a
regular surface (Exercise 3.11).

Ezxample 3.1.30. The one-sheeted infinite cone
S ={(x,y,2) R | 2 = /a2 + 42}

is not a regular surface. If it were, it should be the graph of a C*° function in
a neighborhood of (0,0,0). As the projections on the xz-plane and yz-plane
are not injective, it should be a graph over the zy-plane; but in this case it
should be the graph of the function \/ x2 + y2, which is not of class C°°.
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And at last, here is the result promised in Example 3.1.16:

Proposition 3.1.31. Let S C R? be a reqular surface, U C R* an open sub-
set, and p: U — R?® an immersed surface with support contained in S. Then:

(i) »(U) is open in S;

(ii) if @ is injective then for all p € p(U) there exist a neighborhood W C R®
of p in R® with WN S C oU), and a map &: W — R? of class C> such
that ®(W) C U and @lwns = ¢ 'wns. In particular, p=1:o(U) — U is
continuous, so @ is a local parametrization of S.

Proof. Let p = p(xo,y0) € ¢(U). As S is a surface, we can find a neighbor-
hood Wy of p in R? such that WyN S is a graph; to fix ideas, say that WyN.S is
the graph over the zy-plane of a function f. If 7: R® — R? is the projection on
the zy-plane, set Uy = o~ 1(Wy) C U and h = wo p: Uy — R?. For (z,) € Uy
we have @3(z,y) = f(¢1(z,y), p2(,y)), and so the third row of the Jacobian
matrix of ¢ in (x,y) is a linear combination of the first two. Since the dif-
ferential of ¢ is supposed to have rank 2 everywhere, it follows that the first
two rows of the Jacobian matrix of ¢ have to be linearly independent, and so
Jac h(z,y) is invertible. The inverse function theorem (Theorem 2.2.4) then
yields a neighborhood U; C Uy of (z¢,y0) and a neighborhood Vi C R? of
h(xo,y0) = 7(p) such that h|y,:U; — Vi is a diffeomorphism. In particular,
p(Uy)=¢po h|511(V1) = (7|srw,) (V1) is open in S, so ¢(U) is a neighbor-
hood of p in S. Since p is arbitrary, it follows that ¢(U) is open in S, and (i)
is proved.

Suppose now that ¢ is injective, so ¢ 1:(U) — U is defined. As ¢(U)
is open in S, up to restricting Wy we may assume that Wy NS C o(U).
Set W = WyNa~ (V) and & = h\all o 7; to prove (ii) it remains to show
that &|wns = ¢ |lwns.

Let g€ WNS. As g € Won7~1(V}), we can find a point (u,v) € V; such
that ¢ = (u,v, f(u, v)) On the other hand, being ¢ € ¢(U) there is a unique
point (x,y) € U such that ¢ = ¢(z,y). But then (u,v) = 7(q) = h(z,y);
so (2,y) = By, (u,0) € Ur and ¢~ '(q) = (z,y) = by, o 7(q) = P(q), as
required. a

In other words, if we already know that S is a surface, to verify whether a
map ¢: U — R? from an open subset U of R? to S is a local parametrization
it suffices to check that ¢ is injective and that dy, has rank 2 for all z € U.

Remark 3.1.32. The previous proposition and Lemma 3.1.4 might suggest that
a claim along the following lines might be true: “Let ¢: U — R? be an injec-
tive immersed surface with support S = ¢(U). Then for all p € ¢(U) we can
find a neighborhood W C R® of p in R® and a map &: W — R? of class C'>®
such that @(W) C U and @|wns = ¢ |wns. In particular, o~ 1: o(U) — U is
continuous, and S is a regular surface.” We have even a “proof” of this claim:
“Since, by assumption, ¢ is an immersed surface, we may apply Lemma 3.1.4.
Let p = ¢(x0) € p(U), and G:2 — W the diffeomorphism provided by
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Lemma 3.1.4; up to restricting (2, we may also assume that 2 = Uy x (=9,9),
where § > 0 and U; C U is a suitable neighborhood of xy. Then & = 1o G,
where m:R® — R? is the projection on the first two coordinates, is as re-
quired. Indeed, for all ¢ € W N p(U) the point G~1(q) = (y,t) € 2 is
the only one satisfying G(y,t) = ¢. But G(¢7(¢),0) = ¢(¢7*(q)) = q,
so G7'(q) = (¢ '(g),0), and we are done.” However, the claim is false and
this proof is wrong.

The (subtle) error in the proof is that if ¢ € W N (U) then ¢ ~*(q) does
not necessarily belong to Uy, and so (cp_l(q), 0) does not belong to the domain
of G; hence we cannot say that G(cp_l(q), 0) = gp(gp_l(q)) = g or deduce that
G (q) = ((p_l(q), O). Of course, the claim might be true even if this particu-
lar proof is wrong. But the claim is false indeed, and in Example 3.1.33 you’ll
find a counterexample.

Summing up, we may deduce the continuity of the inverse of a globally
injective immersed surface ¢ only if we already know that the image of ¢ lies
within a regular surface; otherwise, it might be false.

Ezample 3.1.33. Let ¢: (—1,4+00) xR — R? be the immersed surface of Exam-
ple 3.1.6. We have already remarked that ¢ is an injective immersed surface
that is not a homeomorphism with its image, and it is immediate to notice
that its support S is not a regular surface, since in a neighborhood of the
point (0,0,0) € S none of the three projections on the coordinate planes is
injective, and so S cannot be locally a graph.

3.2 Smooth functions

Local parametrizations are the tool that allows us to give concrete form to the
idea that a surface locally resembles an open subset of the plane; let us see
how to use them to determine when a function defined on a surface is smooth.

Definition 3.2.1. Let S C R® be a surface, and p € S. A function f: S — Ris
of class C* (or smooth) at p if there exists a local parametrization ¢: U — S
at p such that fo@:U — R is of class C* in a neighborhood of ¢~!(p). We
shall say that f is of class C*° (or smooth) if it is so at every point. The space
of C*° functions on S will be denoted by C*(5).

Remark 3.2.2. A smooth function f:S — R is automatically continuous. In-
deed, let I C R be an open interval, and p € f~1(I). By assumption, there is
a local parametrization ¢: U — S at p such that fog is of class C*° (and thus
continuous) in a neighborhood of ¢~ (p). Then (f o )~ H(I) = ' (f1(1))
is a neighborhood of ¢~!(p). But ¢ is a homeomorphism with its image; so
f7Y(I) has to be a neighborhood of <p(<p_1(p)) = p. Since p was arbitrary, it
follows that f~1(I) is open in S, and so f is continuous.

A possible problem with this definition is that it might depend on the par-
ticular local parametrization we have chosen: a priori, there might be another
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local parametrization ¢ at p such that f o1 is not smooth in ¥~1(p). Luckily,
the following theorem implies that this cannot happen.

Theorem 3.2.3. Let S be a surface, and let o:U — S, ¥:V — S be two
local parametrizations with 2 = o(U) N (V) # @. Then the map h =
et otply-1(0): 0 H(2) — ¢ 1(92) is a diffeomorphism.

Proof. The map h is a homeomorphism, as it is a composition of homeomor-
phisms; we have to show that it and its inverse are of class C*°.

Let o € ¥71(£2), yo = h(zo) € ¢™'(£2), and p = ¥(z0) = @(yo) € L2.
Proposition 3.1.31 provides us with a neighborhood W of p € R? and a map
&: W — R? of class C°° such that P|lwns = ¢~ 1. Now, by the continuity of
1, there is a neighborhood Vi C 9~1(£2) of 2 such that ¢(V;) € W. Then
hly, = @ o 1|y, and so h is of class C* in xg. Since x( is an arbitrary ele-
ment, h is of class C*° everywhere. In an analogous way it can be proved that
h~1 is of class C*, and so h is a diffeomorphism. ]

Corollary 3.2.4. Let S C R® be a surface, f: S — R a function, and p € S. If
there is a local parametrization p:U — S at p such that f o ¢ is of class C*
in a neighborhood of ©=1(p), then f o is of class C* in a neighborhood
of ~Y(p) for all local parametrization 1:V — S of S at p.

Proof. We may write

fovp=(fop)o(p " ov),

and thus the previous theorem implies that f o1 is of class C*° in a neighbor-
hood of ¥p~1(p) if and only if fo is of class C* in a neighborhood of = (p).
O

So the being smooth on a surface is a property of the function, and does
not depend on local parametrizations; to test whether a function is smooth
we may use an arbitrary local parametrization.

Using the same approach, we may define the notion of smooth map be-
tween two surfaces:

Definition 3.2.5. If S, S; C R® are two surfaces, we shall say that a map
F:S; — Sy is of class C™ (or smooth) at p € Sy if there exist a local para-
metrization ¢1: Uy — S7 in p and a local parametrization ps: Us — So in F(p)
such that ;' o F oy is of class C> (where defined). We shall say that F
is of class C*° (or smooth) if it so at every point. If F is of class C*° and
invertible with inverse of class C*° we shall say that F' is a diffeomorphism,
and that S; and Sy are diffeomorphic.

Remark 3.2.6. The notion of smooth map defined on an open subset of R™
with values in a surface, or from a surface with values in R", can be intro-
duced in an analogous way (see Exercise 3.20).
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It is easy to prove that the definition of smooth map does not depend on
the local parametrizations used (Exercise 3.41), that smooth maps are con-
tinuous (Exercise 3.40), and that a composition of smooth maps is smooth:

Proposition 3.2.7. If F: S1 — Sy and G: So — S3 are smooth maps between
surfaces, then the composition G o F: S1 — S5 is smooth as well.

Proof. Fix p € S1 and choose an arbitrary local parametrization ¢1: Uy — Sp
of S1 at p, a local parametrization ¢q:Us — Ss of So at F(p), and a local
parametrization ¢3: U3 — S3 of S3 at G(F(p)) Then

<p§10(GoF)o<p1 :((p?:loGogoz)o((pgloFocpl)
is of class C°° where defined, and we are done. a

Ezample 3.2.8. A local parametrization ¢: U — ¢(U) C S is a diffeomorphism
between U and ¢(U). Indeed, first of all, it is invertible by definition. Next,
to test the differentiability of ¢ and ¢~! we can use the identity map id as
local parametrization of U, and ¢ itself as local parametrization of S. So it
suffices to verify that ¢! o ¢ oid and idoyp~! o ¢ are of class C*, which is
straightforward.

Ezample 3.2.9. If U € R™ is open and F: U — R? is a C° map whose image is
contained in a surface S then F' is of class C*° as an S-valued map as well. In-
deed, let 1 be a local parametrization at a point p € F(U); Proposition 3.1.31
tells us that there exists a function ¥ of class C' defined in a neighborhood
of p such that ¢»~' o F = W o F, and the latter composition is of class C>.

Ezample 3.2.10. If S € R® is a surface, then the inclusion 1S — R® is of
class C. Indeed, saying that ¢ is of class C*° is exactly equivalent (why?) to
saying that local parametrizations are of class C°>° when considered as maps
with values in R®.

Ezample 3.2.11. 1 2 C RR? is an open subset of R? that contains the surface S,
and f € C°°(§2), then the restriction f = f[s is of class C°° on S. Indeed,
fow= foypisof class C™ for every local parametrization .

Actually, in Section 3.6 of the supplementary material of this chapter we
shall prove (Theorem 3.6.7) that the previous example provides all C* func-
tions on a surface S. However, for our purposes, it is sufficient a local version
of this result:

Proposition 3.2.12. Let S C R® be a surface, and p € S. Then a func-
tion f:S — R is of class C*° at p if and only if there exist an open neigh-
borhood W C R® of p in R® and a function f € C>® (W) such that flwns =
flwns-

Proof. One implication is given by Example 3.2.11. For the converse, suppose
that f is of class C*° at p, and let ¢: U — S be a local parametrization centered
at p. Proposition 3.1.31.(ii) provides us with a neighborhood W of p in R?* and
a map @: W — R? of class C™ such that (W) C U and Pwns = ¢ Hwns-
Then the function f = (f o @) o ® € C°(W) is as required. O
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3.3 Tangent plane

We have seen that tangent vectors play a major role in the study of curves.
In this section we intend to define the notion of a tangent vector to a surface
at a point. The geometrically simplest way is as follows:

Definition 3.3.1. Let S C R® be a set, and p € S. A tangent vector to S at p
is a vector of the form o’(0), where o: (—¢,e) — R? is a curve of class C™
whose support lies in S and such that o(0) = p. The set of all possible tangent
vectors to S at p is the tangent cone 1,5 to S at p.

Remark 3.3.2. A cone (with the origin as vertex) in a vector space V is a
subset C' C V such that av € C for all a € R and v € C. It is not difficult to
verify that the tangent cone to a set is in fact a cone in this sense. Indeed, first
of all, the zero vector is the tangent vector to a constant curve, so O € T,,S for
allp € S. Next, if a € R" and O # v € T},, if we choose a curve o: (—¢,¢) — S
with o(0) = p and ¢’(0) = v, then the curve o,: (—¢/|al,e/|a|]) — S given by
04(t) = o(at) is such that 0,(0) = p and o}, (0) = av; so av € T,S as required
by the definition of cone.

Ezample 3.3.3. If S € R? is the union of two straight lines through the origin,
it is straightforward to verify (check it) that Tp.S = S.

The advantage of this definition of tangent vector is the clear geometric
meaning. If S is a surface, however, our geometric intuition tells us that 7,5
should be a plane, not just a cone. Unfortunately, this is not so evident from
the definition: the sum of two curves in S is not necessarily a curve in S,
and so the “obvious” way of proving that the sum of two tangent vectors is
a tangent vector does not work. On the other hand, the previous examples
shows that if S is not a surface the tangent cone has no reason to be a plane;
S0, in order to get such a result, we have to fully exploit the definition of a
surface, that is, we must involve local parametrizations.

Let us begin by seeing what happens in the simplest case, that of open
sets in the plane:

Ezample 3.3.4. Let U C R? be an open set, and p € U. Every curve contained
in U is plane, and so the tangent vectors to U at p lie necessarily in R?. Con-
versely, if v € R? then the curve o: (—e,e) — V given by o(t) = p+ tv has its
support within U for € small enough, and has v as its tangent vector. So we
have proved that T,U = R?.

Applying the usual strategy of using local parametrizations to carry no-
tions from open subsets of the plane to surfaces, we get the following:

Proposition 3.3.5. Let S € R® be a surface, p € S, and o:U — S a lo-
cal parametrization at p with o(x,) = p. Then dp,, is an isomorphism be-
tween R? and T,S. In particular, T,S = dpg, (R2) is always a vector space of
dimension 2, and dp,, (R2) does not depend on ¢ but only on S and p.
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Proof. Given v € R?, we may find ¢ > 0 such that z, + tv € U for all
t € (—¢,¢); so the curve o,: (—e,e) — S given by 0,(t) = p(x, + tv) is well
defined. Since o,,(0) = p and o/,(0) = de,, (v), it follows that dg,, (R*) C T,S.

Vice versa, let o:(—¢,¢) — S be a curve such that ¢(0) = p; up to tak-
ing a smaller £, we may assume that the support of ¢ is contained in ¢(U).
Proposition 3.1.31.(ii) ensures that the composition ¢, = ¢p~! o0 is a O
curve in U such that o,(0) = z,; set v = 0/, (0) € R?. Then

d(poo
doe,0) = 27 (0) = 0'(0) .
dt
and so 1,5 C dy,, (R?). Hence, dg,,:R* — T,S is surjective; since it is in-
jective too, it is an isomorphism between R? and T,S. O

Definition 3.3.6. Let S C R® be a surface, and p € S. The vector space T,5
C R? is the tangent plane to S at p.

Remark 3.3.7. Warning: according to our definition, the tangent plane is a
vector subspace of R?, and so it passes through the origin, no matter where
the point p € S is. When we draw the tangent plane as a plane resting on
the surface, we are not actually drawing 7,5, but rather the plane p + 7,5
parallel to it, which is the affine tangent plane through p.

Remark 3.53.8. 1t can be shown (see Exercise 3.37) that the affine tangent
plane p+ 17,5 is the plane best approximating the surface S in p, in the sense
discussed in Section 1.4.

Remark 3.3.9. It is apparent from the definition that if S ¢ R? is a surface,
p € S and U C S is an open subset of S containing p, then T,U = T,S. In
particular, if S = R? then T,U = TP]R2 = R? for every open set U of the plane
and every p € U.

The isomorphism between R? and T,S provided by the local parametriza-
tions allows us to consider special bases of the tangent plane:

Definition 3.3.10. Let S C R? be a surface, and p € . If p:U — Sisalocal
parametrization centered at p, and {e1, e} is the canonical basis of R?, then
the tangent vectors 0/0x1|,, 0/0x2|, € T),S (the reasons behind this notation
will be made clear in Remark 3.4.17) are defined by setting

221(0)

o B ,
oe. | =dvole)) = 7 (0)=|52(0)
J1p J g@3 (O)

We shall often write 0|, (or even, when no confusion may arise, simply 09;)
rather than 0/0z;|,. Clearly, {01]p, 02, } is a basis of T),S, the basis induced
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by the local parametrization ¢. Note that 0|, and 0|, are just the two
columns of the Jacobian matrix of ¢ computed in O = ¢~ 1(p). Finally, a
curve in S tangent to d;|, is the j-th coordinate curve o:(—¢,e) — S given
by o(t) = ¢(te;) for e small enough.

We have seen that a possible way to define surfaces is as level surfaces of
a smooth function. The following proposition tells us how to find the tangent
plane in this case:

Proposition 3.3.11. Let U C R® an open set, and a € R a regular value of
a function f € C®(U). If S is a connected component of f~1(a) and p € S,
the tangent plane T,S is the subspace of R? orthogonal to ¥V f(p).

Proof. Take v = (v1,v2,v3) € T,,S and let o:(—¢,e) — S be a curve with
o(0) = p and ¢’(0) = v. Differentiating f o 0 = a and evaluating in 0 we find

0 0 0
or e+ oF et T e =0,

and so v is orthogonal to V f(p). Hence T},S is contained in the subspace or-
thogonal to V f(p); but both spaces have dimension 2, and so they coincide.
O

Let us now see some examples of tangent planes.

Ezample 8.3.12. Let H C R? be a plane through a point py € R?®, and Hy =
H — py C R? the plane through the origin and parallel to H. Since the tan-
gent vectors to curves with support in H must belong to Hy (see the proof of
Proposition 1.3.25), we obtain T}, H = Hy.

Ezample 3.3.13. Let py = (20, Y0, 20) € S? be a point of the unit sphere S2
(see Example 3.1.15). If we set f(z,y, z) = 2% +y* + 22, by Proposition 3.3.11
T,,S? is the subspace orthogonal to Vf(po) = (2z0,2y0,220) = 2po. So, the
tangent plane to a sphere at a point is always orthogonal to the radius in that
point. If zg > 0, by using the local parametrization ¢; from Example 3.1.15,
we find that a basis of T}, S? consists of the vectors

1 0

0 _ 0p1y . 0 0 _ 01 _ 1

ox po_ ox (1‘07y0) = —x0 ) ay po_ ay (l'anO) - —yo
Vi-ad-y} Vi-ad-y}

The basis induced by the local parametrization given by the spherical coordi-
nates (Example 3.1.16), on the other hand, consists of the vectors

o cos 6 cos ¢ o —sin fsin ¢
a0l = cosfsing | and P = | sinfcos ¢
Po —sinf ?lpa 0
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Ezample 3.3.14. Let I'y C R? be the graph of a function f € C*°(U). Using
Proposition 3.3.5 and the local parametrization from Example 3.1.13 we see
that a basis of the tangent plane to I'y at the point p = (ml, xa, f (21, xg)) ely
consist of the vectors

ol _| o _| Y
8371 P aa,ifl (xl,xQ) axQ p 881]; (:L’l,l'Q)

Ezample 3.3.15. Let S C R? be the surface of revolution obtained by rotating
around the z-axis a Jordan curve (or open arc) C' contained in the right half-
plane of the zz-plane. Let o: R — R? be a global or periodic parametrization
of C of the form o(t) = (a(t),0,3(t)), and ¢:R? — R? the immersed surface
with support S introduced in Example 3.1.18. By Proposition 3.1.31.(ii), we
know that every restriction of ¢ to an open set on which it is injective is a lo-
cal parametrization of S; so Proposition 3.3.5 implies that T),S = dp(y,e) (R?)
for all p = p(t,0) € S. In particular, a basis of the tangent plane at p consists
of the vectors

a/(t) cos —a(t)siné
g = ?;0 (t,0) = | a/(t)sinf | , 860 = (Zg (t,0) = | at)cosd

Ezxample 3.3.16. A second degree polynomial p in three variables can always
be written in the form p(z) = 27 Az + 20Tz + ¢, where A = (a;;) € M3 3(R) is
a symmetric matrix, b € R? (we are writing vectors in R® as column vectors),
and ¢ € R. In particular, Vp(z) = 2(Az + b). So, if S € R? is the component
of the quadric having equation p(xz) = 0 that contains the point xg ¢ Crit(p),
the tangent plane T, .S to the surface S (see Exercise 3.9) at x¢ is given by

Ty S = {v € R | (Azg + b,v) =0} .

For instance, the tangent plane at the point 29 = (1,0, 1) to the one-sheeted
hyperboloid having equation 22 +y%—22—1 = 0 is the plane {v = (v1,v2,v3) €
RS | v = U3}.

3.4 Tangent vectors and derivations

Definition 3.3.6 of tangent plane is not completely satisfactory: it strongly
depends on the fact that the surface S is contained in R®, while it would
be nice to have a notion of tangent vector intrinsic to S, independent of its
embedding in the Euclidean space. In other words, we would like to have a
definition of 7,5 not as a subspace of R®, but as an abstract vector space,
depending only on S and p. Moreover, since we are dealing with “differential
geometry”, sooner or later we shall have to find a way to differentiate on a
surface.
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Surprisingly enough, we may solve both these problems at the same time.
The main idea is contained in the following example.

Ezample 3.4.1. Let U C R? be an open set, and p € U. Then we can associate
with each tangent vector v € T,U = R? a partial derivative:

0
ov

0
8131

0

+ 2 8132

P

v = (U1>U2) =

)

P

and all partial derivatives are of this kind. So, in a sense, we may identify T,,U
with the set of partial derivatives.

Our aim will then be to find a way for identifying, for general surfaces,
tangent vectors with the right kind of partial derivative. To do so, we must
first of all understand better which objects we want to differentiate. The key
observation is that to differentiate a function in a point it suffices to know its
behaviour in a neighborhood of the point; if our goal is just to differentiate
at p, two functions that coincide in some neighborhood of p are completely
equivalent. This remark suggests the following

Definition 3.4.2. Let S C R? be a surface, and p € S. Denote by F the set of
pairs (U, f), where U C S is an open neighborhood of p in S and f € C>=(U).
We define an equivalence relation ~ on F as follows: (U, f) ~ (V, g) if there
exists an open neighborhood W C U NV of p such that flw = g|lw. The
quotient space C*°(p) = F/~ is the space (or stalk) of germs of C* func-
tions at p, and an element f € C*(p) is a germ at p. An element (U, f) of
the equivalence class f is a representative of f. If it is necessary to remind the
surface on which we are working, we shall write Cg°(p) rather than C*°(p).

Remark 8.4.3. If U C S is an open subset of a surface S and p € U then we
clearly have C°(p) = C(p).

So, what we really want to differentiate are germs of C'* functions. Before
seeing how to do this, note that C°°(p) has a natural algebraic structure.

Definition 3.4.4. An algebra over a field K is a set A equipped with an addi-
tion +, a multiplication - and a multiplication by scalars -, such that (A4, +,-)
is a ring, (4,4, A:) is a vector space, and the associative property (Af)g =
M fg) = f(A\g) holds, for all A € K and f, g € A.

Lemma 3.4.5. Let S C R? be a surface, p € S, and £, g € C®(p) two
germs at p. Let also (U1, f1), (Ua, f2) be two representatives of £, and (V1,¢1),
(Va, g2) two representatives of g. Then:

(1) (U NV, f1+ g1) is equivalent to (Us N Va, fo + go);
(ii) (UrN Vi, fig1) is equivalent to (Uz N Va, faga);

(iii) (U1, Af1) is equivalent to (Uz, Af2) for all A € R;
(iv) fi(p) = f2(p).
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Proof. Let us begin with (i). Since (U, f1) ~ (Us, f2), there exists an open
neighborhood Wy C Uy NU; of p such that fi|w, = fa|lw,. Analogously, since
(Vi,91) ~ (Va,92), there exists an open neighborhood W, C V; NV, di p
such that gi|w, = g2|lw,. But then (fi + fo)lw;nw, = (91 + g2)|w,;nw,, and
SO (U1 ﬂVl,fl —|—gl) ~ (UQ mV27f2+92) as meWg CUINVINU;N Vs,
The proof of (ii) is analogous, and (iii) and (iv) are straightforward. O

Definition 3.4.6. Let f, g € C*°(p) be two germs at a point p € S. We
shall denote by f + g € C*(p) the germ represented by (U NV, f + g),
where (U, f) is an arbitrary representative of f and (V,g) is an arbitrary
representative of g. Analogously, we denote by fg € C*°(p) the germ repre-
sented by (UNYV, fg), and, given A € R, by Af € C*°(p) the germ represented
by (U, Af). Lemma 3.4.5 tells us that these objects are well defined, and it
is straightforward (why?) to verify that C'°°(p) with these operations is an
algebra. Finally, for all f € C*°(p) we define its value f(p) € R in p by setting
f(p) = f(p) for an arbitrary representative (U, f) of f; Lemma 3.4.5 again
implies that f(p) is well defined.

The fact that the composition of smooth maps is itself a smooth map al-
lows us to compare stalks in different points of different surfaces. Indeed, let
F:S; — S5 be a C* map between surfaces, and let (Vi,g1) and (V2,g2) be
two representatives of a germ g € C°°(F(p)). Then it is clear (exercise) that
(F7'(V1),g1 0 F) and (F~'(V3), g2 o F) represent the same germ at p, which,
then, depends on g (and on F') only.

Definition 3.4.7. Let F:S; — S be a smooth map between surfaces,
and p € S;. We shall denote by F,:Cg (F(p)) — O (p) the map asso-
ciating with a germ g € Cg’ (F(p)) having (V,g) as a representative the
germ F}(g) € CF(p) having (F~!(V),g o F) as a representative. We shall
sometimes write g o I’ rather than F}(g). It is immediate to see (exercise)
that £ is an algebra homomorphism.

Remark 3.4.8. A very common (and very useful) convention in contemporary
mathematics consists in denoting by a star written as a superscript (as in F;)
a map associated in a canonical way with a given map, but going in the op-
posite direction: F' is a function from S to Sy, whereas F™* is a function from
the germs in Sy to the germs in S;. The same convention uses a star as a
subscript (as in Fy) to denote an associated map going in the same direction
as the given one (see for instance Definitions 3.4.12 and 3.4.21 later on).

Lemma 3.4.9. (i) We have (ids); = id for all points p of a surface S.

(ii) Let F:S1 — So and G: Sy — S3 be two C*° maps between surfaces. Then
(Go k), =Fy oGy, forallpeS:.

(i) If F: Sy — So is a diffeomorphism, then Fy:C>(F(p)) — C>(p) is an
algebra isomorphism for all p € Sy. In particular, if o:U — S is a local
parametrization with o(x,) = p € S, then ¢} :CF(p) — CF(x,) is an
algebra isomorphism.
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Proof. (i) Obvious.
(ii) Follows immediately (exercise) from the equality go(GoF') = (goG)oF.
(iii) Indeed (F'~')},) is the inverse of F, by (i) and (ii). 0
Now we can define what we mean by a partial derivative on a surface.

Definition 3.4.10. Let S C R? be a surface, and p € S. A derivation at p is
a R-linear function D: C*°(p) — R satisfying a Leibniz (or product) rule:

D(fg) = f(p)D(g) + g(p)D(f) .

It is immediate to verify (exercise) that the set D(C*(p)) of derivations
of C*(p) is a vector subspace of the dual space (as a vector space) of C*(p).

Ezample 3.4.11. Let U C R? be an open subset of the plane, and p € U. We
have already remarked that T,U = R?. On the other hand, the partial deriva-
tives at p are clearly derivations of C°°(p); so we may introduce a natural
linear map o: T,U — D(C*>(p)) by setting

0
ov

0
+ v2

a(v) =
(v) g

81‘1

p

The key point here is that the map « is actually an isomorphism be-
tween T,U and D(C°(p)). Moreover, we shall show that 7,,S and D(Cg°(p))
are canonically isomorphic for every surface S and for every p € S, and this
fact will provide us with the desired intrinsic characterization of the tangent
plane. To prove all this we need one more definition and a lemma.

Definition 3.4.12. Let S C R® be a surface, and p € S. Given a local
parametrization :U — S in p with ¢(x,) = p € S, we define a map @,:
D(C>(z,)) — D(C>(p)) by setting ¢.(D) = Do ¢} , that is,

p«(D)(f) = D(f o )

for all f € C*°(p) and D € D(C*(z,)). It is immediate to verify (check it!)
that . (D) is a derivation, since ¢} is an algebra isomorphism, and so the
image of ¢, is actually contained in D(C*(p)). Moreover, it is easy to see
(exercise) that . is a vector space isomorphism, with (¢.) (D) = Do(p™1)%
as its inverse.

Remark 3.4.13. We shall see later on (Remark 3.4.16) that ¢, can be canoni-
cally identified with the differential of the local parametrization.

Lemma 3.4.14. Let U C R" be an open domain star-shaped with respect
to z° € R™. Then for all f € C*(U) there exist g1,...,9, € C®(U) such
that g;(z°) = ggj (z°) and

flx) = f) +

J

(z; — 7)g;(@)

n

forallz e U.



142 3 Local theory of surfaces
Proof. We have

n 1
0
= Z(xj —z9) / ! (2° 4+ t(z —2°)) dt,
T 0 81}7
j=1
so it suffices to define

gj(x) = /0 gxfj (m" +t(x — mo)) de .
O

We may now prove the characterization of the tangent plane we promised:

Theorem 3.4.15. Let S C R® be a surface, and p € S. Then the tangent
plane T,S is canonically isomorphic to the space D(C“’(p)) of derivations

of C*(p).

Proof. Let ¢:U — S be a local parametrization centered at p. Let us begin
by writing the following commutative diagram:

ToU =R?>  “ =D(C>(0))

dyo P , (3.2)

\ \

()

where « is the map defined in Example 3.4.11, and 3 = ¢, o a0 (dpp) .

We shall proceed in two steps: first of all, we shall show that « is an iso-
morphism. Since dpo and ¢, are isomorphisms, this will imply that 3 is an
isomorphism too. We shall prove next that it is possible to express [ in a
way independent of ¢; so § will be a canonical isomorphism, independent of
arbitrary choices, and we shall be done.

Let us prove that « is an isomorphism. As it is obviously linear, it suffices
to show that it is injective and surjective. If v = (vy,v3) € R* = ToU, we

have 5
s
v = vj 81,7 (0) = a(v)(x;)
J

for j =1, 2, where x; is the germ at the origin of the coordinate function x;.
Innparticular, if v; # 0 we have a(v)(x;) # 0; so v # O implies a(v) # O and
a is injective. To show that it is surjective, take D € D(C*°(0)); we claim
that D = «(v), where v = (Dx1, Dx32). First of all, note that

D1=D(1-1)=2D1,
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so Dc = 0 for any constant ¢ € R, where c is the germ represented by (RQ, c).
Take now an arbitrary f € C°°(0). By applying Lemma 3.4.14, we find

Df = D(f(0)) + D(x121 + x282) (3.3)

= > [5(0)D; + £/(0)Dx,] = YD, - (0) = alw)®).

=1

where v = (Dx1, Dx3) as claimed, and we are done.

So, o and [ are isomorphisms; to complete the proof, we only have to show
that 3 does not depend on ¢ but only on S and p. Let v € T,,S, and choose a
curve o: (—¢,¢€) — S such that 0(0) = p and ¢/(0) = v. We want to show that

Bu)(f) = (f 2 0)'(0) (3-4)

for all f € C*°(p) and any representative (U, f) € f. If we prove this, we are
done: indeed, the left-hand side of (3.4) does not depend on o nor on the
chosen representative of f, while the right-hand side does not depend on any
local parametrization. So 3 does not depend on ¢ or on ¢, and thus it is the
canonical isomorphism we were looking for.

Let us then prove (3.4). Write 0 = oo, as in the proof of Proposition 3.3.5,
so that v = dpo (v°) = V901 |, + v§0s|, and v° = (v],v9) = o’ (0) € R*. Then

B)(E) = (w0 a0 (dpo) ™) (v)(F) = (px 0 @) (v°)(f)
= a(v”)(¢5(f)) = a(v’)(f o ¥)

=9 (0) 15 29 0) (35)
= @10 770+ 60" 0)
= ((fop)oa,) (0)=(foo)(0),

and we are done. -

Remark 3.4.16. A consequence of diagram (3.2) is that, as anticipated in Re-
mark 3.4.13, the map ¢, is the exact analogue of the differential of ¢ when
we interpret tangent planes as spaces of derivations.

From now on, we shall always identify 7,5 and D(C*(p)) without (al-
most ever) explicitly mentioning the isomorphism g; a tangent vector will be
considered both as a vector of R® and as a derivation of the space of germs
at p without further remarks.

Remark 3.4.17. Let ¢:U — S be a local parametrization centered at a
point p € S, and take a tangent vector v = v101|, + v202|, € T,S. Then
(3.5) tells us that the action of v as a derivation is given by

o(f) = vy 5%:19") (0) +vs 3(";;’2@) (0),
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for all germs f € C*°(p) and all representatives (V, f) of f. In particular,

9 A(fowp)
(f) = (0),
8£Uj p 8xj
a formula which explains the notation introduced in Definition 3.3.10. As a
consequence, for any p € R? we shall always identify the vectors eq, e, of the
canonical basis of R? with the partial derivatives 0/0x1 |, /02|, € T,R>.

Remark 3.4.18. In the previous remark we have described the action of a tan-
gent vector on a germ by expressing the tangent vector in terms of the ba-
sis induced by a local parametrization. If, on the other hand, we consider
v = (v1,ve,v3) € T,S as a vector of R?, we may describe its action as fol-
lows: given f € C*°(p), choose a representative (V, f) of f and extend it using
Proposition 3.2.12 to a smooth function f defined in a neighborhood W of p
in R*. Finally, let o:(—¢,e) — S be a curve with o(0) = p and o’(0) = v.
Then:

o) = (Fo0)(0) = (Foo)0) =D v | ().

Warning: while the linear combination in the right-hand side of this formula
is well defined and only depends on the tangent vector v and on the germ f,
the partial derivatives df /0z;(p) taken on their own depend on the particular
extension f and not only on f, and thus they have nothing to do with the
surface S.

Remark 3.4.19. If we have two local parametrizations ¢: U — S and ¢: U — S
centered at p € S, we obtain two bases {91, } and {9y, s} of T}, S, where 8; =
9¢/07;(0), and (i1, #2) are the coordinates in U; we want to compute the
change of basis matrix. If h = ¢! o ¢ is the change of coordinates, we have
= poh,and so

dp 0P Ohy ) Oho
8] - 8$j (O) - 8$1 (h(O)) aéﬂj (O + 8x2 ( ij (O)
01, A OFy, 5

where, to make the formula easier to remember, we have written 9z;/0x;
rather than Oh;/dz;. So the change of basis matriz is the Jacobian matriz of
the change of coordinates.

Remark 3.4.20. The identification of tangent vectors and derivations only
holds when working with functions and local parametrizations of class C°°.
The reason is Lemma 3.4.14. Indeed, if f € C¥(U) with k < oo, the same
proof provides functions g1, ..., g, which are in C*¥~1(U) but a priori might
not be in C*(U), and the computation made in (3.3) might become meaning-
less. This is an insurmountable obstacle: in fact, the space of derivations of
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Ck germs with 1 < k < oo is of infinite dimension (Exercise 3.35), and thus
it cannot be isomorphic to a plane.

The way we have introduced the map ., together with its relation with
the usual differential, suggests the following definition of a differential for an
arbitrary C°*° map between surfaces:

Definition 3.4.21. Let F: 51 — S; be a C'°° map between two surfaces. The
differential of F' at p € Sy is the linear map dFj,:T,S1 — Tp(,)S2 defined by

dF,(D) = Do F;
for any derivation D € T,,S of C°(p). We may also write (F\), instead of dF},.

It is not difficult to see how the differential looks like when applied to
vectors seen as tangent vectors to a curve:

Lemma 3.4.22. Let F: S1 — Sy be a C°° map between surfaces, and p € Sy.
If o:(—e,e) — S1 is a curve with 0(0) =p and o' (0) = v, then

dF,(v) = (Foa)(0). (3.6)

Proof. Set w = (F 00)'(0) € Tr(,)S2. Using the notation introduced in the
proof of Theorem 3.4.15, we have to show that dF),(3(v)) = 8(w). But for
each f € C*°(F(p)) we have

dF, (B(v))(£) = B(v) (Fy () = Bv)(f o F)
= ((foF)o0)(0)= (fo(Fe0))(0) = Blw)(f) ,
where (U, f) is a representative of f, and we have used (3.4). |

As for the tangent plane, we then have two different ways to define the
differential, each one with its own strengths and weaknesses. Formula (3.6) un-
derlines the geometric meaning of differential, showing how it acts on tangent
vectors to curves; Definition 3.4.21 highlights instead its algebraic properties,
such as the fact that the differential is a linear map between tangent planes,
and makes it (far) easier to prove its properties. For instance, we obtain a
one-line proof of the following proposition:

Proposition 3.4.23. (i) We have d(idg), = id for every surface S and ev-
eryp e S.

(ii) Let F:S1 — Sy and G: Sy — S3 C'™ be maps between surfaces, andp € Sy.
Then d(G [©] F)p = dGF(p) o de

(iii) If F': .81 — S is a diffeomorphism then dFy,: TSy — Tr(,)Se is invertible
and (dF,)™" = d(F~1) gy for allp € Sy.

Proof. Tt is an immediate consequence of Lemma 3.4.9 and of the definition
of differential. O
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Formula (3.6) also suggests how to define the differential of a C'*° map
defined on a surface but with values in R":

Definition 3.4.24. If F: S — R"™ is a C* map, and p € S, the differential
dF,:T,S — R" of F at p is defined by setting dF,(v) = (F o ¢)'(0) for all
v € T,5, where 0: (—¢,e) — S is an arbitrary curve in S with ¢(0) = p and
0’(0) = v. It is not hard (exercise) to verify that dF,(v) only depends on v
and not on the curve o, and that dF), is a linear map.

Remark 3.4.25. In particular, if f € C°°(S) and v € T,,S then we have

dfp(v) = (f 0 0)'(0) = v(f),

where f is the germ represented by (S, f) at p. This formula shows that the
action of the differential of functions on tangent vectors is dual to the action
of tangent vectors on functions.

Remark 3.4.26.1f F: S — R" is of class O and ¢:U — S is a local para-
metrization centered at p € S, it is immediate (why?) to see that
O(F o)
dF,(0;) = (0)
P\~ azj
for j =1, 2, where {01, 02} is the basis of T),S induced by ¢. In particular, if
@ is another local parametrization of S centered at p and F' = G o ¢!, then

dFy(9;) = 9; (3.7)
for j =1, 2, where {d;,d,} is the basis of T,,S induced by ¢.

Let us see now how to express the differential in local coordinates. Given
a smooth map F:S; — Sy between surfaces, choose a local parametrization
p:U — S7 centered at p € Sy, and a local parametrization ¢: U — S, cen-
tered at F(p) € S with F(o(U)) C @(U). By definition, the expression of F

in local coordinates is the map F = (Fl,ﬁ'g): U — U given by
F= <ﬁ_1 oFop.

We want to find the matrix that represents dFj, with respect to the bases

{01,0,} of T,8; (induced by @) and {9y, D} of T'r(p)S2 (induced by ¢); recall

that the columns of this matrix contain the coordinates with respect to the

new basis of the images under dFj, of the vectors of the old basis. We may

proceed in any of two ways: either by using curves, or by using derivations.
A curve in Sy, tangent to 0; at p, is 0;(t) = p(te;); so

d

dFy(9;) = (Fo0;)(0) = d&t (@OF(tej)) _ OF £ O A

(0)81 =+ 81‘]‘ (0)82 .

=0 8.73j
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Hence, the matriz that represents dF),, with respect to the bases induced by two
local parametrizations is exactly the Jacobian matriz of the expression F of F
in local coordinates. In particular, the differential as we have defined it really
is a generalization to surfaces of the usual differential of C*° maps between
open subsets of the plane.

Let us now get again the same result by using derivations. We want to find
aij € Rsuch that dF,(8;) = a1;014ag;0; for j = 1, 2. Tt we set =1 = (i1, &2),
it is immediate to verify that

L 1 ifh=Fk,
ah(x’“)‘sh’“{o it h £k

where X, is the germ at p of the function z. Hence,

oy =A%) = 0y (Fy ) = 70 7P o) = O

in accord with what we have already obtained.

Remark 3.4.27. Warning: the matrix representing the differential of a map be-
tween surfaces is a 2 X 2 matrix (and not a 3 x 3, or 3 x 2 or 2 X 3 matrix),
because tangent planes have dimension 2.

We conclude this chapter remarking that the fact that the differential of
a map between surfaces is represented by the Jacobian matrix of the map
expressed in local coordinates allows us to easily transfer to surfaces classical
calculus results. For instance, here is the inverse function theorem (for other
results of this kind, see Exercises 3.19, 3.31, and 3.22):

Corollary 3.4.28. Let F:S7 — Sy be a smooth map between surfaces, and
p € S1 a point such that dF,:T,S1 — TSz is an isomorphism. Then there
exist a neighborhood V- C Sy of p and a neighborhood VvV CS, of F(p) such
that Fyv:V — V is a diffeomorphism.

Proof. Let ¢:U — S7 be a local parametrization at p, and cﬁ:ﬁ — Sy a
local parametrization at F(p) with F(p(U)) C @(U). Then the assertion
immediately follows (why?) from the classical inverse function theorem (The-
orem 2.2.4) applied to $p~1 o F o ¢. O

Guided problems
Definition 3.P.1. The catenoid is a surface of revolution having a catenary

(see Example 1.2.16) as its generatrix, and axis disjoint from the support of
the catenary; see Fig. 3.7.(a).
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Fig. 3.7. (a) a catenoid; (b) a helicoid

Problem 3.1. Let 0: R — R® be the parametrization o(v) = (acosh v,0,av)
of a catenary, and let S be the catenoid obtained by rotating this catenary
around the z-axis.

(i) Determine an immersed surface whose support is the catenoid S.
(ii) Determine for each point p of S a basis of the tangent plane T),S.

Solution. Proceeding as in Example 3.1.18 we find that an immersed surface
©: R? — R? having the catenoid as support is

o(u,v) = (acosh v cos u,acosh vsin u,av) .

Since o is a global parametrization of a regular curve whose support does
not meet the z-axis, the catenoid is a regular surface. In particular, for all
(u0,v0) € R? the restriction of ¢ to a neighborhood of (ug,v) is a local para-
metrization of S, and so in the point p = ¢(ug, vg) of the catenoid a basis of
the tangent plane is given by

A —a cosh vg sin ug
81|p = 9 (Uo,vo) = | acoshvgcosug | ,
" 0
A a si.nh Uo €OS Ug
Oalp = Py (u,v0) = | asinh vg sin ug
a

a

Definition 3.P.2. Given a circular helix in R?, the union of the straight lines
issuing from a point of the helix and intersecting orthogonally the axis of the
helix is the helicoid associated with the given helix; see Fig. 3.7.(b).

Problem 3.2. Given a # 0, let 0: R — R? be the circular heliz parametrized
by o(u) = (cos u,sin u, au).
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(i) Prove that the helicoid associated with o is the support of the map p: R? —
R? given by
o(u,v) = (veosu,vsinu, au) .

(ii) Show that ¢ is a global parametrization and that the helicoid is a regular
surface.
(iii) Determine, for every point of the helicoid, a basis of the tangent plane.

Solution. (i) Indeed the straight line issuing from a point (zg, yo, 20) € R? and
intersecting orthogonally the z-axis is parametrized by v — (vao, vyo, 20)-

(ii) The map ¢ is clearly of class C'*°. Moreover, its differential is injective
in every point; indeed, gi = (—v sin u,v cos u,a) and gf = (cos u,sin u, 0),
and so 5 5
v 0P _
ou Ov

has absolute value va2 + v2 nowhere zero. Finally, ¢ is injective and is a
homeomorphism with its image. Indeed, the continuous inverse can be con-
structed as follows: if (x,y,2) = ¢(u,v), then © = z/a and v = 2/ cos(z/a),
or v = y/sin(z/a) if cos(z/a) = 0.

(—a sinu, a cos u, —v)

(iii) In the point p = p(ug,vo) of the helicoid a basis of the tangent plane
is given by

D —vp sin ug 0 COS U
81|p = (UQ,U()) = Vo COS Ug y 82|p = (UQ,U()) = sinuo

ou “ ov 0

O

Definition 3.P.3. Let H C R® be a plane, £ ¢ R? a straight line not con-
tained in H, and C' C H a subset of H. The cylinder with generatriz C' and
directriz { is the subset of R? consisting of the lines parallel to ¢ issuing from
the points of C. If £ is orthogonal to H, the cylinder is said to be right.

Problem 3.3. Let C C R? be the support of a Jordan curve (or open arc) of
class C™ contained in the xy-plane, and £ C R* a straight line transversal to
the xy-plane. Denote by S C R® the cylinder having C as generatriz and £ as
directriz.

(i) Show that S is a regular surface.

(ii) Determine an atlas for S when ¢ is the z-axis and C is the circle of
equation x2 4+ y* = 1 in the plane H = {z = 0}.

(iii) If S is as in (ii), show that the map G:R* — R? defined by

G(z,y,2) = (e"z,e7y)

induces a diffeomorphism G|s: S — R?\ {(0,0)}.
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Solution. (i) Let v be a versor parallel to £, denote by H the xy-plane, and let
0:R — C be a global or periodic parametrization of C' (see Example 3.1.18).
A point p = (z,y, z) belongs to S if and only if there exist a point py € C and
a real number v such that p = poy + vv. Define then ¢: R?* — R? by setting

p(t,v) =o(t) +vv.

Since Op/0t(t,v) = o'(t) € H and dp/0v(t,v) = v, the differential of ¢ has
rank 2 everywhere, and so ¢ is an immersed surface with support S.

If C is an open Jordan arc, then ¢ is a homeomorphism with its image, so
we obtain a continuous inverse of ¢ as follows: if p = p(¢,v) then

v = and t:cfl(pfvv),

where w is a versor orthogonal to H, and (v, w) # 0 because v is transversal
to H. So in this case ¢ is a global parametrization of the regular surface S.

If C is a Jordan curve, the same argument shows that if (a, b) is an interval
where o is a homeomorphism with its image then ¢ restricted to (a,b) x R
is a homeomorphism with its image; so, as seen for surfaces of revolution, it
turns out that S is a regular surface with an atlas consisting of two charts,
obtained by restricting ¢ to suitable open subsets of the plane.

(ii) In (i) we already constructed an atlas; let us find another one. This par-
ticular cylinder is the level surface f~1(0) of the function f:R® — R given by
f(z,y, 2) = 22 +y*—1; note that 0 is a regular value of f because the gradient
Vf = (2x,2y,0) of f is nowhere zero on S. We shall find an atlas for S by fol-
lowing the proof of Proposition 3.1.25, where it is shown that maps of the form
o(u,v) = (u,g(u,v),v) with g solving the equation f(u,g(u,v),v) = 0 are
local parametrizations at points py € S where df/9y(po) # 0, and that maps
of the form ¢(u,v) = (g(u, v), u,v) with g solving the equation f(g(u,v), u,v)
= 0 are local parametrizations at points pg € S where 9 f/0x(py) # 0.

In our case, Vf = (2z,2y,0). So if yo # 0 we must solve the equation
u? +g(u,v)? — 1 = 0; therefore g(u,v) = +v/1 —u2, and setting U = {(u,v) €
R? | =1 < u < 1} we get the parametrizations ¢, p_: U — R? at points in
S N{y # 0} by setting

90—5-(“71}):(”7 \/1_u27v) ) QD_(U7U):(’LL,—\/1—U2,”U) .

Analogously, we construct the local parametrizations ¢y, v_:U — R? at
points in S N {z # 0} by setting

Ui (u,v) = (\/1 —uZu,v), Y_(u,v) = (—\/1 —u?,u,v) .

It is then easy to see that {p4,p_,1¥1,9¥_} is an atlas of S, because every
point of S is contained in the image of at least one of them.
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(iii) The map G|g is the restriction to S of the map G which is of class C'*°
on the whole R, so it is of class C™ on S. So, to prove that G|s is a diffeo-
morphism it suffices to find a map H:R?\ {(0,0)} — S of class C™ that is
the inverse of G|g. First of all, note that the image of G| lies in R\ {(0,0)}.
Moreover, for all a, b € R with a? + v> = 1 the restriction of G|s to the
straight line {(a,b,v) € S | v € R} C S is a bijection with the half-
line {e’(a,b) | v € R} ¢ R*\ {(0,0)}. So G|s is a bijection between S
and R?\ {(0,0)}, and the inverse H we are looking for is given by

a b
— 2 2
H(a,b)—<\/a2+b2,\/a2+b2,]og\/a +b> .

Note that H is of class C, since it is a C° map from R? \ {(0,0)} to R®
having S as its image. O

Problem 3.4. As in Example 3.3.16, write a quadratic polynomial p in three
variables in the form p(x) = xTAx + 2bTx + ¢, where A = (a;;) € M3 3(R)
is a symmetric matriz, b € R? (we are writing the elements of R? as column
vectors), and ¢ € R. Let now S be the quadric in R3 defined by the equation
p(x) = 0. Remember that the quadric S is said to be central if the linear
system Az +b = O has a solution (called center of the quadric), and is a
paraboloid otherwise (see [1, p. 149]).

(i) Prove that (the connected components of ) the paraboloids and the central
quadrics not containing any of their centers are reqular surfaces.
(ii) Given the symmetric matriz

A b
B = (bT C) €M4,4(R) s
show that a point © € R® belongs to the quadric if and only if

(7T 1)3(”;):0. (3.8)

(iii) Prove that if det B # O then the connected components of the quadric S
are (either empty or) reqular surfaces.

(iv) Show that if S is a central quadric containing one of its centers, then its
components are reqular surfaces if and only if S is a plane if and only if
rgA =1.

Solution. (i) In Example 3.3.16 we saw that Vp(z) = 2(Az+0), so the critical
points of f are exactly the centers of S. So, if S is a paraboloid or it does
not contain its centers then 0 is a regular value of p, and the components of
S = p~1(0) (if non-empty) are regular surfaces by Proposition 3.1.25.
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(ii) The product in the left-hand side of (3.8) is exactly equal to p(z).

(iii) Assume by contradiction that S is a central quadric containing a cen-
ter xo. From p(zo) = 0 and Azg + b = O we immediately deduce (because
28'b = bT'zg) that <$10> is a non-zero element of the kernel of B, and hence
det B = 0. The assertion then follows from (i).

(iv) Suppose that xg € S is a center of S. Since the centers of S are exactly
the critical points of p, the property of containing one of its own centers is
preserved under translations or linear transformations on R?; hence, up to
a translation, we may assume without loss of generality that zqg = O. Now,
the origin is a center if and only if b = O, and it belongs to S if and only if
¢ = O. This means that O € S is a center of S if and only if p(x) = 27 Az.
By Sylvester’s law of inertia (see [1, Vol. II, Theorem 13.4.7, p. 98]), we only
have the following cases:

(a) ifdet A # 0, then up to a linear transformation we may assume that p(z) =
2% + 23 £ 2%, so either S is a single point or it is a two-sheeted cone, and
in both cases it is not a regular surface;

(b) ifrg A = 2, then up to a linear transformation we may assume that p(z) =
x? £ 23, so either S is a straight line or it is the union of two incident
planes, and in both cases it is not a regular surface;

c) if rg A =1, then up to a linear transformation we have p(z) = 22, and so
1
S is a plane. O

Exercises

IMMERSED SURFACES AND REGULAR SURFACES
3.1. Show that the map ¢:R? — R® defined by

u? v3
o(u,v) = (u— 5 +uv?, v — 5 —|—11u2,u2—1)2>.

is an injective immersed surface (Enneper’s surface; see Fig. 3.8). Is it a home-
omorphism with its image as well?

3.2. Prove that the map ¢: R? — R? defined by

( )_ U+v u—7v
plu,v) = ) ) 2 , UV

is a global parametrization of the one-sheeted hyperboloid, and describe its
coordinate curves, v — (ug, v) with ug fixed and u — @(u,vg), with vy fixed.

3.3. Let U = {(u,v) € R? | u > 0}. Show that the map ¢:U — R* given by
o(u,v) = (u+vcosu,u? + vsinu,u?®) is an immersed surface.
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Fig. 3.8. Enneper’s surface

3.4. Let 52 C R® be the sphere of equation 22 + 42 + 22 = 1, denote by N
the point of coordinates (0,0,1), and let H be the plane of equation z = 0,
which we shall identify with R by the projection (u,v,0) — (u,v). The stere-
ographic projection mx:S%\ {N} — R? from the point N onto the plane H
maps p = (z,y,2) € S?\ {N} to the intersection point 7y (p) between H and
the line joining N and p.

(i) Show that the map my is bijective and continuous, with continuous in-
verse Ty R* — S\ {N} given by

1 2u 2v u? +0v? -1
7TN (u,’l}): ) ) .
uw+02+ 17w+ 02+ 17 u2+02+1

(ii) Show that 75" is a local parametrization of S2.

(iii) Determine, in an analogous way, the stereographic projection mg of S?
from the point S = (0,0, —1) onto the plane H.

(iv) Show that {my', 75"} is an atlas for S? consisting of two charts.

3.5. Let S C R? be a connected subset of R? such that there exists a fam-
ily {Sa} of surfaces with S = (J, So and such that every S, is open in S.
Prove that S is a surface.

3.6. Find an atlas for the ellipsoid of equation (x/a)? + (y/b)? + (2/c)? = 1
(see also Example 3.1.27).

3.7. Consider a Jordan curve C' of class C° contained in a plane H C R?,
take a straight line / C H not containing C', and suppose that C' is symmetric
with respect to £ (that is, p(C) = C, where p: H — H is the reflection with
respect to ). Prove that the set obtained by rotating C' around ¢ is a regular
surface. In particular, this shows again that the sphere is a regular surface.

3.8. Prove that the set of critical points of a map F:U — R™ of class C*°,
where U C R" is open, is a closed subset of U.
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3.9. Let V C R? be an open subset and f € C°°(V). Prove that for all € R
the connected components of the set f~1(a)\ Crit(f) are regular surfaces.
Deduce that each component of complement of the vertex in a double-sheeted
cone is a regular surface.

3.10. Prove using Proposition 3.1.25 that the torus of equation
22 =12 — (Va2 +y? —a)?,

obtained by rotating the circle with radius r < a and center (a,0,0) around
the z-axis is a regular surface.

3.11. Let S C R? be a subset such that for all p € S there exists an open
neighborhood W of p in R? such that W N S is a graph with respect to one
of the three coordinate planes. Prove that S is a regular surface.

3.12. Show that if 0: I — U C R? is the parametrization of a regular C™
curve whose support is contained in an open set U C R?, and if p:U— Sisa
local parametrization of a surface S then the composition ¢ o o parametrizes
a C* curve in S.

3.13. Prove that the set S = {(z,y,2) € R® | 2% 4+ 3? — 2° = 1} is a regular
surface, and find an atlas for it.

3.14. Let ¢:R x (0,7) — S? be the immersed surface given by
o(u,v) = (cosu sinw, sinu sinwv, cosv) ,

and let o: (0,1) — S? be the curve defined by o(t) = p(logt, 2 arctant). Show
that the tangent vector to o at o(t) forms a constant angle of w/4 with the
tangent vector to the meridian passing through o(t), where the meridians are
characterized by the condition u = const.

3.15. Show that the surface S; C R? of equation 2243222 = 1 is not compact,
while the surface So C R? of equation 22 4+ y* + 26 = 1 is compact.

3.16. Consider a map f:U — R®, defined on an open subset U C R? and
of class C*°, and let ¢:R? — R be given by ¢(u,v) = (u,v, f(u,v)). Prove
that ¢ is a diffeomorphism between U and S = ¢(U).

3.17. Show that, for any real numbers a, b, ¢ > 0, the following maps are local
parametrizations of quadrics in R®, with equations analogous to those given
in Example 3.1.28:

p1(u,v) = (asinucos v, bsin usin v, ¢ cos u) ellipsoid,

pa(u,v) = (asinhucosv,bsinhusinv, ccoshu)  two-sheeted hyperboloid,
w3(u,v) = (asinhusinh v, bsinh uwcosh v, csinh u) one-sheeted hyperboloid,
@4(u,v) = (aucosv, busin v, u?) elliptic paraboloid,

¢5(u,v) = (aucosh v, businh v, u?) hyperbolic paraboloid.

<
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Fig. 3.9. The pseudosphere

Is it possible to choose a, b, ¢ in such a way that the surface is a surface
of revolution with respect to one of the coordinate axes? Consider each case
separately.

3.18. Let S C R® be the set (called pseudosphere) obtained by rotating around
the z-axis the support of the tractrix o: (0,7) — R3 given by

o(t) =(sint,0,cost + log tan(t/2)) ;

see Fig. 3.9. Denote by H C R® the plane {z = 0}. Prove that S is not a regu-
lar surface, whereas each connected component of S\ H is; see Example 4.5.23
and Problem 4.8.

SMOOTH FUNCTIONS

3.19. Let S C R? be a surface. Prove that if p € S is a local minimum or a
local maximum of a function f € C°°(S) then df, = 0.

3.20. Define the notions of a C* map from an open subset of R" to a surface,
and of a C'° map from a surface to an Euclidean space R™.

3.21. Let S C R? be a surface, and p € S. Prove that there exists an open set
W C R? of p in R?, a function f € C*° (W) and a regular value a € R of f
such that SNW = f~1(a).

3.22. Given a surface S C R?, take a function f € C°°(S) and a regular value
a € R of f, in the sense that df, # O for all p € f~1(a). Prove that f~!(a) is
locally the support of a simple curve of class C*°.

3.23. Let C' C R? be the support of a Jordan curve (or open arc) of class C™
contained in the half-plane {z > 0}. Identify R? with the zz-plane in R®, and
let S be the set obtained by rotating C' around the z-axis, which we shall
denote by /.



156 3 Local theory of surfaces

(i) Let ®:RT x R x §* — R? be given by ®(z,2,(s,t)) = (ws,at,z) for all
x>0,z € Rand (s,t) € S'. Prove that @ is a homeomorphism between
RT x R x S* and R*\ ¢, and deduce that S is homeomorphic to C' x S.

(ii) Let ¥:R* — C x S be given by ¥(t,0) = (o(t), (cosf,sinf)), where
0:R — R? is a global or periodic parametrization of C, and let I C R
be an open interval where o is injective. Prove that W|IX(90790+27T) is a
homeomorphism with its image for all 6y € R.

(iii) Use (i) and (ii) to prove that S is a regular surface.

3.24. Using the Jordan curve theorem for continuous curves prove that the
complement of the support of a continuous Jordan curve in S? has exactly
two components.

TANGENT PLANE

3.25. Let S C R® be a surface, p € S and {v;,v5} a basis of T,,S. Prove that
there is a local parametrization ¢: U — S centered at p such that 1], = v;
and 82|p = V2.

3.26. Given an open set W C R® and a function f € C°(W), take a € R
and let S be a connected component of f~1(a)\ Crit(f). Prove that for all
p € S the tangent plane 7,5 coincides with the subspace of R? orthogonal to

V(p).

3.27. Show that the tangent plane at a point p = (zo, yo, 20) of a level surface
f(x,y, z) = 0 corresponding to the regular value 0 of a C'*° function f: R?® - R
is given by the equation

of
or

(p)x+g£(p)y+g‘z(p)z=0,

while the equation of the affine tangent plane, parallel to the tangent plane
and passing through p, is given by

o) ) =0+ o) ) 5= w0 + o () ) =0

3.28. Determine the tangent plane at every point of the hyperbolic paraboloid

with global parametrization : R? — R?® given by o(u,v) = (u, v, u? — v?).

3.29. Let S C R? be a surface, and p € S. Prove that
m = {f € C>(p) | f(p) = 0}

is the unique maximal ideal of C*°(p), and that T},S is canonically isomorphic
to the dual (as vector space) of m/m?.
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3.30. Let ¢: R?* — R? be given by ¢(u,v) = (u,v®,u — v), and let 0:R — R®
be the curve parametrized by o(t) = (3t,t, 3t — t2).

(i) Prove that S = ¢(R?) is a regular surface.

(ii) Show that o is regular and has support contained in S.

(iii) Determine the curve o,: R — R? such that o = ¢ o o,.

(iv) Write the tangent versor to ¢ at O = ¢(0) as a combination of the basis
01 and 0, of the tangent plane TpS to S at O induced by .

3.31. Let S C R? be a surface. Prove that a O function F: S — R™ satisfies
dF, = O for all p € S if and only if F' is constant.

3.32. Two surfaces S1, So C R? are transversal if S1NSs # @ and 1,5 # 1,5
for all p € S1 N S,. Prove that if S; and Sy are transversal, then each compo-
nent of S1 NS, is locally the support of a simple regular C'*° curve.

3.33. Let H C R? be a plane, £ C R? a straight line not contained in H, and
C C H asubset of H. Consider the cylinder S with generatrix C' and directrix
£. Show that the tangent plane to S is constant at the points of .S belonging
to a line parallel to the directrix /.

3.34. Let ¢:R® — R® be the global parametrization of the regular surface
S = ¢(R?) given by ¢(u,v) = (u—v,u? +v,u —v*). Determine the Cartesian
equation of the tangent plane to S at p = (0,2,0) = ¢(1,1).

3.35. Prove that the space of derivations of germs of C* functions (with 1 <
k < 00) has infinite dimension.

3.36. Prove that the space of derivations of germs of continuous functions
consists of just the zero derivation.

Definition 3.E.1. Let S; and S, be regular surfaces in R® having in com-
mon a point p. We say that S7 and Sy have contact of order at least 1 at
p if there exist parametrizations ¢ of S; and @y of So, centered at p, with
01 /0u(0) = 9ps/0u(0) and dp1/0v(0O) = dps/0v(0). Moreover, the sur-
faces are said to have contact of order at least 2 at p if there is a pair of
parametrizations centered at p for which all the second order partial deriva-
tives coincide too.

3.37. Show that two surfaces have contact of order at least 1 at p if and only
if they have the same tangent plane at p. In particular, the tangent plane at
p is the only plane having contact of order at least 1 with a regular surface.

3.38. Show that if the intersection between a regular surface S and a plane H
consists of a single point pg, then H is the tangent plane to S at pg.

3.39. Let 2 C R® be an open subset, f € C°°(£2) such that 0 is a regu-
lar value of f, and S a connected component of f~1(0). Given py € S, let
o:(—¢,e) — R? be a curve with ¢(0) = pg. Prove that ¢'(0) € T, S if and
only if f and o have contact of order at least 1 in the sense of Definition 1.E.2.
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SMOOTH MAPS BETWEEN SURFACES

3.40. Prove that a smooth map between surfaces is necessarily continuous.

3.41. Let F:S; — S be a map between surfaces, and p € S;. Prove that
if there exist a local parametrization p;:U; — S; at p and a local para-
metrization @o:Us — So at F(p) such that (pgl o F oy is of class C* in a
neighborhood of (pl_l(p), then w;l o F o1y is of class C*° in a neighborhood
of ¢1_1(p) for any local parametrization ¢;: V3 — Sy of S at p and any local
parametrization 19: Vo — So of S at F(p).

3.42. Show that the relation “S; is diffeomorphic to S;” is an equivalence
relation on the set of regular surfaces in R®.

3.43. Let F: 52 — R be defined by

F(p) = (2 — y*, 2y,y2)
for all p = (x,y,2) € S2. Set N = (0,0,1) and E = (1,0,0).

(i) Prove that dF, is injective on 7,,S? for all p € S?\ {+N, +FE}.

(ii) Prove that S; = F(S?\ {y = 0}) is a regular surface, and find a basis of
T45 for all g € ;.

(iii) Given p = (0,1,0) and ¢ = F(p), choose a local parametrization of S? at
p, a local parametrization of S; at ¢, and write the matrix representing
the linear map dFj: Tp52 — T,S1 with respect to the bases of TpS2 and
T,S1 determined by the local coordinates you have chosen.

3.44. Show that the antipodal map F:S? — S? defined by F(p) = —p is a
diffeomorphism.

3.45. Determine an explicit diffeomorphism between the portion of a cylinder
defined by {(z,y,2) € R* | 22 +y?> =1, —1 < 2z < 1} and S?\ {N, S}, where
N =(0,0,1) and S = (0,0,—1).

3.46. Determine a diffeomorphism between the unit sphere 2 ¢ R?® and the
ellipsoid of equation 422 + 9y? + 2522 = 1.

3.47. Let C7 and C5 be supports of two regular curves contained in a sur-
face S that are tangent at a point pg, that is, having the same tangent line at
a common point pg. Show that if F:.S — S is a diffeomorphism then F(Cy)
and F(Cy) are the supports of regular curves tangent at F'(po).

3.48. Let f:S7 — S5 be a smooth map between connected regular surfaces.
Show that f is constant if and only if df = 0.

3.49. Prove that every surface of revolution having as its generatrix an open
Jordan arc is diffeomorphic to a circular cylinder.
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3.50. Show that a rotation of an angle 6 of R® around the z-axis induces a
diffeomorphism on a regular surface of revolution obtained by rotating a curve
around the z-axis.

3.51. Let S C R" be a regular surface and py ¢ S. Prove that the function
d: S — R defined by d(p) = |lp—poll, i-e., the distance from py, is of class C*°.

3.52. Construct an explicit diffeomorphism F' between the one-sheeted hyper-
boloid of equation (x/a)?+ (y/b)? — (2/c)? = 1 and the right circular cylinder
of equation 22 + y? = 1, determine its differential dF,, at every point, and
describe the inverse of F' in local coordinates.

3.53. Construct a diffeomorphism between the right circular cylinder of equa-
tion 22 + y2 = 4 and the plane R? with the origin removed.

Supplementary material

3.5 Sard’s theorem

In this section we shall describe a proof found by P. Holm (see [6]) of Sard’s
theorem (mentioned in Remark 3.1.24), but only in the cases we are interested
in, that is, for functions of at most three variables; you may read in [6] the
proof for the general case. We begin by explaining what it means for a subset
of a line to have measure zero.

Definition 3.5.1. We shall say that a subset A C R has measure zero if for
all € > 0 there exists a countable family {7, } of intervals whose union covers A
and such that ) diam(l,) < e, where diam(/, ) is the diameter of I,,.

Clearly, a set of measure zero cannot contain any interval, so its com-
plement is dense. Moreover, it is easy to see (exercise) that the union of a
countable family of sets of measure zero is again a set of measure zero.

Theorem 3.5.2 (Sard). Let V. C R" be an open set, with 1 < n < 3, and
f € C>=(V). Then the set of critical values of f has measure zero in R.

Proof. As you will see, this is basically a proof by induction on the dimension.
Let us begin with the case n = 1; since every open subset of R is a union of
at most countably many open intervals, without loss of generality we may
assume that V' is an open interval I C R.

If 2 € Crit(f), then by Taylor’s formula we know that for all y € I there
exists £ between x and y such that
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Fix now ¢ > 0, and choose a countable family {K,} of compact intervals
included in I whose union covers Crit(f); let £, be the length of K.

Set M, = sup,cg, |f”(x)| and divide K, in k, small intervals Kj of
length £, /k,, where k, > 2" M, (2 /. If z, y € Crit(f) N K7, we have

, M2
I* < ;
2k2

so f(Crit(f)NK}) has diameter less or equal than M, (2 /2k2. If we repeat this
operation for all small intervals K7, we find that f (Crit( fINK ,,) is contained
in a union of intervals the sum of whose diameters is less than

& M, 02 £
Y 2k2 vl

Repeat this procedure for all K, to get that f (Crit( f )) is contained in a union

of intervals having sum of diameters less than

= 1
>3 gu+1 — ©
v=0

and we are done.

Let us now consider the case n = 2. Set C; = Crit(f) and let Cy C C
be the set of all points of V' in which all first and second derivatives of f are
zero. Clearly, Crit(f) = Co U (Cy \ C3); hence, it suffices to prove that both
f(C3) and f(C4 \ C3) have measure zero in R.

To prove that f(C5) has measure zero, we remark that this time Taylor’s
formula yields, for each compact convex set K C V with Crit(f) N K # @, a
number M > 0 depending only on K and f such that

[f(y) = f(2)| < Mlly - z|®

for all x € Crit(f) N K e y € K. Therefore, proceeding as above but using
squares instead of intervals, we obtain (exercise) that f(C5) has measure zero.

Take now zg € C; \ Cs. In particular, there is a second order derivative of
f that is non-zero in x(; so there exists a first order derivative of f, call it g,
with non-zero gradient in . Then Proposition 1.1.18 tells us that there exists
a neighborhood K of xy whose compact closure is disjoint from C5 and is such
that ¢g=(0) N K is a graph. Choose a regular parametrization o: (—¢,¢) — R?
of g71(0) N K with o(0) = zo. Then ¢=*((Cy \ C2) N K) C Crit(f o 0), so
f((C1\ C2) N K) is contained in the set of critical values of f o ¢, which has
measure zero thanks to the case n = 1.

Proceeding in this way, we find a countable family {K,} of open sets with
compact closure contained in V' that cover Cy\ C and such that f((Cy\C2)N
K,) has measure zero for all v € N; so f(Cy \ C2) has measure zero, and we
are done.
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Let us now deal with n = 3. Define C'; and C5 as above, introduce the set
Cj5 of points of V' in which all first, second and third derivatives of f are zero,
and write Crit(f) = C3U(C2\C5)U(C1\Cs). Arguing as in the previous cases,
using small cubes instead of squares, it is straightforward to see that f(Cs)
has measure zero. Take now xo € Cy\ C3; then we can find a second derivative
of f, call it g, with non-zero gradient in x¢ and such that C \ C3 C ¢g~*(0).
Proposition 3.1.25 (see also Exercise 3.9) gives us a neighborhood K of g,
with compact closure disjoint from C3, such that g=*(0) N K is a regular sur-
face. Up to restricting K, we may also assume that g~1(0) N K is the image of
a local parametrization ¢:U — R? centered at zo. But now we immediately
see that ™1 ((C2\ C3)NK) C Crit(f o), so f((C2\ C3)NK) is contained in
the set of critical values of f o ¢, which has measure zero thanks to the case
n = 2. Arguing as above, we deduce that f(Cs \ C5) has measure zero. An
analogous argument, using first derivatives, also shows that f(C; \ C2) has
measure zero, and we are done. a

3.6 Partitions of unity

The goal of this section is to prove that every C*° function over a surface can
be extended to a C™ function defined in an open neighborhood (in R?) of the
surface. We have seen (Proposition 3.2.12) that this is possible locally; so we
need a technique for glueing together local extensions in order to get a global
extension.

The main tool used for glueing local objects to get a global object is given
by the partitions of unity. To introduce them, we need some definitions and
a lemma.

Definition 3.6.1. A cover of a topological space X is a family of subsets of X
whose union is the space X itself; the cover is open if all subsets in the family
are open. We shall say that a cover 4 = {U, }aca of a topological space X is
locally finite if each p € X has a neighborhood U C X such that UNU, # @
for finitely many indices « only. A cover U = {Vz}gep is a refinement of U if
for all 3 € B there exists an o € A such that V3 C U,.

Lemma 3.6.2. Let 2 CR" be an open set, and 4 = {Uq }aca an open cover
of £2. Then there exists a locally finite open cover B = {Vz}gep of £2 such
that:

(i) U is a refinement of i;
(ii) for all B € B there exist pg € 2 and rg > 0 such that V3 = B(pg,r3);
(iil) setting Wz = B(pg,rs/2), then 20 = {Wg}gep is also a cover of (2.

Proof. The open set (2 is locally compact and has a countable basis; so we
may find a countable basis {P;} for the topology consisting of open sets with
compact closure. We shall now define inductively an increasing family {K}
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of compact sets. Set K1 = P;. Once we have defined K, let » > j be the least
integer such that K; C {J;_, P;, and set

Kjs1=PiU---UP,.

Proceeding in this way, we have K; C K j+1 (where K denotes the interior
of K) and 2 =, Kj.

Now, for all p € (IO('jJrg \ K;_1) N U, choose 74, > 0 so that the ball
Ve, j,p with center p and radius 74, j,p is contained in (f(j“ \ K;_1)NU,, and
define Wy j p = B(p,Ta,jp/2). Now, considering all a’s and p’s, the open sets
W, jp form an open cover of K1 \K 7, which is compact; so we may extract
a finite subcover {W;;}. Taking the union of these covers for all j we get a
countable open cover {W3} of (2; if we denote by V3 the ball corresponding
to Wp, to conclude we only have to prove that the open cover {Vj3} is locally
finite. But indeed, for each p € {2 we may find an index j such that p € K s
and by construction only finitely many Vj intersect K - O

Definition 3.6.3. Let f: X — R be a continuous function defined on a topo-
logical space X. The support of f is the set supp(f) ={z € X | f(x) # 0}.

Definition 3.6.4. A partition of unity on an open set 2 C R" is a family
{pataca C C() such that:

(a) po > 0on 2 for all a € A;
(b) {supp(pa)} is a locally finite cover of (2;

() Yoo = 1.

We shall further say that the partition of unity {p.} is subordinate to the
open cover U = {U, }aea if we have supp(pa) C U, for all indices o € A.

Remark 3.6.5. Property (b) of the definition of a partition of unity implies
that in a neighborhood of each point of (2 only finitely many elements of the
partition of unity are different from zero. In particular, the sum in (c) is well
defined, as in each point of (2 only finitely many summands are non zero.
Moreover, since (2 has a countable basis, property (b) also implies (why?)
that supp(pa) # @ for at most countably many indices «. In particular, if the
partition of unity is subordinate to a cover consisting of more than countably
many open sets, then p, = 0 for all indices except at most countably many.
This is not surprising, since in a second-countable topological space every
open cover has a countable subcover (Lindeldf property); see [7, p. 49].

Theorem 3.6.6. Let 2 C R" be an open subset, and 4 = {U,}aca an open
cover of (2. Then there exists a partition of unity subordinate to Lf.

Proof. Let U = {V3}3cp be the refinement of il given by Lemma 3.6.2, and,
having set Vg = B(pg,rg), denote by fg € C°°(R™) the function given by
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Corollary 1.5.3 applied to B(pg,rg). In particular, {supp(fs)} is a locally
finite cover of {2 refining 4, and the sum

F:Zfﬂ

BEB

defines (why?) a C'*° function on (2. So, if we set gg = f3/F, we get a par-
tition of unity {p3}gep such that for all 3 € B there exists an a(3) € A for
which supp(ps) C Uq(g). Define now p, € C*°(£2) by

Po = Z ﬁﬁv

peB
a(B)=a

it is straightforward to verify (exercise) that {pa}aca is a partition of unity

subordinate to i, as required. a

Let us see now how to use partitions of unity to glue local extensions:

Theorem 3.6.7. Let S C R® be a surface, and 2 C R* an open neighborhood
of S such that S C (2 is closed in 2. Then a function f:S — R is of class C>°
on S if and only if there exists f € C*°(§2) such that f|s = f.

Proof. One implication is in Example 3.2.11. Conversely, take f € C°°(S).
Proposition 3.2.12 tells us that for all p € S we may find an open neighbor-
hood W), C {2 of p and a function fp € C*°(W,) such that fp|meS = flw,ns-
Then Y = {Wp},es U {2\ S} is an open cover of £2; by Theorem 3.6.6 there
exists a partition of unity {p,},e5U{pn\ s} subordinate to Ll In particular, if
for p € S we extend p), fp by putting it equal to zero outside the support of py,,
we get (why?) a €' function in the whole {2. Moreover, supp(po\g) C 2\ S;
hence po\s|s =0 and thus »° 5 ppls = 1. Set then

JEZ prfp- (3.9)

peES

Since in a neighborhood of any point of {2 only finitely many summands
of (3.9) are non zero, it is immediate to see that f € C°°(£2). Finally, since
all functions f, are extensions of the same f and {pa} is a partition of unity,
we clearly get f |s = f, as required. a

It is easy to see that if the surface S is not closed in R?, then C'°° functions
on S that do not extend to C'* functions on all R® may exist:

Ezample 3.6.8. Let S = {(x,y,2) € R® | 2 = 0, (z,y) # (0,0)} the zy-plane
with the origin removed; since it is an open subset of a surface (the zy-plane),
S itself is a surface. The function f: S — R given by f(z,y,2) = 1/(z* 4+ y?)
is of class C™ on S but there exists (why?) no function f € C*°(R?) such
that f |s = f. Note that S is not a closed subset of R?, but is a closed subset
of the open set 2 = {(z,y,2) € R* | (x,y) # (0,0)}, and a C™ extension of f
to {2 (given by the same formula) does exist.
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Exercises

3.54. Prove that if o (a,b) — R? is an open Jordan arc of class C? then there
exists a continuous function e: (a,b) — R™ such that

I, (o(t1),e(t1)) NI, (o(t2),e(t2)) = @

for all ¢ # ta, where I,(o(t),d) is the line segment of length 26 centered
at o(t) and orthogonal to o'(¢) introduced in Definition 2.2.3 (see also Theo-
rem 4.8.2).
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Curvatures

One of the main goals of differential geometry consists in finding an effective
and meaningful way of measuring the curvature of non-flat objects (curves and
surfaces). For curves we have seen that it is sufficient to measure the changes
in tangent versors: in the case of surface things are, understandably, more
complicated. The first obvious problem is that a surface can curve differently
in different directions; so we need a measure of curvature related to tangent
directions, that is, a way of measuring the variation of tangent planes.

To solve this problem we have to introduce several new tools. First of all,
we need to know the length of vectors tangent to the surface. As explained in
Section 4.1, for this it suffices to restrict to each tangent plane the canonical
scalar product in R®. In this way, we get a positive definite quadratic form on
each tangent plane (the first fundamental form), which allows us to measure
the length of tangent vectors to the surface (and, as we shall see in Section 4.2,
the area of regions of the surfaces as well). It is worthwhile to notice right
now that the first fundamental form is an intrinsic object associated with the
surface: we may compute it while remaining within the surface itself, without
having to go out to R>.

A tangent plane, being a plane in R, is completely determined as soon as
we know an orthogonal versor. So a family of tangent planes can be described
by the Gauss map, associating each point of the surface with a versor normal
to the tangent plane at that point. In Section 4.3 we shall see that the Gauss
map always exists locally, and exists globally only on orientable surfaces (that
is, surfaces where we can distinguish an interior and an exterior).

In Section 4.4 we shall at last define the curvature of a surface along a
tangent direction. We shall do so in two ways: geometrically (as the curvature
of the curve obtained by intersecting the surface with an orthogonal plane)
and analytically, by using the differential of the Gauss map and an associated
quadratic form (the second fundamental form). In particular, in Section 4.5
we shall introduce the Gaussian curvature of a surface as the determinant of
the differential of the Gauss map, and we shall see that the Gaussian cur-
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vature summarize the main curvature properties of a surface. Furthermore,
in Section 4.6, we shall prove Gauss’ Theorema Egregium, showing that, al-
though the definition involves explicitly the ambient space R3, the Gaussian
curvature actually is an intrinsic quantity, that is, it can be measured while
remaining inside the surface. This, for instance, allows us to determine that
the Earth is not flat without resorting to satellite photos, since it is possible to
ascertain that the Earth has non zero Gaussian curvature with measurements
made at sea level.

Finally, in the supplementary material of this chapter we shall prove that
every closed surface in R? is orientable (Section 4.7); that a surface S closed
in an open subset 2 C R? is a level surface if and only if S is orientable and
2\ S is disconnected (Section 4.8); and the fundamental theorem of the local
theory of surfaces, the less powerful and more complicated analogue of the
fundamental theorem of the local theory of curves (Section 4.9).

4.1 The first fundamental form

As mentioned in the introduction to this chapter, we begin our journey among
surfaces’ curvatures by measuring the length of tangent vectors.

The Euclidean space R? is intrinsically provided with the canonical scalar
product. If S C R? is a surface, and p € S, the tangent plane T,S may be
thought of as a vector subspace of R®, and so we may compute the canonical
scalar product of two tangent vectors to S at p.

Definition 4.1.1. Let S C R? be a surface. For all p € S we shall denote by
(-,-)p the positive definite scalar product on 7,5 induced by the canonical
scalar product of R*. The first fundamental form I,:T,S — R is the (positive
definite) quadratic form associated with this scalar product:

Yv e 1,5 I,(v) = (v,v), > 0.

Remark 4.1.2. The knowledge of the first fundamental form I, is equivalent
to the knowledge of the scalar product (-,-),: indeed,

(v,w), = ; [Ip(v +w) — I,(v) — Ip(w)] = le[lp(v +w) — Ip(v— w)] .

If we forget that the surface lives in the ambient space R?, and that the
first fundamental form is induced by the constant canonical scalar product
of R?, limiting ourselves to try and understand what can be seen from within
the surface, we immediately notice that it is natural to consider (-,-), as a
scalar product defined on the tangent plane T,S which varies with p (and
with the tangent plane).

A way to quantify this variability consists in using local parametrizations
and the bases they induce on the tangent planes to deduce the (variable!)
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matrix representing this scalar product. Let then ¢:U — S be a local para-
metrization at p € S, and {91,0,} the basis of T),S induced by ¢. If we take
two tangent vectors v, w € T},S and we write them as linear combination of
basis vectors, that is v = v101 + v202 and w = w101 + w202 € 1,5, we may
express (v, w), in coordinates:

<v7w>p = V1w <81,81>p + [Ulwg + ’Uz'wl]<81,ag>p + 'U2U)2<(92,82>p .

Definition 4.1.3. Let ¢: U — S be a local parametrization of a surface S.
Then the metric coefficients of S with respect to ¢ are the functions E, F,
G:U — R given by

E(x) = <alaal><p(x) ) F(,CL‘) = <alaa2><p(x) y G(.T,‘) = <82782><p(93) s
forall z € U.

Clearly, the metric coefficients are (why?) C'* functions on U, and they
completely determine the first fundamental form:

E(z) F(x)

I,(v) = Bla)o + 2 (@)ores + Gapd = o1 v | o) g

for all p = ¢(z) € p(U) and v = v101 + v202 € T},S.

Remark 4.1.4. The notation F, F and G, which we shall systematically use,
was introduced by Gauss in the early 19th century. In a more modern notation
we may write E = g11, F = g12 = go1 and G = ga9, S0 as to get

(v, w)p = > gri(p)vaws .

h,k=1

Remark 4.1.5. We have introduced E, F' and G as functions defined on U.
However, it will sometimes be more convenient to consider them as functions
defined on ¢(U), that is, to replace them with Eo ™!, Fop™! and Goyp™1,
respectively. You might have noticed that we have performed just this substi-

tution in the last formula.

Remark 4.1.6. Warning: the metric coefficients depend strongly on the local
parametrization! Example 4.1.10 will show how much they can change, even
in a very simple case, when choosing a different local parametrization.

Ezample 4.1.7. Let S C R?® be the plane passing through py € R® and par-
allel to the linearly independent vectors vq, vo € R?. In Example 3.1.12 we
have seen that a local parametrization of S is the map ¢: R? — R? given by
o(x1,22) = po + 1V1 + x2va. For all p € S the basis of T,,S induced by ¢ is
01 = v1 and 0y = v, so the metric coefficients of the plane with respect to ¢
are given by E = ||v1]|?, F = (v1,v2) and G = ||vz|%. In particular, if v; and
vy are orthonormal versors, we find

E=1, F=0, G=1.
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Ezample 4.1.8. Let U C R? be an open set, h € C°(U), and ¢:U — R? the
local parametrization of the graph I, given by ¢(z) = (z,h(z)). Recalling
Example 3.3.14 we see that the metric coeflicients of I';, with respect to ¢ are
given by

oh 2

8332

? _ Oh Bh
’ o 81‘1 81’2 ’

oh

EF=1
+‘8Z’1

G=1+]

Ezample 4.1.9. Let S C R® be the right circular cylinder with radius 1 cen-
tered on the z-axis. A local parametrization ¢: (0,27) x R — R? is given by
o(x1,22) = (cosxy,sinzy,x2). The basis induced by this parametrization is
01 = (—sinxy,cosz1,0) e J = (0,0,1), and so

E=1, F=0, G=1.

Ezample 4.1.10. Using the local parametrization ¢: U — R? of the unit sphere
S? given by p(x,y) = (ZE, Y, \/1 — a2 — y2) and recalling the local basis com-
puted in Example 3.3.13, we get

1—y? Ty 1-—=z
1—a22—y2’ 1—a22—y2’

2
:1—x2—y2'

On the other hand, the second local basis in Example 3.3.13 computed using
the parametrization ¥ (6, ¢) = (sin 6 cos ¢, sin 0 sin ¢, cos §) gives us

E=1, F=0, G=sin%0.

Ezample 4.1.11. Let S € R® be the helicoid with the local parametrization
©:R* — R? given by ¢(z,y) = (ycosz,ysinz,azx) for some a € R*. Then,
recalling the local basis computed in Problem 3.2, we find

E=vy*+d?, F=0, G=1.

Ezample 4.1.12. Let S C R? be the catenoid with the local parametrization
¥:R x (0,27) — R® given by t(x,y) = (acoshz cosy,acoshzsiny, azx) for
some a € R*. Then, recalling the local basis computed in Problem 3.1, we
find

E=d%cosh’z, F=0, G=da’cosh’z.

Ezample 4.1.13. More in general, let ¢: I x J — R?, given by
o(t,0) = (a(t) cos b, a(t)sin, B(t)) ,

be a local parametrization of a surface of revolution S obtained as described
in Example 3.1.18 (where I and J are suitable open intervals). Then, using
the local basis computed in Example 3.3.15, we get

E=()?+ (), F=0, G=a%.
For instance, if S is the torus studied in Example 3.1.19 then
E=r>, F=0, G=(rcost+z)*.
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The first fundamental form allows us to compute the length of curves on
the surface. Indeed, if o: [a,b] — S is a curve whose image is contained in the
surface S, we have

L(o) = / b Voo (o/(1)) dt

Conversely, if we can compute the length of curves with support on the sur-
face S, we may retrieve the first fundamental form as follows: given p € S and
v € T,5 let 0: (—¢,e) — S be a curve with ¢(0) = p and ¢(0) = v, and set
£(t) = L(oljo,4)- Then (check it!):

dae. |

() = |40

So, in a sense, the first fundamental form is related to the intrinsic metric
properties of the surface, properties that do not depend on the way the surface
is immersed in R®. Staying within the surface, we may measure the length of a
curve, and so we may compute the first fundamental form, without having to
pop our head into R?; moreover, a diffeomorphism that preserves the length of
curves also preserves the first fundamental form. For this reason, properties of
the surface that only depend on the first fundamental form are called intrinsic
properties. For instance, we shall see in the next few sections that the value of
a particular curvature (the Gaussian curvature) is an intrinsic property which
will allow us to determine, without leaving our planet, whether the Earth is
flat or not.

The maps between surfaces preserving the first fundamental form deserve
a special name:

Definition 4.1.14. Let H: S; — S5 be a C*° map between two surfaces. We
say that H is an isometry at p € S, if for all v € T},57 we have

Thp) (de(v)) =Ip(v) ;

clearly (why?) this implies that
<dHP(’U)a de(w)>H(p) = <U7 w>1)

for all v, w € T),S1. We say that H is a local isometry at p € S if p has a
neighborhood U such that H is an isometry at each point of U; and that H
is a local isometry if it is so at each point of S;. Finally, we say that H is an
isometry if it is both a global diffeomorphism and a local isometry.

Remark 4.1.15. 1f H:S; — S is an isometry at p € S7, the differential of H
at p is invertible, and so H is a diffeomorphism of a neighborhood of p in Sy
with a neighborhood of H(p) in Ss.

Remark 4.1.16. Isometries preserve the lenght of curves, and consequently all
intrinsic properties of surfaces.
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Ezample 4.1.17. Denote by S; € R* the plane {z = 0}, by So C R® the
cylinder of equation 22 + 3% = 1, and let H:S; — S5 be the map given by
H(z,y,0) = (cosz,sinz,y). As seen in Example 3.3.12, the tangent plane
to Sy at any of its points is S itself. Moreover, we have

Ay (0) =01 (p) + v ZZI (p) = (~vr sinz, v; cos, )

for all p = (z,y,0) € S1 and v = (v1, v2,0) € T,,57. Hence,
Iy (AHy(v)) = [dH, (0)[]* = v} +v3 = |jv[|* = [,(v) ,

and so H is a local isometry. On the other hand, H is not an isometry, because
it is not injective.

Definition 4.1.18. We shall say that a surface Syis locally isometric to a
surface Sy if for all p € 57 there exists an isometry of a neighborhood of p
in S with an open subset of Ss.

Remark 4.1.19. Warning: being locally isometric is not an equivalence rela-
tion; see Exercise 4.8.

Two surfaces are locally isometric if and only if they have (in suitable local
parametrizations) the same metric coefficients:

Proposition 4.1.20. Let S, S C R? be two surfaces. Then S is locally iso-
metric to S if and only if for every point p € S there exist a point p € S, an
open subset U C R?, a local parametrization p:U — S of S centered at p, and
a local parametrization ¢:U — S of S centered at p such that E=E, F=F
and G = G, where E, F, G (respectively E, F, G) are the metric coefficients
of S with respect to ¢ (respectively, of S with respect to ?).

Proof. Assume that S is locally isometric to S. Then, given p € S, we may find
a neighborhood V' of p and an isometry H:V — H(V) C S. Let p:U — S a
local parametrization centered at p and such that o(U) C V; then ¢ = Hop is
a local parametrization of S centered at p = H(p) with the required properties
(check, please).

Conversely, assume that there exist two local parametrizations ¢ and ¢ as
stated, and set H = ¢ o p~Lt:p(U) — @(U). Clearly, H is a diffeomorphism
with its image; we have to prove that it is an isometry. Take ¢ € p(U) and
v € T,S, and write v = v10; + v20,. By construction (see Remark 3.4.26) we
have dH,(9;) = d;; so dHy(v) = v19; + v20s; hence

Tq) (dHy(v)) = U1E( to H(Q))*’?Ulvzﬁ'(@*lo H(Q))+”2G( Yo H(q))
=7 E(¢ ' (q) + 20102F (¢~ (q)) + v3G (¢~ (@) = I4(v) ,

and so H is an isometry, as required. a
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Example 4.1.21. As a consequence, a plane and a right circular cylinder are lo-
cally isometric, due to the previous proposition and Examples 4.1.7 and 4.1.9
(see also Example 4.1.17). On the other hand, they cannot be globally isomet-
ric, since they are not even homeomorphic (a parallel of the cylinder discon-
nects it into two components neither of which has compact closure, a thing
impossible in the plane due to the Jordan curve theorem).

If you are surprised to find out that the plane and the cylinder are locally
isometric, wait till you see next example:

Ezxample 4.1.22. Every helicoid is locally isometric to a catenoid. Indeed, let
S be a helicoid parametrized as in Example 4.1.11, and let S be the catenoid
corresponding to the same value of the parameter a € R*, parametrized as in
Example 4.1.12. Choose a point pg = (20, %) € S, and let y: Rx (0, 27) — R?
be given by x(z,y) = (y — ™ + xo,asinhx). Clearly, x is a diffeomorphism
with its image, so ¢ o x is a local parametrization at p of the helicoid. The
metric coefficients with respect to this parametrization are

E=d?cosh’z, F=0, G=d%cosh’z,

so Proposition 4.1.20 ensures that the helicoid is locally isometric to the cate-
noid. In an analogous way (exercise) it can be proved that the catenoid is
locally isometric to the helicoid.

So surfaces having a completely different appearance from outside may
well be isometric, and so intrinsically indistinguishable. But if so, how do we
tell that two surfaces are not locally isometric? Could even the plane and the
sphere turn out to be locally isometric? One of the main goals of this chap-
ter is to give a first answer to such questions: we shall construct a function,
the Gaussian curvature, defined independently of any local parametrization,
measuring intrinsic properties of the surface, so surfaces with significantly
different Gaussian curvatures cannot be even locally isometric. In the supple-
mentary material of next chapter we shall complete the discussion by giving a
necessary and sufficient criterion not requiring the choice of a particular local
parametrization for two surfaces to be locally isometric (Corollary 5.5.6).

By the way, we would like to remind you that one of the problems that
prompted the development of differential geometry was the creation of ge-
ographical maps. In our language, a geographical map is a diffeomorphism
between an open subset of a surface and an open subset of the plane (in
other words, the inverse of a local parametrization) preserving some metric
properties of the surface. For instance, a geographical map with a 1:1 scale
(a full-scale map) is an isometry of an open subset of the surface with an
open subset of the plane. Of course, full-scale maps are not terribly practical;
usually we prefer smaller-scale maps. This suggests the following:
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Definition 4.1.23. A similitude with scale factor r > 0 between two surfaces
is a diffeomorphism H:S7; — S5 such that

Ty (AHp(v)) = r* I, (v)
for all p € S; and v € T},55.

A similitude multiplies the length of curves by a constant factor, the scale
factor, and so it is ideal for road maps. Unfortunately, as we shall see (Corol-
lary 4.6.12), similitudes between open subsets of surfaces and open subsets
of the plane are very rare. In particular, we shall prove that there exist no
similitudes between open subsets of the sphere and open subsets of the plane,
so a perfect road map is impossible (the maps we normally use are just ap-
proximations). A possible replacement (which is actually used in map-making)
is given by conformal maps, that is, diffeomorphisms preserving angles; see
Exercises 4.62 and 4.63.

While we are at it, let us conclude this section talking about angles:

Definition 4.1.24. Let S C R? be a surface, and p € S. A determination of
the angle between two tangent vectors vy, vy € 1,5 is a € R such that

<’U17 1)2>P

cosf = .
V(W) Ip(v2)
Moreover, if 01, o2: (—¢,¢) — S are curves with ¢1(0) = 02(0) = p, we shall
call (determination of the) angle between o1 and o9 at p the angle between
01(0) and ¢4(0).

In the plane the Cartesian axes meet (usually) at a right angle. Local
parametrizations with an analogous property are very useful, and deserve a
special name:

Definition 4.1.25. We shall say that a local parametrization ¢ of a surface .S
is orthogonal if its coordinate curves meet at a right angle, that is, if 0|, and
02|, are orthogonal for each p in the image of .

Remark 4.1.26. The tangent vectors to coordinate curves are d; and 0s; so the
cosine of the angle between two coordinate curves is given by F'/ VEG, and a
local parametrization is orthogonal if and only if F' = 0. In the next chapter
we shall see that orthogonal parametrizations always exist (Corollary 5.3.21).

Ezxample 4.1.27. Parallels and meridians are the coordinate curves of the local
parametrizations of the surfaces of revolution seen in Example 3.1.18, and so
these parametrizations are orthogonal thanks to Example 4.1.13.
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4.2 Area

The first fundamental form also allows us to compute the area of bounded
regions of a regular surface. For the sake of simplicity, we shall confine our
treatment to the case of regions contained in the image of a local parametri-
zation, postponing the general case to Section 6.3.

Let us begin by defining the regions whose area we want to measure.

Definition 4.2.1. Let 0: [a,b] — S be a piecewise regular curve parametrized
by arc length in a surface S C R andlet a = sy < s < ---<s;=bbea
partition of [a,b] such that of,, | ) is regular for j = 1,..., k. As for plane
curves, we set

o(s;) = lim &(s) and d(sj) = lim+ a(s);
S—?Sj S—)Sj

o(s; ) and d(s;r) are (in general) distinct vectors of T, (,,)S. Of course, (s )
and d(s:) are not defined unless the curve is closed, in which case we set
6(sy) = &(s,) and (s)) = &(sg). We shall say that o(s;) is a verter of o
ifo(s;) # d(s;r), and that it is a cusp of o if ¢(s;) = —d(sj). A curvilinear
polygon in S is a closed simple piecewise regular curve parametrized by arc
length without cusps.

Definition 4.2.2. A regular region R C S of a surface S is a connected com-
pact subset of S obtained as the closure of its interior R and whose boundary
is parametrized by finitely many curvilinear polygons with disjoint supports.
If S is compact, then R = S is a regular region of S with empty boundary.

To define the length of a curve we approximated it with a polygonal closed
curve; to define the area of a region we shall proceed in a similar way.

Definition 4.2.3. Let R C S be a regular region of a surface S. A partition
of R is a finite family R = {Ry, ..., R, } of regular regions contained in R with
RiNR; COR;NOR; for all 1 <i# j < nandsuch that R = RyU---UR,,. The
diameter |R|| of a partition R is the maximum of the diameters (in R?) of the
elements of R. Another partition R = {Rl, cee Rm} of R is said to be a refine-
ment of R if for all i = 1,...,m there exists a 1 < j < n such that ];’,Z C R;.
Finally, a pointed partition of R is given by a partition R = {Ry,..., Ry}
of R and a n-tuple p = (p1,...,p,) of points of R such that p; € R; for
j=1...,n.

Definition 4.2.4. Let R C S be a regular region of a surface S, and (R, p) a
pointed partition of R. For all R; € R, denote by R; the orthogonal projection
of R; on the affine tangent plane p; 4 T),, S (see Fig. 4.1), and by Area(R))
its area. The area of the pointed partition (R, p) is defined as

Area(R,p) = Z Area(R;) .
R;eR
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Fig. 4.1.

We say that the region R is rectifiable if the limit

Area(R) = lim Area(R,
(R) = B Area(R,p)

exists and is finite. This limit shall be the area of R.

To prove that every regular region contained in the image of a local para-
metrization is rectifiable we shall need the classical Change of Variables The-
orem for multiple integrals (see [5, Theorem 5.8, p. 211]):

Theorem 4.2.5. Let h: 2 — £ be a diffeomorphism between open sets of R™.
Then, for each regular region R C {2 and each continuous function f: R — R
we have

/ (th)|detJac(h)|dx1~~dxn:/fdx1~~d:vn.
h—1(R) R

Then:

Theorem 4.2.6. Let R C S be a reqular region contained in the image of a
local parametrization ¢:U — S of a surface S. Then R is a rectifiable and

Area(R) = / VEG — F2dz; da, . (4.1)
o= 1(R)

Proof. Let Ry C R be a regular region contained in R, and consider a point
po € Ro; our first goal is to describe the orthogonal projection Ry of Ry
in po + Tp,S. If po = ¢(xp), an orthonormal basis of T, S is given by the
vectors

_ E(xg) . _F(xo) .
<o \/E(xO)G(xO) ~ F(ay)? (32( )~ Bl 0)) .
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It follows (exercise) that the orthogonal projection WIOZR?’ — po + TS is
given by the formula

1
Ty (q) = po + VE (o) (g — po, 01 (o)) €1

E(.’L‘()) F(l‘o)
+ \/E(xO)G(mo) — Flo)? <q — Po, O2(wo) — E(x0)81<x0>>€2'

Denote now by tz,:po + Tp, S — R? the map sending each p € po + Ty, S to
the coordinates of p — py with respect to the basis {e€1, €2}; since the latter is
an orthonormal basis, 1, preserves areas.

Set now h, = 9, om, o, and let &:U x U — R? x U be the map
®(x,y) = (ha(y), x). It is immediate to verify that

det Jac(®@)(zo, xo) = det Jac(h = VE(20)G — F(x09)2>0; (4.2)

so, for all zop € U there exists a neighborhood V., C U of xg such that
¢|Vmoxvmo is a diffeomorphism with its image. Recalling the definition of @,
this implies that h;|y, is a diffeomorphism with its image for all x € V.
In particular, if Ry = ¢(Qo) C ¢(U) is a regular region with Qo C V,, and
x € Qo then the orthogonal projection Ry of Ry on ¢(x) 4Ty, (5)S is given by
e 0 ©(Qo) and, since v, preserves areas, Theorem 4.2.5 implies

Area(Rg) = Area(h,(Qo)) = /Q | det Jac(h,)|dyrdys . (4.3)

Let now R C ¢(U) be an arbitrary regular region, and Q = ¢~ (R).
Given € > 0, we want to find a § > 0 such that for each pointed partition
(R,p) of R with diameter less than & we have

Area(R / VEG — F2 dy; dys| <

The family U = {V,, | « € Q} is an open cover of the compact set Q; let 6y > 0
be the Lebesgue number (Theorem 2.1.2) of . Let now ¥:Q X Q — R be
given by

@ (z,y) = | det Jac(h,) (y)| — VE() — F(y)?.

By (4.2) we know that ¥ (z,z) = O; so the uniform continuity provides us with
a 01 > 0 such that
ly—z[ <o = |¥(z,y)| <e/Area(Q) .

Finally, the uniform continuity of ¢~!|zr provides us with a § > 0 such
that if Ry C R has diameter less than § then ¢ !'(Rp) has diameter less
than min{dy, d; }.
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Let then (R, p), with R = {Ry,...,R,} and p = (p1,...,pn), be a pointed
partition of R with diameter less than 6, and set Q; = ¢~ !(R;) and z; =
©~'(p;). Since each @; has diameter less than &, we may use formula (4.3)
to compute the area of each R;. Hence,

‘Area(’R,p) — / \/EG — F2dy; dys
Q

- Z/ |detJac(hl.j)|dy1dy2—/ VEG — F2dy; dy,
j=1"7Qj Q

<Z/ 5,y \dy1dy2<ZA (Q)Area(Qj):g7

since each @); has diameter less than ¢;, and we are done. a

A consequence of this result is that the value of the integral in the right
hand side of (4.1) is independent of the local parametrization whose image
contains R. We are going to conclude this section by generalizing this result
in a way that will allow us to integrate functions on a surface. We shall need
a lemma containing two formulas that will be useful again later on:

Lemma 4.2.7. Let p:U — S be a local parametrization of a surface S. Then
|0y A Do = VEG — F? | (4.4)

where A 1is the vector product in R3. Moreover, if @: U — S is another local
parametrization with V = ¢(U) N@(U) # &, and h = ¢~ 0 p|,-1(y), then

91 A Do p(ay = det Jac(h)(x) Oy A Do pon(x) (4.5)
for all z € =1 (V), where {31, ég} 18 the basis induced by .
Proof. Formula (4.4) follows from equality
v Aw]? = [vIIw]? = (v, w)[%,

which holds for any pair v, w of vectors of R3.
Furthermore, we have seen (Remark 3.4.19) that

021 A 0%a A
Ojlop(a) = or, O1|p(z) + oz, D2l p(a) 5

and so (4.5) immediately follows. O
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As a consequence we find:

Proposition 4.2.8. Let R C S be a regular region of a surface S, and
f: R — R a continuous function. Assume that there exists a local parametri-
zation @:U — S of S such that R C p(U). Then the integral

/ (f 0 o)V EG — F? day das
¢~ H(R)

does not depend on .

Proof. Assume that ¢:U — S is another local parametrization such that
RC @(U ), and set h = ¢! oy. Then the previous lemma and Theorem 4.2.5
yield

/ (fop) VEG — F2da, dzs :/ (f 0 )81 A Bs| day dao
o~1(R) P=1(R)

:/ [(f 0 @)lIn A dal]] o 1| det Jac(h)] dzy das
o1 (R)

:/ (fo¢)\/EG—F2dx1dx2.
¢~ (R)

We may then give the following definition of integral on a surface:

Definition 4.2.9. Let R C S be a regular region of a surface S contained
in the image of a local parametrization ¢:U — S. Then for all continuous
functions f: R — R the integral of f on R is the number

/fdz/:/ (fow)\/EG—Fdeldxg.
R ¢ H(R)

In Section 6.3 of Chapter 6 we shall extend this definition so as to be able
to compute the integral of continuous functions on arbitrary regular regions;
here we instead conclude this section by proving an analogue for surfaces of
the Change of Variables Theorem for multiple integrals.

Proposition 4.2.10. Let F: S — S be a diffecomorphism between surfaces,
and R C S a regular region contained in the image of a local parametrization
©:U — S and such that F~1(R) is also contained in the image of a local
parametrization 3:U — S. Then, for all continuous f: R — R, we have

/ (fOF)|detdF|d17:/fdu.
F-1(R) R

Proof. Set 2 =U and 2 = G HF(p(U))), so as to get ¢ 1(R) C 2 and
e N (FY(R) C Q2; moreover, h = o~ oFop: 2 — (2 is a diffeomorphism. Set



178 4 Curvatures

@ = Fo@. Then ¢ is a local parametrization of S, whose local basis {51, 32}
can be obtained from the local basis {01, 02} by the formula 0; = dF'(9;). In
particular,

||(§1 A ég” |detdF| o] (,5 = ||31 A éQ” o (ﬁ = |detJac(h)\ H81 A 82” oh 5
by (4.5). Then Theorem 4.2.5 and (4.4) imply
/ (foF) |detdF|dv
F-1(R)

= [ (Fopldetdr o pVEG - F2dnde,
¢~ (R)

/ (fopoh)| [0 Ads|| o h| det Jac(h)| da: dus
h-1 (o1 (R)

/ (fO<P)\/EG—F2d$1d$2=/de.
¢~ 1(R) R

4.3 Orientability

Orientability is an important notion in the theory of surfaces. To put it sim-
ply, a surface is orientable if it has two faces, an internal one and an external
one, like the sphere, whereas it is non orientable, like the M&bius band (see
Example 4.3.11), if it has only one face, and no well-defined exterior or inte-
rior.

There are (at least) two ways to define precisely the notion of orientation:
an intrinsic one, and one depending on the embedding of the surface in R*. To
describe the first one, recall that orienting a plane means choosing an ordered
basis for it (that is, fixing a preferred rotation direction for the angles); two
bases determine the same orientation if and only if the change of basis matrix
has positive determinant (see [21, p. 167] or [1, p. 57]). So the idea is that a
surface is orientable if we may orient in a consistent way all its tangent planes.
Locally this is not a problem: just choose a local parametrization and orient
each tangent plane of the support by taking as orientation the one given by
the (ordered) basis {01,082} induced by the parametrization. Since the vec-
tors 07 and Jp vary in a C* way, we can sensibly say that all tangent planes
of the support of the parametrization are now oriented consistently. Another
parametrization induces the same orientation if and only if the change of
basis matrix (that is, the Jacobian matrix of the change of coordinates; see
Remark 3.4.19) has positive determinant. So the following definition becomes
natural:
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Definition 4.3.1. Let S C R?® be a surface. We say that two local param-
etrizations ¢q: U, — S and pg:Ug — S determine the same orientation (or
are equioriented) if either ¢, (Us) N ¢3(Ug) = @ or det Jac(gp[;l 0 @y) >0
where it is defined, that is, on ¢ ;' (pa(Ua) Ns(Us)). If, on the other hand,
det Jac(gpgl 0 q) < 0 where it is defined, the two local parametrizations de-
termine opposite orientations. The surface S is said to be orientable if there
exists an atlas A = {¢,} for S consisting of local parametrizations pairwise
equioriented (and we shall say that the atlas itself is oriented). If we fix such
an atlas A, we say that the surface S is oriented by the atlas A.

Remark 4.3.2. Warning: it may happen that a pair of local parametrizations
neither determine the same orientation nor opposite orientations. For instance,
it may happen that ¢, (Us) N ¢3(Ug) has two connected components with
det Jac(gogl 0 o) positive on one of them and negative on the other one; see
Example 4.3.11.

Recalling what we said, we may conclude that a surface S is orientable if
and only if we may simultaneously orient all its tangent planes in a consistent
way.

Example 4.3.3. A surface admitting an atlas consisting of a single local para-
metrization is clearly orientable. For instance, all surfaces given as graphs of
functions are orientable.

Ezxample 4.3.4. If a surface has an atlas consisting of two local parametriza-
tions whose images have connected intersection, it is orientable. Indeed, the
determinant of the Jacobian matrix of the change of coordinates has (why?)
constant sign on the intersection, so up to exchanging the coordinates in the
domain of one of the parametrizations (an operation that changes the sign of
the determinant of the Jacobian matrix of the change of coordinates), we may
always assume that both parametrizations determine the same orientation.
For instance, the sphere is orientable (see Example 3.1.16).

Remark 4.3.5. Orientability is a global property: we cannot verify if a surface
is orientable just by checking what happens on single local parametrizations.
The image of a single local parametrization is always orientable; the obstruc-
tion to orientability (if any) is related to the way local parametrizations are
joined.

This definition of orientation is purely intrinsic: it does not depend on the
way the surface is immersed in R3. In particular, if two surfaces are diffeo-
morphic, the first one is orientable if and only if the other one is (exercise).
As already mentioned, the second definition of orientation will be instead
extrinsic: it will strongly depend on the fact that a surface is contained in R.

When we studied Jordan curves in the plane, we saw that the normal ver-
sor allowed us to distinguish the interior of the curve from its exterior. So, it
is natural to try and introduce the notions of interior and exterior of a surface
by using normal versors:
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Fig. 4.2. A normal vector field

Definition 4.3.6. A normal vector field on a surface S C R* is a map
N:S — R? of class O such that N(p) is orthogonal to 7},S for all p € S;
see Fig. 4.2. If, moreover, | N|| = 1 we shall say that N is normal versor field
to S.

If N is a normal versor field on a surface S, we may intuitively say that NV
indicates the external face of the surface, while — N indicates the internal face.
But, in contrast to what happens for curves, not every surface as a normal
vector field:

Proposition 4.3.7. A surface S C R? is orientable if and only if there exists
a normal versor field on S.

Proof. We begin with a general remark. Let ¢,:U, — S be a local param-
etrization of a surface S; for all p € ¢, (U,) set

o 81,& A 82,oz
Nﬂt(p) - ||al,o¢ A 32,(1” (p) ’

where 0; o = 0o /0x;, as usual. Since {01 4, 02,0} is a basis of T},5, the versor
N, (p) is well defined, different from zero, and orthogonal to T},S; moreover,
it clearly is of class C*°, and so N, is a normal versor field on ¢, (Uy,). No-
tice furthermore that if ¢g:Ug — S is another local parametrization with
va(Us) Npp(Ug) # @ then (4.5) implies

N, = sgn(det Jac(gogl 0 ¢a)) Na (4.6)

on o (Ua) Nps(Us).
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Assume now S to be orientable, and let A = {¢,} be an oriented at-
las. If p € o (Ua) Nps(Ug), with ¢o, ¢3 € A, equality (4.6) tells us that
No(p) = Ng(p); so the map p — N,(p) does not depend on the particular
local parametrization we have chosen, and defines a normal versor field on S.

Conversely, let N: S — R® be a normal versor field on S, and let A = {@,}
be an arbitrary atlas of S such that the domain U, of each ¢, is connected. By
definition of vector product, N,(p) is orthogonal to T,,S for all p € ¢, (U,)
and ¢, € A; so (N,N,) = £1 on each U,. Since U, is connected, up to
modifying ¢, by exchanging coordinates in U,, we may assume that all these
scalar products are identically equal to 1. Hence,

N, =N
on each U,, and (4.6) implies that the atlas is oriented. O

Definition 4.3.8. Let S C R® be a surface oriented by an atlas A. A nor-
mal versor field N will be said to determine the (assigned) orientation if
N =01 A 02/||01 A D] for any local parametrization ¢ € A.

A consequence of the latter proposition is that if S is an oriented surface
then there exists always (why?) a unique normal versor field determining the
assigned orientation.

Example 4.3.9. Every surface of revolution S is orientable. Indeed, we may
define a normal versor field N: .S — S? by setting

0 0 0 0
N(p) = A ‘ / A
ot|, 00|, ot|, 90|,
—0'(t) cos 0
= 1 —03'(t)sind

V@) + @w)?] o

for all p = ¢(t,) € S, where ¢:R* — S is the immersed surface with sup-
port S defined in Example 3.1.18, and we used Example 3.3.15.

Definition 4.3.10. Let S ¢ R® be an oriented surface, and N: S — 52 a
normal versor field that determines the assigned orientation. If p € S, we
shall say that a basis {v1, v} of T,,S is positive (respectively, negative) if the
basis {v1,v2, N(p)} of R? has the same orientation (respectively, the opposite
orientation) as the canonical basis of R®.

In particular, a local parametrization ¢: U — S determines the orientation
assigned on S if and only if (why?) {01|,, 02|, } is a positive basis of T,S for
all p € p(U).

As mentioned above, not every surface is orientable. The most famous
example of non orientable surface is the Mobius band.
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Fig. 4.3. The Mobius band

Ezample 4.3.11 (The Mébius band). Let C be the circle in the zy-plane with
center in the origin and radius 2, and £y the line segment in the yz-plane given
by y = 2 and |z| < 1, with center in the point ¢ = (0, 2,0). Denote by fy the
line segment obtained by rotating c¢ clock-wise along C' by an angle 6 and si-
multaneously rotating £y around c by an angle 6/2. The union S = [pe(9 2 fo
is the Mébius band (Fig. 4.3); we are going to prove that it is a non orientable
surface.

Set U = {(u,v) € R* |0 < u < 27w, —1 < v < 1}, and define ¢, 3:U — S
by

o(u,v) = ((2 — vsin ;L) sin u, (2 — vsin g) COS U, U COS Z) ,

2 2 2
Hlu,v) = ((2—Usin UIW>COSU, (—2+vsin u:ﬂ->sinu,vcos u:—w) .

It is straightforward to verify (exercise) that {¢, ¢} is an atlas for S, consist-
ing of two local parametrizations whose images have disconnected intersection:

Wy ={(u,v) eU |n/2<u<2r} and Wy={(u,v) €U |0<u<m/2}.

Now, if (u,v) € Wy we have ¢(u,v) = ¢(u — 7/2,v), while if (u,v) € Wa we
have p(u,v) = @(u + 37/2, —v); so

[ (u—7/2,v) if (u,v) € Wy,
o p(u,v) = { (u+37/2,—v) if (u,v) € W; :

In particular,
A1 _ +1 on Wy,
det Jac(¢™ o) = {_1 on Wy .
Now, assume by contradiction that S is orientable, and let N be a normal
versor field on S. Up to inverting the sign of N, we may assume that N is
given by 9y A 0y /]|0u A Oy|| on (U), where 9,, = 9p/du and 9, = dp/dv. On
the other hand, we have N = +0, A0, /||0u A0y || on ¢(U), where 9, = 0 /0u
and 0, = 9¢/dv, and the sign is constant because U is connected. But (4.6)



4.4 Normal curvature and second fundamental form 183

applied to W tells us that the sign should be +1, whereas applied to Wy
yields —1, contradiction.

Let us remark explicitly that the Mobius band is not a closed surface in R.
This is crucial: indeed, in the supplementary material of this chapter we shall
prove that every closed surface in R? is orientable (Theorem 4.7.15).

Finally, a large family of orientable surfaces is provided by the following

Corollary 4.3.12. Let a € R be a regular value for a function f:2 — R of
class C™, where 2 C R® is an open set. Then every connected component S
of f~1(a) is orientable, and a normal versor field is given by N =V f/||Vf].

Proof. Tt immediately follows from Proposition 3.3.11. a

In the supplementary material of this chapter we shall prove a converse
of this corollary: if S C R? is an orientable surface and 2 C R® an open set
containing containing S such that S is closed in 2 with 2\ S disconnected
then there exists a function f € C*°(f2) such that S is a level surface for f
(Theorem 4.8.6).

4.4 Normal curvature and second fundamental form

As you have undoubtedly already imagined, one of the main questions differ-
ential geometry has to answer is how to measure the curvature of a surface.
The situation is quite a bit more complicated than for curves, and as a conse-
quence the answer is not only more complex, but it is not even unique: there
are several meaningful ways to measure the curvature of a surface, and we
shall explore them in detail in the rest of this chapter.

The first natural remark is that the curvature of a surface, whatever it
might be, is not constant in all directions. For instance, a circular cylinder
is not curved in the direction of the generatrix, whereas it curves along the
directions tangent to the parallels. So it is natural to say that the curva-
ture of the cylinder should be zero in the direction of the generatrix, whereas
the curvature in the direction of the parallels should be the same as that of
the parallels themselves, that is, the inverse of the radius. And what about
other directions? Looking at the cylinder, we would guess that its curvature
is maximal in the direction of the parallel, minimal in the direction of the
generatrix, and takes intermediate values in the other directions. To compute
it, we might for instance consider a curve contained in the surface, tangent to
the direction we have chosen; at the very least, this is an approach that works
for generatrices and parallels. The problem is: which curve? A priori (and a
posteriori too, as we shall see), if we choose a random curve the curvature
might depend on some property of the curve and not only on the surface S
and on the tangent direction v we are interested in. So we need a procedure
yielding a curve depending only on S and v and representing appropriately
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the geometry of the surface along that direction. The next lemma describes
how to do this:

Lemma 4.4.1. Let S be a surface, p € S and choose a versor N(p) € R?
orthogonal to T,S. Given v € T,S of length 1, let H, be the plane passing
through p and parallel to v and N(p). Then the intersection H, NS is, at least
in a neighborhood of p, the support of a reqular curve.

Proof. The plane H, has equation (x —p,v A N(p)) =0. So if o:U — S is a
local parametrization centered at p, a point ¢(y) € ¢(U) belongs to H, NS if
and only if y € U satisfies the equation f(y) = 0, where

f(y) = (e(y) —p,v AN(p)) .

If we prove that C = {y € U | f(y) = 0} is the support of a regular curve o
near O, we are done, as H, N @(U) = ¢(C) is in this case the support of the
regular curve ¢ o o near p.
Now,
of

yi
so if O were a critical point of f, the vector v A N(p) would be orthogonal
to both 04|, and 02|,, and hence orthogonal to 7,5, that is, parallel to N(p),
whereas it is not. So O is not a critical point of f, and by Proposition 1.1.18
we know that C is a graph in a neighborhood of O. a

(0) = (Bilp,v A N(p)) ;

Definition 4.4.2. Let S be a surface. Given p € S, choose a versor N (p) € R®
orthogonal to T,S. Take v € T,S of length one, and let H, be the plane
through p and parallel to v and N(p). The regular curve o, parametrized
by arc length, with o(0) = p whose support is the intersection H, NS in a
neighborhood of p is the normal section of S at p along v (see Fig. 4.4). Since
Span{v, N(p)} N T,S = Ru, the tangent versor of the normal section at p
has to be fwv; we shall orient the normal section curve so that ¢(0) = v. In
particular, o is uniquely defined in a neighborhood of 0 (why?).

The normal section is a curve that only depends on the geometry of the
surface S in the direction of the tangent versor v; so we may try and use it to
give a geometric definition of the curvature of a surface.

Definition 4.4.3. Let S be a surface, p € S and let N(p) € R® be a versor
orthogonal to T},S. Given v € 1,5 of length 1, orient the plane H, by choos-
ing {v, N(p)} as positive basis. The normal curvature of S at p along v is the
oriented curvature at p of the normal section of S at p along v (considerered
as a plane curve contained in H,) .

Remark 4.4.4. Clearly, the normal section curve does not depend on the choice
of the particular versor N(p) orthogonal to T,,S. The normal curvature, on
the other hand, does: if we substitute —N(p) for N(p), the normal curvature
changes sign (why?).
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Fig. 4.4. Normal section

It is straightforward to verify (do it!) that the normal curvature of a right
circular cylinder with radius r > 0 is actually zero along the directions tan-
gent to the generatrices, and equals +1/r along the directions tangent to the
parallels (which are normal sections); computing the curvature along other
directions is however more complicated. For the cylinder the other normal
sections are ellipses, so it can somehow be done; but for an arbitrary surface
the problem becomes harder, as normal section curves are defined only im-
plicitly (as the intersection of a plane and a surface), and so computing their
oriented curvature might not be easy.

To solve this problem (and, as you will see, we shall solve it and obtain
simple explicit formulas to compute normal curvatures), let us introduce a
second way to study the curvature of a surface. In a sense, the curvature of
a curve is a measure of the variation of its tangent line; the curvature of a
surface might then be a measure of the variation of its tangent plane. Now,
the tangent line to a curve is determined by the tangent versor, that is, by
a vector-valued map, uniquely defined up to sign, so measuring the variation
of the tangent line is equivalent to differentiating this map. Instead, at first
glance we might think that to determine the tangent plane might be necessary
to choose a basis, and this choice is anything but unique. But, since we are
talking about surfaces in R?, the tangent plane actually is also determined by
the normal versor, which is unique up to sign; so we may try to measure the
variation of the tangent plane by differentiating the normal versor.

Let us now try and make this argument formal and rigorous. As we shall
see, we shall actually obtain an effective way of computing the normal curva-
ture; but to get there we shall need a bit of work.

We begin with a crucial definition.

Definition 4.4.5. Let S C R® be an oriented surface. The Gauss map of S
is the normal versor field N: S — S? that identifies the given orientation.



186 4 Curvatures

Remark 4.4.6. Even if for the sake of simplicity we shall often work only with
oriented surfaces, much of what we are going to say in this chapter holds for
every surface. Indeed, every surface is locally orientable: if ¢: U — S is a local
parametrization at a point p, then N = 91 A 02/||01 A 02|l is a Gauss map of
©(U). Therefore every result of a local nature we shall prove by using Gauss
maps and that does not change by substituting —N for N actually holds for
an arbitrary surface.

The Gauss map determines uniquely the tangent planes to the surface,
since T},S is orthogonal to N (p); so the variation of N measures how the tan-
gent planes change, that is, how far the surface is from being a plane (see also
Exercise 4.18). The argument presented above suggests that the curvature of
a surface might then be related to the differential of the Gauss map, just like
the curvature of a curve was related to the derivative of the tangent versor.
To verify the correctness of this guess, let us study some examples.

Ezxample 4.4.7. In a plane parametrized as in Example 3.1.12 we have

vi A vy
CviAve|l”

so N is constant and AN = O.

Example 4.4.8. Let S = S%. By using any of the parametrizations described
in Example 4.1.10 we find N(p) = p, a result consistent with Example 3.3.13.
So the Gauss map of the unit sphere is the identity map and, in particular,
dN, = id for all p € 5%

Ezample 4.4.9. Let S C R® be a right circular cylinder of equation 22 +23 = 1.
Corollary 4.3.12 tells us that a Gauss map of S is given by

for all p = (p1,p2,p3) € S. In particular,
T,S = N(p)* = {v € R® | v1p1 + vapp = 0} .

Moreover, as N is the restriction to S of a linear map of R? in itself, we
get (why?) dN,(v) = (v1,v2,0) for all v = (v1,ve,v3) € T)S. In particular,
dN,(T,S) € T,,S, and as an endomorphism of T, S the differential of the Gauss
map has an eigenvalue equal to zero and one equal to 1. The eigenvector cor-
responding to the zero eigenvalue is (0,0, 1), that is, the direction along which
we already know the cylinder has zero normal curvature; the eigenvector cor-
responding to the eigenvalue 1 is tangent to the parallels of the cylinder, so it
is exactly the direction along which the cylinder has normal curvature 1. As
we shall see, this is not a coincidence.
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Ezample 4.4.10. Let I, € R® be the graph of a function h:U — R, where
U C R? is open, and let ¢:U — I}, be the usual parametrization ¢(x) =
(x, h(m)) of I},. Example 3.3.14 tells us that a Gauss map N: I}, — S2 of I},
is given by

A1 A Do 1 —0Oh/0x,

Nop= = —0Oh/0x
77 10y A 8 V1+ || Vh|2 1/2

Let us compute how the differential of N acts on the tangent planes of I7,.
Choose p = p(x) € I,; recalling Remark 3.4.26 we get

O(N o )
8.%‘j (I)

B 1 oh oh oh [ (WP &h |
T (14 || VR|[2)3/2) | 0z Oxy Oz ;020 05 Ox:0x, |
J J
oh oh &h [ o\ oh |
5‘351 81‘2 8a:j8x1 81’1 6$j3$2 2 ’

in particular, dNy,(TpI%) C Tl for all p € I,

AN, (95) =

+

Ezxample 4.4.11. Let S be a helicoid, parametrized as in Example 4.1.11. Then

—asinx
1

(Noy)(x,y) = acos T
va+yr |y

Let now p = ¢(z0,%0) € S, and take v = v101 + v202 € T),S. Arguing as in
the previous example we find

I(N o) (N o)
dN,(v) = v O (%0, y0) + v2 y (%0, 90)

- “ o ¢ o
T @ T @ gy

In particular, dN,(7,S) C T,,S in this case too.

Ezample 4.4.12. Let S C R? be a catenoid, parametrized as in Example 4.1.12.

Then
—cosy

—siny
sinh z

(Noy)(z,y) =

coshx

Let now p = ¥(x0,%0) € S, and take w = w101 + w202 € T},S. Then we get

AN, (w) = 1 2,

-
a cosh? x a cosh? z

In particular, dN,(7,S) C 1,5, once again.
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Ezample 4.4.13. Let S C R? be a surface of revolution, oriented by the Gauss
map N:S — S? we computed in Example 4.3.9. Then

B B ﬂ/O[N _ O/ﬂ” b
w (f% ) (@ ()" f’t’p |
d B -3/« 0 ‘
W (60 p) - \/(a’)Q + (82 99 p ,

and again dN,(T,S) C T,,S for all p € S.

In all previous examples the differential of the Gauss map maps the tan-
gent plane of the surface in itself; this is not a coincidence. By definition,
dN, maps T,,S in TN(p)SQ. But, as already remarked (Example 3.3.13), the
tangent plane to the sphere in a point is orthogonal to that point; so TN(p)52
is orthogonal to N(p), and thus it coincides with 7,,S. Summing up, we may
consider the differential of the Gauss map at a point p € S as an endomor-
phism of T,S. And it is not just any endomorphism: it is symmetric. To prove
this, we need a result from Differential Calculus (see [5, Theorem 3.3, p. 92]):

Theorem 4.4.14 (Schwarz). Let 2 C R™ be an open set and f € C%(12).

Then
Vi,j=1,...,n cro_ 2
EAREE 8$i8$j o 853]8321 '

Hence:

Proposition 4.4.15. Let S C R® be an oriented surface with Gauss map
N:S — S%. Then AN, is an endomorphism of T,S, symmetric with respect
to the scalar product (-,-), for allp € S.

Proof. Choose a local parametrization ¢ centered at p, and let {01, 02} be the
basis of T},5 induced by . It suffices (why?) to prove that dN, is symmetric
on the basis, that is, that

<de(31),32>p = <aldep(62)>p : (4-7)

Now, by definition (N o ¢,d2) = 0. Differentiating with respect to z; and
recalling Remark 3.4.26 we get

0= ) (Nop,3:)(0) = <8 BP0, ¢ <0>> n <N<p>, s <0>>

— <de(81), 82)17 + <N(p), 8515;2 (O)> .

Analogously, by differentiating (N o ¢, 01) = 0 with respect to zo we get

0= (dNy(2),01)p + <N(p)’ 65150962 (O)> ’

and (4.7) follows from Theorem 4.4.14. O
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We have a scalar product and a symmetric endomorphism; Linear Algebra
suggests us to mix them together.

Definition 4.4.16. Let S C R® be an oriented surface, with Gauss map
N:S — 82, The second fundamental form of S is the quadratic form
Qp:T,S — R given by

Yv e T,S Qp(v) = —(dNp(v),v), .

Remark 4.4.17. The minus sign in the previous definition will be necessary for
equation (4.8) to hold.

Remark 4.4.18. By changing the orientation of S the Gauss map changes sign,
and so the second fundamental form changes sign too.

Example 4.4.19. Of course, the second fundamental form of a plane is zero
everywhere.

Ezxample 4.4.20. The second fundamental form of a cylinder oriented by the
2 2

Gauss map given in Example 4.4.9 is Q,(v) = —vi — v3.

Ezxample 4.4.21. The second fundamental form of the sphere oriented by the
Gauss map of Example 4.4.8 is the opposite of the first fundamental form: @, =
—I,.

Ezample 4.4.22. Let I, € R® be the graph of a function h:U — R,
where U C R? is open, oriented by the Gauss map of Example 4.4.10. Recall-
ing the Example 4.1.8 we find

Qp(v) = _<de(61>val>pU% — 2(dNp(01), O2)pv1v2 — (ANy(02), a2>p“§

1 82h 2 th th )
= 1+ Va2 Loa2 T T 2ag 0, (P02 T gy (7102

for all p = (x, h(m)) € I, and all v = v101 +v202 € T, I,. In other words, the
matrix representing the second fundamental form with respect to the basis
{01,095} is (1+|Vh||?)~Y/?Hess(h), where Hess(h) is the Hessian matrix of h.

Ezample 4.4.23. Let S € R® be a helicoid, oriented by the Gauss map of
Example 4.4.11. Then, recalling Problem 3.2 and Example 4.1.11, we get

2

a v
F(xo, 2 2 2G (zo,
[ (70, Y0) <U1 + a2 +y§) + 2G (20, yo)v1v2

(@ +43)"/2
2a

@)

Qp(v) =

for all p = @(z0,y0) € S and v = v101 + v202 € T,,S.
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Ezample 4.4.24. Let S C R® be a catenoid, oriented by the Gauss map of
Example 4.4.12. Then

g

E(x G(x
Qp(w) = — ( 0,2.@0) w%+ ( O,Qyo) gz —awf+aw§
a cosh” xg a cosh” xg

for all p = ¥(x0,y0) € S and w = w101 + w202 € T,S.

Ezample 4.4.25. Let S C R® be a surface of revolution, oriented by the Gauss
map of Example 4.4.13. Then

a//g// _ a//ﬁ/ ,U2 + aﬁ/ Uz
VPR + 2 e+ (92
for all p = (a(t) cos 0, a(t) sin 6, B(t)) € S and v = v10/0t + v20/00 € T,S.

Qp(v) =

The second fundamental form, just like the normal curvature, allows us
to associate a number with each tangent versor to a surface; moreover, the
second fundamental form, like the normal curvature, has to do with how much
a surface curves. The second fundamental form, however, has an obvious ad-
vantage: as we have seen in the previous examples, it is very easy to compute
starting from a local parametrization. This is important because we shall now
show that the normal curvature coincides with the second fundamental form.
To prove this, take an arbitrary curve o:(—¢,e) — S in S, parametrized by
arc length, and set 0(0) = p € S and ¢(0) = v € T),S. Set N(s) = N(o(s));
clearly, (6(s), N(s)) = 0. By differentiating, we find

(§(s), N(s)) = —(6(s), N(5)) -
But N(0) = dN,(v); so

Qp(v) = =(dNy(v),5(0)) = (5(0), N(p)) - (4.8)

Moreover, if o is biregular we have & = kn, where « is the curvature of o, and
n is the normal versor of o, and so we have

@p(v) = £(0)(n(0), N(p)) .
This formulas suggest the following:

Definition 4.4.26. Let 0: I — S be a curve parametrized by arc length con-
tained in an oriented surface S. The normal curvature of o is the function
kn: I — R given by

kn=(5,Noo)=r(n,Nooc),

where the second equality holds when ¢ is biregular. In other words, the nor-
mal curvature of o is the (signed) length of the projection of the acceleration
vector ¢ along the direction orthogonal to the surface. Moreover, by (4.8) we
know that

kn(5) = Qu(s) (6(s)) - (4.9)
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Remark 4.4.27. If the orientation of S is inverted, the normal curvature func-
tion changes sign.

If o is the normal section of S at p along v, its normal versor at p is (why?)
exactly N(p), so the normal curvature of S at p along v is the normal curva-
ture of o at p. Hence we are at last able to prove that the second fundamental
form gives the normal curvature of the surface:

Proposition 4.4.28 (Meusnier). Let S C R* be an oriented surface with
Gauss map N: S — S?, and p € S. Then:

(i) two curves in S passing through p tangent to the same direction have the
same normal curvature at p;
(ii) the normal curvature of S at p along a vector v € T),S of length 1 is given

by Qp(v).

Proof. (i) Indeed, if o1 and o9 are curves in S with ¢1(0) = 02(0) = p and
61(0) = 62(0) = v then (4.9) tells us that the normal curvature at 0 of both
curves is given by Qp(v).

(ii) If o is the normal section of S at p along v we have already remarked
that 5(0) = £(0)N(p), where & is the oriented curvature of o, and the asser-
tion follows from (4.8). O

4.5 Principal, Gaussian and mean curvatures

We have now proved that the normal curvatures of a surface are exactly the
values of the second fundamental form on the tangent versors. This suggests
that a more in-depth study of normal curvatures by using the properties of
the differential of the Gauss map should be possible (and useful). As we shall
see, the basic fact is that dN,, is a symmetric endomorphism, and so (by the
spectral theorem) it is diagonalizable.

Definition 4.5.1. Let S C R® be an oriented surface with Gauss map N: S —
S? and p € S. A principal direction of S at p is an eigenvector of dN,, of length
one, and the corresponding eigenvalue with the sign changed is a principal
curvature.

If v € T},S is a principal direction with principal curvature k, we have
Qp(v) = —{dNy(v),v)p = —=(=kv,v)p =k,

and so the principal curvatures are normal curvatures. To be precise, they are
the smallest and the largest normal curvatures at the point:

Proposition 4.5.2. Let S C R® be an oriented surface with Gauss map N: S
— 82, and p € S. Then we may find principal directions v, va € T,S with
corresponding principal curvatures ki, ke € R, with k1 < ko and such that:
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(i) {vi,v2} is an orthonormal basis of T,S;
(i) given a versor v € T),S, let 6 € (—m,w| be a determination of the angle
between vy and v, so that cos @ = (v1,v), and sinf = (vy,v),. Then

Qp(v) = ky cos? 0 + ko sin® 0 (4.10)

(Euler’s formula);

(iii) ky is the smallest normal curvature at p, and ko is the largest normal
curvature at p. More precisely, the set of possible normal curvatures of S
at p is the interval [k1, ko], that is,

{Qp(v) | v eT,S, Ip(v) =1} = [k1, ko] .

Proof. Since dN,, is a symmetric endomorphism of 7,5, the spectral theorem
(see [1, Theorem 13.5.5, p. 100], or [21, Theorem 22.2, p. 311]) provides us
with an orthonormal basis consisting of eigenvectors {v1,v2} that satisfies (i).

Given v € T,,S of length one, we may write v = cos § v; + sinf vy, and so
we get

Qp(v) = —(dN,(v),v)p = (k1 cos@v1 + kasin vy, cos @ vy + sin b vs),
= ky cos? 0 + ko sin? 6 .

Finally, if k; = ks then dN, is a multiple of the identity, all normal curva-
tures are equal and (iii) is trivial. If, on the other hand, k1 < ko then (4.10)
tells us that

Qp(v) = k1 + (ko — k1) sin® 0 .

So the normal curvature has a maximum (respectively, a minimum) for 6 =
+7/2 (respectively, § = 0, m), that is, for v = +wvs (respectively, v = +wv1),
and this maximum (respectively, minimum) is exactly ko (respectively, ki).
Moreover, for § € (—m, x| the normal curvature takes all possible values be-
tween k; and ko, and (iii) is proved. O

When you learned about linear endomorphisms you certainly saw that two
fundamental quantities for describing their behavior are the trace (given by
the sum of the eigenvalues) and the determinant (given by the product of the
eigenvalues). You will then not be surprised in learning that the trace and
(even more so) the determinant of dN,, are going to play a crucial role when
studying surfaces.

Definition 4.5.3. Let S C R? be an oriented surface with Gauss map N: S —
S2. The Gaussian curvature of S is the function K:S — R given by

Vpe S K(p) = det(dN,) ,

while the mean curvature of S is the function H: S — R given by

1
Vpe S H(p) = 72tr(de) .
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Remark 4.5.4. If k1 and ko are the principal curvatures of S at p € S, then
K(p) = ]{Jlk‘g and H(p) = (kl + k2)/2

Remark 4.5.5. If we change the orientation on S the Gauss map N changes
sign, and so both the principal curvatures and the mean curvature change
sign; the Gaussian curvature K, on the other hand, does not change. So we
may define the Gaussian curvature for non-orientable surfaces too: if p is a
point of an arbitrary surface S, the Gaussian curvature of S at p is the Gaus-
sian curvature at p of the image of an arbitrary local parametrization of S
centered at p (remember Remark 4.4.6 too). Analogously, the absolute value
of the mean curvature is well defined on non-orientable surfaces too.

Remark 4.5.6. The Gaussian curvature admits an interesting interpretation in
terms of ratios of areas. Let : U — R® be a local parametrization of a surface
S C R? centered at p € S, and denote by Bs C R? the open disk with center
in the origin and radius ¢ > 0. Then if K (p) # 0 we have

K(p)| = lim Area(N o ¢(Bs)) ;
3—0  Area(y(Bs))
see Fig 4.5.
To prove this, note first that K (p) = det dN, # 0 implies that N o ¢|p,
is a local parametrization of the sphere for § > 0 small enough. Then Theo-
rem 4.2.6 and Lemma 4.2.7 imply

deZl diL’Q

Area(N o p(Bs)) = /

Bs

A(N o) A A(N o)
8%1 8$2

= [ 11100 A 2ol o e

Bs

and

Area(p(Bs)) = /B |01 A 02| dzy dazo .
S5

©(Bs) N ¢(Bs)

Fig. 4.5.
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Hence,
Area(N o (p(B(s)) B h_r% (md2)~ fB |K| |01 A G2 dzy dg
520 Area(p(Bs)) hm (m02)=1 [, 101 A 02| dzy dao
( )||31|p A Doy
= p),
ouly Adaly )

using the mean value theorem for multiple integrals (see [5, Problem 6, p. 190]
for a sketch of the proof).

Remark 4.5.7. The sign of the Gaussian curvature may give an idea of how a
surface looks like. If p € S is a point with K(p) > 0, all normal curvatures
at p have the same sign. Intuitively, this means that all normal sections of S
at p curve on the same side (why?) with respect to 7,5, and so in proximity
of p the surface lies all on a single side of the tangent plane: see Fig. 4.6.(a).
On the other hand, if K(p) < 0, we have normal curvatures of both signs
at p; this means that the normal sections may curve on opposite sides with
respect to 7,5, and so in a neighborhood of p the surface has sections on
both sides of the tangent plane: see Fig. 4.6.(b). Nothing can be said a priori
when K (p) = 0. Problem 4.17 and Exercises 4.54 and 4.49 will formalize these
intuitive ideas.

The previous remark suggests a classification of the points of S according
to the sign of the Gaussian curvature.

Definition 4.5.8. Let S C R? be an oriented surface with Gauss map N: S —
S2. A point p € S is elliptic if K(p) > 0 (and so all normal curvatures at p
have the same sign); hyperbolic if K(p) < 0 (and so there are normal cur-
vatures at p with opposite signs); parabolic if K(p) = 0 but dN, # O; and
planar if AN, = O.

We shall systematically use this classification in Chapter 7; the rest of this
section will be devoted to finding an effective procedure for computing the
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various kind of curvatures (principal, Gaussian and mean) we introduced. Let
us begin by studying how to express the second fundamental form in local
coordinates.

Fix a local parametrization ¢:U — S at p € S of an oriented surface
S C R? with Gauss map N:S — S2. If v = 0101 + 1205 € T,S, then

Qp(v) = Qp(1)v7 — 2(AN(D1), D2)pv1v2 + Qp(D2)v5 - (4.11)
So it is natural to give the following:

Definition 4.5.9. Let ¢: U — S be a local parametrization of a surface S.
The form coefficients of S with respect to ¢ are the three functions e, f,
and ¢g: U — R defined by

6(1:) = Qcp(w)(al) = *<sta(I)(81)aal><p(x) )
f(],‘) = _<ngo(a:)(81)a62>go(a:) ) (412)
9(x) = Qp(2)(02) = —(dNy(2)(92), 02) ()

for all x € U, where N = 0y A 02/|01 A 02|, as usual.

Remark 4.5.10. Again, this is Gauss’ notation. We shall sometimes also use
the more modern notation e = hy1, f = his = ho1, and g = hos.

Remark 4.5.11. By differentiating the identities (IV o ¢,9;) =0 for j = 1, 2,
it is straightforward to get the following expressions for form coefficients:

D¢ D¢ D¢
e= <No<p, 3z%> , f= <]Voap7 3x1812> , g = <No<p, 5I%> . (4.13)

Remark 4.5.12. We have introduced e, f and ¢ as functions defined on U.
However, it will sometimes be more convenient to consider them as functions
defined on ¢(U), that is, to replace them with e o ™!, fop™ and go =1,
respectively. Finally, form coefficients also significantly depend on the local
parametrization we have chosen, as it is easy to verify (see Example 4.5.18).

Remark 4.5.13. Metric and form coefficients depend on the chosen local para-
metrization, whereas the Gaussian curvature and the absolute value of the
mean curvature do not, since they are defined directly from the Gauss map,
without using local parametrizations.

Clearly, the form coefficients are (why?) functions of class C*° on U that
completely determine the second fundamental form: indeed, from (4.11) we
get

Qp(v101 + v2o) = e(x)vF + 2f (2)v1ve + g(2)v3

for all p = ¢(z) € (U) and v101 + v202 € T},S.
Furthermore, (4.13) can be used to explicitly compute the form coefficients
(as we shall momentarily verify on our usual examples). So, to get an effective
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way for computing principal, Gaussian and mean curvatures it will suffice to
express them in terms of metric and form coefficients. Remember that princi-
pal, Gaussian and mean curvatures are defined from the eigenvalues of dV,,; so
it may be helpful to try and write the matrix A € My o(R) representing dN,,
with respect to the basis {9, 02} using the functions E, F, G, e, f and g.
Now, for all v = v101 + 1202, w = w101 + w202 € T},S, we have

e fllun o o E F v |
A A A T | A PV
from this it follows (why?) that
e f|_ |E F
fo9l ‘F G‘A'

Now, ’ r G’ is the matrix that represents a positive definite scalar prod-

uct with respect to a basis; in particular, it is invertible and has positive
determinant EG — F2. So we have proved the following:

Proposition 4.5.14. Let ¢:U — S be a local parametrization of a surface
S C R®, and set N = 0y A Do/||01 A Os|. Then the matriz A € My o(R)
representing the endomorphism AN with respect to the basis {01,02} is given
by

-1

4 - o aiz| _ _|E F e f
Q21 Q22 F G [y
1 _ _
_ eG— fF fG—gF ' (4.14)
EG—-F?|fE—eF gE—fF
In particular, the Gaussian curvature is given by
_ _eg—f?
K =det(A) = BG_F2° (4.15)
the mean curvature is given by
1 _leG-2fF +gkE
H = —2tr(A) =Y  BG_F? , (4.16)
and the principal curvatures by
kio=H+VH? - K . (4.17)

Remark 4.5.15. 1f o:U — S is a local parametrization with F' = f = 0 the
previous formulas become simpler:

_eg 71 e g e g
K= pe H’z(E+G>’ Fr = b=
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We may now compute the various curvatures for our usual examples.

Example 4.5.16. In the plane we have e = f = g = 0, no matter which
parametrization we are using, since the second fundamental form is zero ev-
erywhere. In particular, the principal, Gaussian and mean curvatures are all
zero everywhere.

Example 4.5.17. For the right circular cylinder with the parametrization of
Example 4.1.9 we havee = —land f=¢g=0,s0 K =0, H = —-1/2, k; = —1,
and ko = 0.

Ezxample 4.5.18. We have seen in Example 4.4.21 that on the sphere oriented
as in Example 4.4.8 we have @), = —I,. This means that for any parametri-
zation the form coefficients have the same absolute value and opposite sign
as the corresponding metric coefficients. In particular, K =1, H = —1 and
kl = ]ﬂg =-1.

Ezample 4.5.19. Let U C R? be an open set, h € C®(U), and ¢:U — R? the
local parametrization of the graph I, given by ¢(z) = (z,h(z)). Recalling
Examples 4.1.8 and 4.4.10 we get

1 02h f 1 &h 1 82h
e = ) = b = b
V1+[|Vh|? Oz V14 VP 0w102s " 7T /14 | Vh|2 023
hence,
K= ! det Hess(h)
BNCEN W DE ’
1 dh on [*\ = 92h on |?
H= 1 1
21+ |[Vh|2)¥/2 | 822 ( +‘812 >+ 022 ( +‘8x1

. 0*h Oh Oh
89518x2 3171 8562

Example 4.5.20. For a helicoid parametrized as in Example 4.1.11, we find
f=a/\/a2+y?ande=g=0, so

CL2 a

K=- H=0 kio==+ .
(a2 +y2)2 "’ ’ 1,2 a2 + 12

Ezample 4.5.21. For a catenoid parametrized as in Example 4.1.12, we find
e=—a, f=0and g =a, so
1 1

K= HEO, k172::|:

_ ’ )
a2 cosh* x acosh?z
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Example 4.5.22. Let S be a surface of revolution, parametrized as in Exam-
ple 4.1.13. The form coefficients are then given by

a/ﬁ/l _ /Bla// aﬁ/
= ) ,0 [=0, g= ) -
V(@) + () V(@) + ()
Recalling Remark 4.5.15, we get

5/(a/5// _ ﬂ'a”) I a(a’ﬂ” _ ﬂ’a”) + ﬁ’((a’)Q + (/B')Q)

a((@)?+ (82 20((a)? + (5)2)* ’
ki = v —5043/27 kg = 7 1/2
((a)2+(6)?) a((@)?+(8)?)

If the generatrix of S is parametrized by arc length, these formulas become
quite simpler: by differentiating &% + 82 = 1 we get &é + 85 = 0, and so

B

K=-", H . ki=aB-Ba, k=" .
(0%

6 valed- G

o 2«
Ezample 4.5.23. Let o: (1/2,7) — R® be the upper half of the tractrix given
by

t
o(t) = (sint,O,cost—i—logtan 2) ;

see Problem 1.3. The surface of revolution S obtained by rotating the tractrix
around the z-axis is called pseudosphere; see Fig. 4.7 (and Exercise 3.18). By
using the previous example, it is easy to find (see also Problem 4.8) that the
pseudosphere has constant Gaussian curvature equal to —1.

Fig. 4.7. The pseudosphere
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Remark 4.5.24. The plane is an example of surface with constant Gaussian
curvature equal to zero, and spheres are examples of surfaces with positive
constant Gaussian curvature (Exercise 4.28). Other examples of surfaces with
zero constant Gaussian curvature are cylinders (Exercise 4.27). The pseudo-
sphere, on the other hand, is an example of a surface with negative constant
Gaussian curvature but, unlike planes, cylinders, and spheres, it is not a closed
surface in R®. This is not a coincidence: in Chapter 7 we shall prove that closed
surfaces in R® with negative constant Gaussian curvature do not exist (The-
orem 7.3.6). Moreover, we shall also prove that spheres are the only closed
surfaces with positive constant Gaussian curvature (Theorem 7.1.2 and Re-
mark 7.1.4), and that planes and cylinder are the only closed surfaces with
zero constant Gaussian curvature (Theorem 7.2.6).

4.6 Gauss’ Theorema egregium

The goal of this section is to prove that the Gaussian curvature is an intrinsic
property of a surface: it only depends on the first fundamental form, and not
on the way the surface is immersed in R®. As you can imagine, it is an highly
unexpected result; the definition of K directly involves the Gauss map, which
is very strongly related to the embedding of the surface in R®. Nevertheless,
the Gaussian curvature can be measured staying within the surface, forget-
ting the ambient space. In particular, two isometric surfaces have the same
Gaussian curvature; and this will give us a necessary condition a surface has
to satisfy for the existence of a similitude with an open subset of the plane.

The road to get to this result is almost as important as the result itself.
The idea is to proceed as we did to get Frenet-Serret formulas for curves.
The Frenet frame allows us to associate with each point of the curve a basis
of R?; hence it is possible to express the derivatives of the Frenet frame as
a linear combination of the frame itself, and the coefficients turn out to be
fundamental geometric quantities for studying the curve.

Let us see how to adapt such an argument to surfaces. Let ¢:U — S be
a local parametrization of a surface S C R®, and let N:p(U) — S? be the
Gauss map of p(U) given by N = 01 A 02/||01 A 02||, as usual. The triple
{01,025, N} is a basis of R? everywhere, and so we may express any vector
of R? as a linear combination of these vectors. In particular, there must exist
functions I}, hij, ai; € C(U) such that

0%

1 2
Doy, = T+ 50+ higN (4.18)
N
8( ° 90) = a1j81 + agjag R (419)
8:rj

for 7, j = 1, 2, where in last formula there are no terms proportional to N
because ||N| = 1 implies that all partial derivatives of N o ¢ are orthogonal
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to N. Note further that, by Theorem 4.4.14, the terms I'; and h;j are sym-
metric with respect to their lower indices, that is, I';; = I, and hj; = h;; for
all i, j, r=1, 2.

We already know some of the functions appearing in (4.19). For instance,
since (N o ¢)/0x; = dN,(0;), the terms a;; are just the components of the
matrix A that represents dN,, with respect to the basis {01, 02}, and so they
are given by (4.14). The terms h;; are known too: by (4.13) we know that
they are exactly the form coefficients (thus the notation is consistent with
Remark 4.5.10). So the only quantities that are still unknown are the coeffi-
cients I7;.

Definition 4.6.1. The functions I7; are the Christoffel symbols of the local
parametrization .

We proceed now to compute Christoffel symbols. Taking the scalar product
of (4.18) with 0y and 92 (i = j = 1) yields

0% 10 10F
ErL + FIr? = = -
n <8x%’al> 28x1<81’81> 20x; "’
0 0 0%p OF 10F
Fri I3 = = — = — )
1 +G 1 <8x%’82> 8x1 <81,82> <817 8x15‘x2> 8x1 231’2
(4.20)
Analogously, we find
1 0F
EF112+FF122: 2 Oy )
, 1 aC (4.21)
FI'ly +GITy = 2 91y’
and
oF 10G
EF212 * FF222 T Oxy 201
. 82G ! (4.22)
Fly, +GIy, = 2 0my

These are three square linear systems whose matrix of coefficients has deter-
minant EG — F?, which is always positive; so they have a unique solution,
and it can be expressed in terms of metric coefficients and of their derivatives
(see Exercise 4.58).

Remark 4.6.2. Note that, in particular, the Christoffel symbols only depend on
the first fundamental form of S, and so they are intrinsic. As a consequence,
any quantity that can be written in terms of Christoffel symbols is intrinsic:
it only depends on the metric structure of the surface, and not on the way
the surface is immersed in R

Remark 4.6.3. We explicitly remark, since it will be useful later on, that if the
local parametrization is orthogonal (that is, if ¥ = 0) the Christoffel symbols
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have a particularly simple expression:

1 OF 1 OF 1 G
rjy = Iy =Ty, = Iy =—
W 9oBor ' 12 "2 T 2F0z, T % 2F 0z, (4.23)
F247471 OE e 1 G , 109G :
LW 9G@oxs T "2 72 T 9@ 0, T2 2G 0y

Let us see now the value of the Christoffel symbols in our canonical exam-
ples.

Ezxample 4.6.4. By Example 4.1.7, we know that the Christoffel symbols of
the plane are zero everywhere.

Example 4.6.5. The Christoffel symbols of the right circular cylinder param-
etrized as in Example 4.1.9 are identically zero too.

Example 4.6.6. The Christoffel symbols of the local parametrization of the
sphere ¢(x,y) = (2,y, /1 — 22 — y?) are

1 x 1l 7y
Fll_l_xQ_ygv F12_F21_1 1'2—y2’
po_ow=af) s y(l—y?)
22_1_x2_y27 11_1_1.2_y2a

2 2

2 _ 2 ry 2 y(l—2%)

F12_F21_1_x2_y27 F22 1—$2—y2

On the other hand, the Christoffel symbols of the other local parametrization
of the sphere 1(0,1) = (sin 6 cos ¢, sin  sin ¢, cos #) given in Example 4.1.10
are

=0, Ily=rj, =0, IJ),=—sinfcosfh,
2 _ 9 o _ cost 2 _
F11—07 F12_F21_sin07 F22—0‘
Ezample 4.6.7. Let U C R? be an open set, h € C°°( ), and go U — R? the
local parametrization of the graph I, given by ¢(x) = ( ) Recalling
Example 4.1.8 we get
1 (Oh/0x1)(0%h/0x?) (Oh/0x1)(0%h/0x1022)
Iy = 9 ) F12 F21 2 s
1L+ VA L+ VAl
o (Oh/0z1)(0%h/0x3) 2 o_ (Oh/0z2)(0%h)0x?)
2 1+ ||Vh|]? N 1+ ||Vh|]? ’
5 5 (0h)0x3)(0?h/Ox10x5) 5 (0h/0x3)(0?h/0x3)
I, =1y = 9 » Lo = 2
1+ [|[Vh]] L+ [|Vh||

Ezxample 4.6.8. The Christoffel symbols of the helicoid parametrized as in Ex-
ample 4.1.11 are

Yy
a2+y2’
F121:*y, F122:F221507 Fzzzzo-

Flllzov F112:F211: F212507
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Example 4.6.9. The Christoffel symbols of the catenoid parametrized as in
Example 4.1.12 are

sinh x sinh x
F111: ) F112:F211507 F212:* )
coshx cosh x
sinh x
F121507 F122:F221: ) 22250-
cosh x

Example 4.6.10. We conclude with the Christoffel symbols of a surface of rev-
olution parametrized as in Example 4.1.13:

! 1 !/l !
1 oo+ 33 1 1 1 oo
11 N2 o 12 21 ) 22 N2 N o
USRI @243 (4o
«

F121507 F122:F221: o F22250~

Now, unlike what happened for curvature and torsion, the Christoffel sym-
bols cannot be chosen arbitrarily; they must satisfy some compatibility con-
ditions. To find them, let us compute the third derivatives of the parametri-
zation.

As for the second derivatives, there exist functions A7, By, € C(U)
such that

¢ = Al,On + A2,.05 + Bijp N
02,0z ;0x), ik ik R
Again by Theorem 4.4.14 we are sure that the functions Afjk and Bjjj, are
symmetric in the lower indices. In particular,
A:jk = A;zk = Aij and Bz’jk = Bﬂk = sz] (425)
for all ¢, j, k, r=1, 2.
To compute the expression of A, and Bjj, we differentiate (4.18) and

,

then insert (4.18) and (4.19) in what we find. We get
oI,
;jk = 6.;k + Fjlkrzrl + szkFZTQ + hjkari )
8hjk

Biji = Ijihiy + Tihio + O

Recalling that A7, —

mental Gauss’ equations:

Agik =0, we find, for all 4, j, k, r = 1, 2 the funda-

orrn.  arr 2
&; - 8;;“ + Y (LI = TT)) = —(hjkari — higarg) - (4.26)
s=1
Before examining what can be deduced from the symmetry of B, note
an important consequence of Gauss’ equations. If we write (4.26) fori =r =1
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and j = k = 2 (see Exercise 4.59 for the other cases), we get

2
+ Y (T3, — IaTs,) = —(haza1y — hizass)

s=1

ory, ory,
8:101 axz

_(eg—fHG
= o g =CK.

Since, as already remarked, the Christoffel symbols only depend on the first
fundamental form, we have proved the very famous Gauss’ Theorema Egre-
glums:

Theorem 4.6.11 (Gauss’ Theorema Egregium). The Gaussian curva-
ture K of a surface is given by the formula

! 6F212 8F112 - s 1l s 11
h= G | Oz, B 0o * ;(Fmﬂs - Flzrzs) . (4.27)
In particular, the Gaussian curvature of a surface is an intrinsic property,

that is, it only depends on the first fundamental form.

As a consequence, two locally isometric surfaces must have the same Gaus-
sian curvature:

Corollary 4.6.12. Let F: S — S be a local isometry between two surfaces.
Then K o F = K, where K is the Gaussian curvature of S and K is the
Gaussian curvature of S. More generally, if F is a similitude with scale fac-
torr >0 then K o F = r2K.

Proof. Tt immediately follows from Theorem 4.6.11, Proposition 4.1.20, the
definition of similitude, and Exercise 4.11. a

Remark 4.6.13. Warning: there exist maps F: S — S that satisfy K o ' = K
but are not local isometries; see Exercise 4.42. In the supplementary mate-
rial of the next chapter we shall discuss necessary and sufficient conditions
to determine when a map is a local isometry (Proposition 5.5.1 and Corol-

lary 5.5.6).

As a consequence of Corollary 4.6.12, if a surface S is locally isometric
to (or, more in general, has a similitude with) a portion of a plane, then the
Gaussian curvature of S is zero everywhere. Hence, there is no local isometry
between a portion of a sphere and a portion of a plane, because the sphere
has Gaussian curvature positive everywhere while the plane has zero Gaussian
curvature: anguished cartographers have to accept that it is not possible to
draw a geographical map that preserves distances, not even scaled by some
factor.

One last consequence of Theorem 4.6.11 is another explicit formula for
computing the Gaussian curvature:
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Lemma 4.6.14. Let o:U — S be an orthogonal local parametrization of a
surface S. Then

K__l{a(laE)+8<18G>}
2WEG | 0z2 \VEG 0z2 0r1 \VEG 011 .

Proof. If we substitute (4.23) in (4.27), we get

Ko L[ 9 (10G\_ 9 (10E\ 1 0GOE
o G 31‘1 2F 31‘1 8:1:2 2F 81’2 4E2 8%1 81’1

L1 0GoE 1 8E2+1 oG \*
4EG 8x2 8:102 4E2 8x2 4EG axl

1 oG OF\ OF 1 0°E

= E G —

4E2G2 ( Oxo + 8@) dxs  2EG 0x2

N 1 G8E+E8G GG_ 1 0%°G
4E2G? Oxy Ox1) 0x1  2EG 022

N {3(1 8E>+8(1 ac;)}
~ 2VEG | 912 \VEG 02 0z1 \VEG 0z '

We close this chapter by completing the discussion of (4.25). The condition
Biji — Bjir, = 0 yields, for all 4, j, k = 1, 2 the Codazzi-Mainardi equations:

O

: O Ohj,
s E] ? J
;(ijhzs zkhjs) 835] 6.’1@ . (428)
Though less important than Gauss’ equations, the Codazzi-Mainardi equa-
tions are nonetheless very useful when studying surfaces, as we shall see in
Chapter 7.

Summing up, if ¢ is a local parametrization of a regular surface the co-
ordinates of ¢ have to satisfy the systems of partial differential equations
(4.18)—(4.19), whose coefficients depend on the metric and form coefficients
E, F, G, e, f and g, which in turn satisfy the compatibility conditions (4.26)
and (4.28). Conversely, in the supplementary material of this chapter we shall
prove the fundamental theorem of the local theory of surfaces (also known as
Bonnet’s theorem), which basically says that functions E, F, G, e, f and ¢
with E, G, EG—F? > 0 and satisfying (4.26) and (4.28) are locally the metric
and form coefficients of a regular surface, unique up to a rigid motion of R?;
see Theorem 4.9.4.

We conclude with two definitions which will be useful in Chapter 7 (and
in the exercises of this chapter).

Definition 4.6.15. Let S C R? be an oriented surface with Gauss map N: S
— S2. A line of curvature of the surface S is a curve ¢ in S such that & is
always a principal direction.
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Definition 4.6.16. Let S C R® be an oriented surface with Gauss map N: S
— S2. An asymptotic direction at p € S is a versor v € T,S such that
Qp(v) = 0. An asymptotic curve of the surface S is a curve o in S such that
¢ is always an asymptotic direction.

Remark 4.6.17. Since by exchanging orientations the second fundamental form
just changes sign, and since each surface is locally orientable, the notions of
principal direction, asymptotic direction, line of curvature, and asymptotic
curve are well defined for every surface, not just orientable ones.

Guided problems

Notation. From this section onwards, we shall use the following convention
for writing partial derivatives: if ¢:U — R is a function of class C*¥ (with
k > 2) defined in an open set U C R? with coordinates (u,v), we shall denote
the partial derivatives of ¢ by

0 0

Pu = v y Pu = v , for first-order derivatives;
ou v
0? 0? 0?
4 4 = 7% for second-order derivatives.

8’[1,8’1) Y QD'U’U a/U2 )

An analogous notation will sometimes be used for partial derivatives of func-
tions of more than 2 variables, or for higher-order derivatives.

Puu = 8U2 s Puv =

Definition 4.P.1. If o:U — S is a local parametrization of a surface .5,
and we denote by (u,v) the coordinates in U, then a w-curve (respec-
tively, a v-curve) is a coordinate curve of the form u — @(u,vg) (respec-
tively, v — @(ug,v)).

Problem 4.1. Let S C R? be the surface of equation z = xy?.

(i) Determine the first fundamental form of S and its metric coefficients.

(ii) Determine the second fundamental form @ of S.

(iii) Prove that K < 0 everywhere, and that K = 0 only for the points of S
with y = 0.

(iv) Prowve that (0,0,0) is a planar point of S.

(v) Determine the principal directions in the points of S with zero Gaussian
curvature.

(vi) Prove that the curves o1, 02:R — S given by

o1(t) = (zo +t,y0,20 +ty2) and oa(t) = (e'zg, e yo,e 3 29)
are asymptotic curves passing through (xo,yo,20) € S for all xg, yo € R.

Solution. (i) Let ¢: R* — S be the usual parametrization ¢ (u, v) = (u, v, uv?)
of S seen as a graph. Then

(91 = Pu = (1707U2) 5 82 =Py = (07 1,2’(}/[)) 5
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and so the metric coefficients are given by
E:<81,81>:1+’U4, F:<81782>:2’U,U3, G:<82,82)21+4u2112.

In particular, EG — F? = 1+v* 4+ 4u2v?; moreover, the first fundamental form
is

I(p(u,v)(vlal + va0s) = EU% + 2Fv vy + GU%

= (14 vM)v? + 4uvdvivy + (1 + 4uv?)vd |

(ii) To determine the form coefficients e, f and g, we shall use (4.13). First
of all, note that

Pu NPy = (_U2’ —2uw, 1) >

N = Pultpo 1 (—v?, —2uw, 1) ;
lpu Aol V1401 + du2e?

moreover, the second-order partial derivatives are

Puu = (07 Oa 0) ) Puv = (0707 2”) 5 oo = (0, O, 2u) .

Then,
e = (N, puu) =0,
2v
f= N = V14 vt +4u2e?’
9= (N, ow) = V14 qufi— 4u2v?
In particular, eg — f? = —4v?/(1 + v* + 4u?v?), and the second fundamental

form is given by

Qap(u,v) (1)181 + '0282) = 6’0% + 2f V102 + gv%
4v n 2u 9
= V1V U
V1 + vt + 4y202 1 V14 vt + 4u202 2

(iii) The previous computations yield

K- eg — f? B —4p?
 EG-F?2  (1+v*+4u20?)?
So K is always nonpositive, and is zero if and only if v = 0, which is equivalent
toy = 0.
(iv) Since (0,0,0) = ¢(0,0), and e = f = g = 0 in the origin, it follows
that (0,0,0) is a planar point.
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(v) Recall that the matrix A representing the differential of the Gauss map
with respect to the basis {¢y, ¢y} is given by

. —1 G —Flle f
T EG-F2|-F E ||f g
So in this case we have
—2 —2uvt v+ 2u?v

(1 + vt +4u202)3/2 v +0°  u—uv?

In particular, when v = y = 0 we get

0 o0
0 —2u

i

-

and so the principal directions coincide with the coordinate directions.
(vi) First of all,

g1 (t> = ()0(.170 + t? yO) and UQ(t) = @(etx07 e_QtiUO> )
so they actually are curves in S. Differentiating, we get
Ull(t) = (1707y8) = Lpu(ﬂ;‘o + t,yo) s
ah(t) = (e'zg, —2e ™21y, —3e 3 2)

t t —2t —2t t —2t
= e'zopu(e’mo, e yo) — 2 Yoy (e’ xg, e

Yo) -

Recalling the expression we found for the second fundamental form, we obtain
Q(o1(t)) =0 and Q(o4(t)) =0, and so oy and o3 are asymptotic curves. 0O

Problem 4.2. Let S € R® be the reqular surface with global parametrization
©:R? = R? given by p(u,v) = (u,v,u® — v?).

(i) Determine the metric coefficients of S with respect to .

(ii) Determine a Gauss map for S.

(iii) Compute the second fundamental form and the Gaussian curvature of S.

(iv) Let 0:1 — S be a curve with o(0) = O € S. Prove that the normal
curvature of o at the origin belongs to the interval [—2,2].

Solution. (i) Differentiating we find
O = o, = (1,0,2u) , Oy =, = (0,1,—20) ;
so the metric coefficients of ¢ are given by
E=1+4+4u>, F=—4uw, G=1+47>.
(ii) It is enough to consider

Pu N Py 1 (—2u,20,1)
= = —2u,2v,1) .
llou A @ull VAau2 + 402 + 1
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(iii) The second-order partial derivatives of ¢ are
Puu = (07052) ) Puv = (0,0,0) and Py = (0305 _2) 5
so the form coefficients of ¢ are

2 -2
e = 5 0 5 = 3
VA2 + 402 + 1 ! g Vau2 + 402 + 1

and the second fundamental form is given by

2(vf — v3)

w) (V101 4 1202) = ev? + 2f vivg + g2 = .
Qp(u,w) (V101 + v202) 1+ 2fvivs + gy JA? 4 4 4 1

Moreover,

oo 91 _ —4
T EG-F?  (4u2+ 4?4 1)2

is always negative, and so all the points of S are hyperbolic.

(iv) We know that the normal curvature of o is given by the second fun-
damental form computed in the tangent versor of o, and that the second fun-
damental form of S at the origin O = ¢(0,0) is given by Qo (v191 + v202) =
2(v} — v3). Moreover, if 5(0) = v10; + v20, then

1= |6(0)]]* = E(0,0)v? +2F(0,0)v1v2 + G(0,0)v3 = v} +v3 .

In particular, we may write v;1 = cosf and vy = sinf for a suitable § € R;
hence,

kn(0) = Qo (&(0)) = 2(cos® 0 — sin® 0) = 2 cos(20) € [-2,2]
as claimed. O

Definition 4.P.2. A point p of a surface S is called umbilical if AN, is a
multiple of the identity map on 7,,S. In other words, p is umbilical if the two
principal curvatures in p coincide.

Problem 4.3. Prove that an oriented surface S consisting entirely of umbil-
ical points is necessarily contained in a sphere or in a plane (and these are
surfaces consisting only of umbilical points; see Examples 4.4.7 and 4.4.8).

Solution. By assumption, there exists a function A\:.S — R such that we have
dN,(v) = A(p)v for all v € T,S and p € S, where N: S — S? is the Gauss
map of S. In particular, if ¢ is a local parametrization we have

O(N o p)
8321

O(N o)

= AN(@) = (Aop)dr, and )0

— AN () = (Ao ¢)ds .
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Differentiating again we get

P (Now) _d(hoy) 9%p
(91‘2333‘1 n 6],‘2 01 * (>\ ° 80) (91‘28331 ’
P (Now) d(Aoy) 9%p
81‘18]}2 N 81‘1 82 + ()\ ° (P) 81‘181‘2 ’
and so 50 B0
(og), _0ow) o _ o
81’2 8931

But 0; and 9, are linearly independent; therefore this implies

Ohop) _ 0(hoy) _
81'2 o 8.21 -
that is A o ¢ is constant.

So we have proved that A is locally constant: being S is connected, A is
constant on all S. Indeed, choose py € S and put R = {p € S| A(p) = A(po)}-
This set is not empty (pp € R), it is closed since A is continuous, and is open
because A is locally constant; so by the connectedness of S we have R = S,
that is, A is globally constant.

If A = 0, the differential of the Gauss map is zero everywhere, that is, IV is
everywhere equal to a vector Ny € S2. Choose py € S, and define h: S — R by
setting h(q) = (¢ — po, No). If ¢:U — S is an arbitrary local parametrization
of S, we have

d(ho o)
8Ij
for j =1, 2. It follows that h is locally constant, and so it is constant by the
same argument as above. Since h(pg) = 0, we get h = 0, which means exactly
that S is contained in the plane through py and orthogonal to Nj.

If instead A\ = Ao # 0, let ¢: S — R> be given by qlp) = p— /\glN(p).

Then

= (8,N0> =0

1 1
AN, =id— = Agid=O
A P T ’

therefore ¢ is (locally constant and thus) constant; denote by ¢y the value of
q, that is, ¢ = qo. Hence p — qg = )\alN(p), and so

dgp, =id —

2

Vpe S lp = qoll” =, -
0

In other words, S is contained in the sphere of center gy and radius 1/|\o],

and we are done. a

Problem 4.4. When are the coordinate lines lines of curvature? Let
©:U — S C R be a local parametrization of a reqular surface S, and assume
that no point of p(U) is umbilical. Prove that all the coordinate curves are
lines of curvature if and only if F = f = 0.
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Solution. Saying that the coordinate curves are always lines of curvature is
equivalent to saying that the coordinate directions are always principal direc-
tions, and this in turn is equivalent to saying that the matrix A representing
the differential of the Gauss map in the basis {¢y, ¢, } is always diagonal.

Now, recalling (4.14), we immediately see that if FF = f = 0 then A is
diagonal; so, in this case, the coordinate curves are always curvature lines
(even when there are umbilical points).

Conversely, assume that the coordinate lines are lines of curvature. This
means that the vectors ¢, and ¢, are principal directions; in particular, since
no point is umbilical, ¢, and ¢, are orthogonal, and so F' = 0. Now, the
off-diagonal entries of A are —f/G and — f/F; since they have to be zero,
we get f = 0, as claimed. Notice that in umbilical points all directions are
principal, and so coordinate curves are always lines of curvature at umbilical
points. O

Problem 4.5. Let S be an oriented surface, and N: S — S? its Gauss map.
Prove that a curve o: I — S is a line of curvature if and only if, having set
N(t) = N(o(t)), we have N'(t) = X(t)o’(t) for a suitable function A\:I — R
of class C*°. In this case, —\(t) is the (principal) curvature of S along o’ (t).

Solution. It suffices to remark that

d(N oo)
ANy (o' ) = 7 0 = N
so o’(t) is an eigenvector of dN, ) if and only if N'(t) = A(t)o'(t) for some
A(t) e R. 0

Problem 4.6. Characterization of the lines of curvature. Let S C R?
be an oriented surface, o:U — S a local parametrization, and let o: 1 — p(U)
be a regular curve with support contained in p(U), so that we can write o(t) =
o(u(t),v(t)). Prove that o is a line of curvature if and only if

(fE — eF)(W)? + (gE — eG)u'v' + (¢F — fG)(')? =

Solution. By definition, we know that o is a line of curvature if and only if
dN, ) (07(t)) = A(t)o’(t) for a suitable function A of class C*°. Now it suf-
fices to use Proposition 4.5.14 for expressing d/N, ) (J’(t)), and eliminate A
from the system of equations given by d Ny (0’(t)) = A(t)o’(t), recalling that
o'(t) # O always because ¢ is regular. O
Problem 4.7. Characterization of asymptotic curves. Let ¢: U — S be
a local parametrization of an oriented surface, and let o: I — p(U) be a regular

curve with support contained in p(U), so we can write o(t) = ¢(u(t),v(t)).
Prove that o is an asymptotic curve if and only if

e(u)? + 2fu'v + g(v')*=0.

In particular, deduce that the coordinate curves are asymptotic curves (neces-
sarily in a neighborhood of a hyperbolic point) if and only if e = g = 0.
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Solution. By definition, a curve ¢ is an asymptotic curve if and only if
Qo 1) (J’(t)) = 0, where @), is the second fundamental form at p € S. Since
o'(t) = v @y + V' ¢y, where ¢, = 0 and ¢, = 9 are computed in o(t),
the assertions immediately follows recalling that the form coefficients e, f, g
represent the second fundamental form in the basis {01, 02}. O

Problem 4.8. Let S C R? the (upper half of the) pseudosphere obtained by
rotating around the z-axis the (upper half of the) tractriz o: (w/2,7) — R®
given by

o(t) =(sint,0,cost + log tan(t/2)) ;

see Ezercise 3.18 and Example 4.5.23. In particular, S is the support of the
immersed surface : (1/2,7) x R — R® given by

t
p(t,0) = (sintcos 0,sintsin 0, cost + log tan 2) .

(i) Determine the Gauss map N:S — S? induced by ¢.

(ii) Determine the differential AN of the Gauss map and the Gaussian cur-
vature of S.

(iii) Determine the mean curvature of S.

Solution. (i) To determine the Gauss map of S we compute, as usual, the
partial derivatives of the parametrization:

01 = ¢ = cost(cos,sinf, cotant) , o = @y = sint(—sinb, cosb,0) .

Hence, ¢t A g = cost(—cost cosf, —cost sinf,sint) and |t A pg|| = cost,
and so
N (¢(t,0)) = (—costcosf, — costsinb,sint) .
(ii) To determine the differential AN, at p = ¢(t,0) € S, we use the fact
that dNp(¢:) = O(N o ¢)/0t and AN, (pg) = O(N o v)/00. We find that

dN,(¢¢) = sint (cosf,sinb, cotant) = (tant) ¢, , dN,(ps) = —(cotant)yy .
So the matrix representing dV,, with respect to the basis {¢¢, @} is

tant 0

A= 0 —cotant

)

in particular, K = det(A) = —1, as claimed in Example 4.5.23. Incidentally,
S is called “pseudosphere” exactly because it has constant — even if negative
— Gaussian curvature, like the usual sphere.

(iii) It suffices to notice that the mean curvature is given by

1

1 1
H ==, tr(d) = = (tant +cotant) = — . o, -
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Problem 4.9. Compute the Gaussian curvature and the mean curvature of
the ellipsoid S = {(x,y,2) € R® | 2% + 4y? + 922 = 1} without using local
parametrizations.

Solution. Since S is the vanishing locus of the function h: R®* — R given by
h(z,y,z) = 22 + 4y? + 922 — 1, Corollary 4.3.12 tells us that a Gauss map
N:S — 82 of S'is

N(z,y,2) = alx,y, 2)(z,4y,92) ,

where o: § — R is the function a(z,y, z) = (22 + 16y> + 8122)~1/2. Moreover,
the tangent plane at p = (xo, yo, 20) is given by

TpS = {(Ul,vz,vg) € R3 | ToU1 + 4y0112 + 9zgv3 = O} .

The Jacobian matrix of N seen as a map from R*\ {O} to R? is

o+ Toy, Ty TO,
J=1 4dya, do + 4yayy Jyor, ;
9zay, 9zay, 9a + 9za,
o)
V1 (%} Zo
AN, (v1,v2,v3) = J | v2 | = a(p) | 4vz | — a®(zov1 + 16yova + 8129v3) | 4yo
V3 9’03 920

Suppose that xg # 0. A basis B = {w;, w2} of the tangent vectors to S at p
is then given by

wy = (=920,0,209) and we = (—4yo, zo,0) .

Computing explicitly dN,(w1) and dN,(w2), and writing them as linear com-
binations with respect to the basis B, we get that the matrix representing dN,,
with respect to B is

9(1 —72a%23)  —108ayopzo

A=a —288c%yozo  4(1 — 12a%y3)

So, if ¢ # 0 the Gaussian curvature and the mean curvature are

36 C36(af+yd+25—1)—13

- b H b
(x5 + 16y5 + 8123)° 2(xf + 16y5 + 8125)%/

note that K is always positive.

We have now found the the Gaussian and mean curvatures in all points
p=(z,y,2) € S with x # 0. But SN {z =0} is an ellipse C, and S\ C is an
open set dense in S. Since the Gaussian and mean curvatures are continuous,
and the expressions we have found are defined and continuous on all S, they
give the values of K and H on all S. a
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Problem 4.10. Let S € R® be a regular surface with a global parametriza-
tion @:R x RT — S whose metric coefficients satisfy E(u,v) = G(u,v) = v
e F(u,v) = 0. Prove that S is not locally isometric to a sphere.

Solution. Since the parametrization is orthogonal, we may use (4.23) to com-
pute the Christoffel symbols of ¢. We obtain I}, =0, I't, = =\, I'l, = .},

't =0, =0,T%= 211). Gauss’ Theorema Egregium 4.6.11 then implies

1 8F212 81—1112 2 s 1 s 1 1
K:G ou o +;(F22F15_F12F23) = o3

Hence, K is not constant in any open set of S, and so (Corollary 4.6.12) S
cannot be locally isometric to a sphere. O

Problem 4.11. Let 0: (a,b) — R3 be a biregular curve whose support is con-
tained in the sphere S with radius 1 and center in the origin of R®. Show
that if the curvature of o is constant then the support of o is contained in a
circle.

Solution. We may assume that o is parametrized by arc length; moreover,
remember that if we orient S2? as in Example 4.1.10 we have 0 = N o¢. Since
the support of ¢ is contained in S2, the derivative ¢ is tangent to 52, and so
it is orthogonal to o. Further, by Proposition 4.4.28 (Meusnier) and Exam-
ple 4.4.21, the normal curvature of ¢ is equal to —1 everywhere, once more
because o takes values in S2. Hence, (4.8) and (4.9) imply (o,n) = —1/k.

Now, 1 = |lo||? = [{0,5)|* + |(o, n)|? + | (o, b)|?; since (0,5) = 0 and (o, n)
is a non zero constant, we deduce that (o, b) is a constant too. Hence,

0= 5 (o) = —rlom) =T,

so 7 = 0 and o is plane. But the support of a plane regular curve with con-
stant curvature is contained in a circle, and we are done. a

Problem 4.12. Put U = (0,1) x (0,7) and let o:U — R® be the map defined

by p(u,v) = (u €os v, u sin v,d)(v)), where ¢ € C’°°((0,7r)) is a homeomor-

phism with its image.

(i) Show that the image S of ¢ is a regular surface.

(ii) Compute the Gaussian curvature in every point of S and check whether
there exists an open subset of S that is locally isometric to a plane.

(iii) Give conditions for a point of S to be an umbilical point.

Solution. (i) Note that
01 = @y = (cosv,sinw,0) 02 = ¢, = (—u sin v, u cos 117(;5’(1))) ;

hence,
Pu gy = (¢'(v) sinv, —¢'(v) cos v, u)
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is never zero, because its third component is never zero. So the differential of
 is injective in every point. Moreover, ¢ is injective, and ¢:.S — U given by
Y(x,y,2) = (/22 +y2,¢~(2)) is a continuous inverse of .

(i) The metric coefficients are E = 1, F = 0 and G = u? + ¢'(v)?, while
[pu A @ull = \/u? + ¢'(v)2. To determine the form coefficients, we compute

uu = (0,0,0) , @y = (—sinv,cosv,0) , @y, = (—ucosv, —usinv, ¢"(v)) ,

and so
_ —¢ () ug(v)
=0 = . g= .
R O A 0
In particular,
P2
BT

Since ¢ is injective, ¢’ cannot be zero on an interval, so K cannot be zero in
an open set. Consequently, no open subset of S can be locally isometric to a
plane.

(iii) Recalling (4.17), which gives the principal curvatures in terms of the
mean and Gaussian curvatures, the relation that characterizes the umbilical
points is H2 — K = 0. Using (4.16), we find that the mean curvature of S is
given by

_ 1 ug’(v)

T2 )
and so
1 u2¢//(v)2 (Z)I(U)2
1+ @2 " 0+ (o))
Hence we have H? — K = 0 if and only if ¢/(v) = ¢”(v) = 0, and so the um-
bilical points of S are exactly the points of the form (u COS Vg, U Sin vy, gb(vo)),
where vy € (0, 7) satisfies ¢ (vg) = ¢ (vg) = 0. o

H?>-K =

Problem 4.13. Let ¥ = {(z,y,2) € R® |zyz = 1}.

(i) Determine the largest subset S of X such that S is a regular surface.
(ii) Prove that the points (z,y,z) € S such that |x| = |y| = |2| = 1 are
umbilical points of S.

Solution. (i) Consider the function f:R® — R given by f(z,y, z) = xyz. Since
Vf = (yz,zz,xy), we find that 1 is a regular value for f, and so ¥’ = S is a
regular surface.

(ii) Let p = (z,y,2) € X. In a neighborhood of p, the surface X' is the
graph of the function g:R* x R* — R given by g(z,y) = 1/zy. So we may
take as parametrization of X near p the parametrization of the graph of g
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given by p(u,v) = (u, v, g(u, v)) Then, proceeding in the usual way, we find

81:<170a_ l >a62:<071a_ 12>aN: ! (’U?U’?U/2U2)a
u2v u Vu2 4+ 02 + ylot
1 1 1
E:1+u4v2’ :u3v3’G:1+u2v4’
- 2v - 1 - 2u
‘- uvu? + 02 + utot’ f= Vu? + 02 + uteot 9= o2 + 02 + utot
B 3utv? _uv(l + vt + ute?)
- (u2—|—v2—|—u4v4)2 ’ - (u2+v2+u4v4)3/2 ’

u2v2(1 + ubvt + uhod — uvt — b — ute?)

H?> - K =
(u2 + 1)2 + u4v4)3

In particular, all points of the form p(u,v) with |u| = |v] = 1, that is, all
points p € S with |x| = |y| = |z| = 1, are umbilical points. a

Problem 4.14. Let S be an oriented surface in R® and o:R — S a biregular
curve of class C* that is an asymptotic curve of S. Prove that T,(4)S is the
osculating plane to o at o(s) for all s € R.

Solution. We may assume that o is parametrized by arc length. Using the
usual notation, we have to show that the versors t(s) and n(s) span the plane
T,(s)S tangent to S at o(s); in other words, we have to prove that t(s) and
n(s) are orthogonal to the normal versor N (o(s)). Since t(s) € T, (S, by
definition of a tangent plane to a surface, it suffices to show that n(s) and
N(o(s)) are orthogonal. But by the biregularity of o we know that

1
K(8)

since ¢ is an asymptotic curve. a

<l’l(8),N(O’(S))> = Qa(s) (U(S)) =0 s

Definition 4.P.3. Let S ¢ R® be a surface oriented by an atlas A. Then
the atlas A~ obtained by exchanging coordinates in all the parametrizations
of A, that is, ¢ € A~ if and only if p o x € A where x(z,y) = (y,z), is called
opposite of A.

Problem 4.15. Let S be a surface oriented by an atlas A, and take another
local parametrization ¢:U — S of S, with U connected. Prove that either ¢
has the same orientation as all local parametrizations of A, or has the same
orientation as all local parametrizations of A~ .

Solution. Let N be the normal versor field determining the given orientation,
and {01,02} the basis induced by ¢. Exactly as in the proof of Proposi-
tion 4.3.7, we find that 9; A 02/||01 A D2]] = £N on ¢(U), with constant sign
since U is connected. So (4.6) implies that if the sign is positive then ¢ deter-
mines the same orientation of all elements of A, while if the sign is negative
it determines the opposite orientation. a
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Problem 4.16. Let S € R® be a surface in which the absolute value of the
mean curvature is never zero. Prove that S is orientable.

Solution. Let A = {ps} be an atlas on S such that the domain U,, of each ¢,
is connected. Using the usual Gauss map N, induced by ¢, we may define a
mean curvature on ¢, (U, ) with a well defined sign, since its absolute value is
never zero and U, is connected. Up to exchanging coordinates in U,, we may
then assume that the mean curvature induced by N, is always positive.
Define now N:S — S? by setting N(p) = N, (p) for all p € 0o (Uy). To
conclude, it suffices to verify that N is well defined, that is it does not depend
on a. Take p € ¢, (Us) Ns(Ug). If we had No(p) = —Ns(p), then we would
have N, = —Nj in a whole neighborhood of p; so the mean curvature induced
by N, and the mean curvature induced by Ng would have opposite sign in a
neighborhood of p, against our assumptions. a

Problem 4.17. Let p € S be a point of a surface S C R®. Prove that if p
is elliptic then there exists a neighborhood V' of p in S such that V' \ {p} is
contained in one of the two open half-spaces bounded by the affine tangent
plane p + T,S. Prove that if, on the other hand, p is hyperbolic then every
neighborhood of p in S intersects both the open half-spaces bounded by the
plane p + 1,5

Solution. Let p:U — S be a local parametrization centered at p, and define
the function d:U — R by setting d(z) = (@(x) — p, N(p)), where N is the
Gauss map induced by ¢. Clearly, p(x) € p+ T,S if and only if d(z) = 0,
and ¢(z) belongs to one or the other of the half-spaces bounded by p + T,
depending on the sign of d(z). Expanding d as a Taylor series around the
origin, we get,

1 - 0%
2 =1 8%165%

)

d(z)

40)+ Y 1 (O + ()i + of]?)

e(p)at + 2f(p)x1za + g(p)a3 + o||z|?) (4.29)
= Qp(x101 + 1205) + o([|z]?) .

Now, if p is elliptic then the two principal curvatures at p have the same sign
and are different from zero; in particular, @, is positive (or negative) definite.
But then (4.29) implies that d(x) has constant sign in a punctured neigh-
borhood of the origin, and so there exists a neighborhood V' C S of p such
that all points of V' \ {p} belong to one of the two open half-spaces bounded
by p+1,5.

If, on the other hand, p is hyperbolic, the two principal curvatures in p
have opposite signs and are different from zero; in particular, @, is indef-
inite. Hence d(z) changes sign in every neighborhood of the origin, and so
every neighborhood of p in S intersects both the open half-spaces bounded by
p+1,S. O
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Problem 4.18. Osculating quadric to a level surface. Given a function
f € C®(£2) admitting 0 as regular value, where 2 C R? is an open set, let
po = (x¢,29,23) € S = f~1(0) be a point of the level surface of f.

(i) Determine a quadric Q passing through py and such that S and Q have
the same tangent plane at py and the same second fundamental form. The
quadric Q is called osculating quadric.

(ii) Show that pg is elliptic, hyperbolic or parabolic for S if and only if it is
for Q.

(iii) Let S be the surface of R® of equation x1 + 23 + x3 + 23 = 0. Using the
osculating quadric, show that the point po = (—1,1,1) is hyperbolic.

Solution. Developing f in Taylor series around pg, we find

. > > (po) (i — a7) (25 — 25) + o([|z]|%)
2 —1 6],‘1‘631‘]‘ po J
Choose as Q the quadric determined by the polynomial
3
1 0% f
o E . 0 P—
E :az] x]) + ) s azzaxj (po)(xl 331)(37] x]) .

So f and P have the same first and second derivatives in pg. Since the tan-
gent plane to S (respectively, to Q) at pg is orthogonal to the gradient of f
(respectively, P) at pg, and Vf(pg) = VP(py), we immediately find that
Tp,S = Tp, Q. Moreover, the differential of the Gauss map of S at pg only
depends on the first derivatives of V f at pg, that is, on the second derivatives
of f at po; since P has the same (first and) second derivatives at py as f,
it follows that the differential of the Gauss map for S acts on 7, S = T}, Q@
like the differential of the Gauss map for Q, and as a consequence S and O
have the same second fundamental form at pg, and pg is elliptic (hyperbolic,
parabolic) for S if and only if it is for Q.
In case (iii), the polynomial P is

P(z) =4(x1 + 1) +2(zo — 1) +3(z3 — 1) = 3(z1 + 1)* + (2 — 1)? + 3(z3 — 1)?

The theorem of metric classification for quadrics (see [1, Vol. I, p. 163]) tells
us that the quadric Q is obtained by a rigid motion from a one-sheeted hyper-
boloid. Since all points of Q are hyperbolic (see Exercise 4.55), pg is hyperbolic
for S too. O

Definition 4.P.4. A surface S C R is ruled if there exists a family {rj}ier
of disjoint open line segments (or whole straight lines) whose union is S. The
lines 7y are called generators (or rulings) of S. A cone is a ruled surface whose
generators all pass through a common point.
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Problem 4.19. Let S be a ruled (regular) surface. Show that S does not con-
tain elliptic points, and as a consequence K <0 in each point of S.

Solution. By definition, for each point p € S, there is a line segment contained
in S and passing through p. A line segment within a surface always has zero
normal curvature; so every point p € S has an asymptotic direction, which
necessarily implies K (p) < 0. O

Problem 4.20. Tangent surface to a curve. Let o:1 — R® be a regular
curve of class C*°, with I C R an open interval. The map ¢: 1 x R — R3,
defined by @(t,v) = o(t) + vo'(t), is called tangent surface to o. Every affine
tangent line to o is called a generator of the tangent surface.

(i) Show that ¢ is not an immersed surface.

(ii) Show that if the curvature k of o is nowhere zero then the restriction
0= Plu:U — R* of ¢ to the subset U = {(t,v) € [ x R | v > 0} is an
immersed surface.

(iii) Show that the tangent plane along a generator of the tangent surface is
constant in S = ¢(U).

Solution. (i) It suffices to prove that the differential of ¢ is not injective some-
where. Since ¢; = ¢’ +v o’ and @, = o', we have ¢, Ay, = v’ Ao’. So, using
the expression (1.13) of the curvature of a curve in an arbitrary parameter,
we find

lpe Apoll = ol 0"k .
In particular, the differential of ¢ is not injective when v = 0.

(ii) More precisely, we have proved that the differential of ¢ is injective
in (t,v) if and only if v # 0 and k(t) # 0, and so ¢ is an immersed surface.

(iii) It is sufficient to remark that the direction of the vector ¢ A ¢, is
orthogonal to the tangent plane to S at the required point. Since this direc-
tion does not depend on v, the tangent plane is constant along a generator
of S. 0

Exercises
FIRST FUNDAMENTAL FORM

4.1. Determine the metric coefficients and the first fundamental form for the
regular surface with global parametrization op(u,v) = (u,v,u* + v*).

4.2. Let S C R? be the surface with global parametrization ©:RT xRt — R3
given by ¢(u,v) = (ucosv,usinv,u). Prove that the coordinate curves of ¢
are orthogonal to each other in every point.
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4.3. Let S C R? be the catenoid, parametrized as in Problem 3.1. Given r € R,
let o: R — S be the curve contained in the catenoid defined by o (t) = (¢, 7t).
Compute the length of o between ¢t = 0 and ¢ = ¢, using the first fundamental
form of S.

4.4. Let ¢: R x (0,27) — R? be the local parametrization of the one-sheeted
cone S C R? given by ¢(u,v) = (ucosv,usinv,u). Given § € R, determine
the length of the curve o: [0, 7] — S expressed by o (t) = (et tan(A)/V2 ),

4.5. Let S C R® be a regular surface with local parametrization ©(u,v) whose
metric coefficients satisfy £ = 1 and F' = 0. Show that the coordinate v-curves
cut each u-curve in segments of equal length.

4.6. Determine the metric coefficients of the unit sphere S2 ¢ R® with re-
spect to the parametrization found by using the stereographic projection (see
Exercise 3.4).

4.7. Determine the first fundamental form of the zy-plane minus the origin,
parametrized by polar coordinates.

ISOMETRIES AND SIMILITUDES

4.8. Find two surfaces S; and S5 such that S; is locally isometric to Sy but
S5 is not locally isometric to S.

4.9. Determine for which values of a, b € R the surface
Sup = {(2,9,2) € R | 2 = aa? + by?}
is locally isometric to a plane.

4.10. Let 0 = (01,02):R — R? be a regular plane curve parametrized by
arc length. Let S C R® be the right cylinder on ¢ parametrized by o(u,v) =
(o1(u), 02(u),v). Prove that S is locally isometric to the cylinder of equation
2?2 +y? + 22 =0.

4.11. Let H:S — S be a similitude with scale factor » > 0. Given a local
parametrization ¢: U — S, put ¢ = H o p and let E, F, G (respectively, E,
F', G) be the metric coefficients with respect to ¢ (respectively, ¢). Prove that
E=1r2E, F =r2F and G = r2G.

ORIENTABLE SURFACES

4.12. Let o, 7: R — R? be the trajectories, parametrized by arc length, of two
points that are moving subject to the following conditions:



220 4 Curvatures

(a) o starts at (0) = (0,0,0), and moves along the z-axis in the positive
direction;

(b) 7 starts at 7(0) = (0, a,0), where a # 0, and moves parallel to the positive
direction of the z-axis.

Denote by S € R® the union of the straight lines passing through o(t) and
7(t) as t varies in R.

(i) Prove that S is a regular surface.
(ii) Find, for every point p € S, a basis of the tangent plane T,,S.
(iii) Prove that S is orientable.

4.13. Let S C R® be a surface oriented by an atlas A = {p,}. Given p € S
and a basis {v1,v2} of T),S, prove that {vq, v} is a positive basis of T,,S if and
only if it determines on 7,5 the same orientation as the basis {01 alp, 92,alp}
for all ¢, € A such that p belongs to the image of ¢.

4.14. How many orientations does an orientable surface admit?

4.15. Determine a normal versor field for the surface S in R® with global
parametrization p:R? — R® given by ¢(u,v) = (%, u 4 v,u), and compute
the angle between the coordinate curves.

4.16. Determine a normal versor field for the surface S in R® of equation
z = e"¥. Find for which values of A, i € R the vector (X, 0, ) is tangent to S
at Po = (07 Oa 1)

4.17. Let S C R? be a surface oriented by an atlas A, and let A~ be the op-
posite of A. Prove that A~ is also oriented, and that all ¢ € A and o~ € A~
with intersecting images determine opposite orientations.

SECOND FUNDAMENTAL FORM

4.18. Prove that if S is an oriented surface with dN = O then S is contained
in a plane.

4.19. Let S be a regular level surface defined by F(x,y,z) = 0, with F €
C>®(U) and U C R® open. Show that, for all p € S, the second fundamental
form @, is the restriction to 7},S of the quadratic form on R? induced by the
Hessian matrix Hess(F)(p).

4.20. Consider the surface in R* parametrized by ¢(u,v) = (u,v,u? + v?).
Determine the normal curvature of the curve ¢ — ¢(#2,¢) contained in it.

4.21. Let ¢ be a line tangent to a regular surface in R? at a point p, along a
non-asymptotic direction. Show that the osculating circles (see Example 1.4.3)
at p of all the curves on S passing through p and tangent to £ at p are contained
in a sphere.
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4.22. Determine the normal curvature of a regular curve o whose support is
contained in a sphere of radius 3.

PRINCIPAL, GAUSSIAN AND MEAN CURVATURES

4.23. Let 0:1 — R? be a biregular curve parametrized by arc length, and
assume there is M > 0 such that x(s) < M for all s € I. For all € > 0 let
©°: 1 x (0,21) — R® be given by

©°(s,0) = o(s) +ecosfn(s)+ esinfb(s).

(i) Prove that if € < 1/M then d¢S is injective for all € T x (0, 27).

(ii) Assume that there exists ¢ > 0 such that ¢ is globally injective and a
homeomorphism with its image, so that it is a local parametrization of
a surface S° = ¢°(I x (0,2m)). Find a normal versor field on S, and
compute the Gaussian and mean curvatures of S¢.

(iii) Prove that for any interval [a,b] C I there exists ¢ > 0 such that the
restriction ¢ (4 5)x (0,2 is globally injective and a homeomorphism with
its image.

4.24. Let p:R — R be a O™ function, and let ¢:R x (0,27) — R? be given
by
©(2,0) = (p(z) cos b, p(z)sin b, z).

(i) Prove that ¢ parametrizes a regular surface S if and only if p is nowhere
Z€ero.

(ii) When S is a surface, write using p the first fundamental form with respect
to the parametrization ¢, and compute the Gaussian curvature of S.

4.25. Let S € R? be the paraboloid of revolution of equation z = x2 + y2.

(i) Compute the Gaussian and mean curvatures of S at each point.
(ii) Compute the principal directions of S at the points of the support of the
curve 0: R — S given by

o(t) = (2cost,2sint,4) .

4.26. Prove that H? > K always on an orientable surface S. For which points
p € S does equality hold?

4.27. Prove that cylinders have Gaussian curvature equal to zero everywhere.

4.28. Prove that the Gaussian curvature of a sphere with radius R > 0 is
K = 1/R?, while its mean curvature (with respect to the usual orientation)
is H=-1/R.

4.29. Let 0 = (01,02):R — R? be a regular plane curve parametrized by
arc length. Let S € R® be the right cylinder on o parametrized by ¢(u,v) =
(01(u),02(u),v). Find the curvatures and the principal directions of S as
functions of the curvature k of o.
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4.30. Denote by S C R? the subset
S={(r.y.2) €R® | (14 [z} 4 — 2 =0} .

(i) Prove that T = SN {(z,y,2) € R® | 2 > 0} is a regular surface.
(ii) Prove that S is not a regular surface.
(iii) Compute the Gaussian curvature and the mean curvature of 7.

4.31. Let S C R? be a surface, and H € R® a plane such that C = HN S is
the support of a regular curve. Assume moreover that H is tangent to S at
every point of C'. Prove that the Gaussian curvature of S is zero at each point

of C.

4.32. Let S C R? be an orientable surface, and let N be a normal versor field
on S. Consider the map F: S x R — R? defined by F(p,t) = p + tN,.

(i) Show that F is smooth.
(ii) Show that the differential dF' is singular at the point (p,t) if and only if
—1/t is one of the principal curvatures of S at p.

4.33. Prove that a surface with Gaussian curvature positive everywhere is
necessarily orientable.

4.34. Let ¢: R? — R? be given by
o(u,v) = (e" cosv, e’ cosu, v) .

(i) Find the largest ¢ > 0 such that ¢ restricted to R x (—¢,¢) is a local
parametrization of a regular surface S C R®.
(ii) Prove that the Gaussian curvature of S is nowhere positive.

(Hint: use the well-known formula K = (eg — f?)/(EG — F?), without explic-
itly computing eg — f2.)

4.35. Let p: U — S be a local parametrization of a surface S C R®, and let N
be the Gauss map induced by . Show that we have N, A N, = K (@, A ¢y),
where K is the Gaussian curvature.

4.36. Let 0: [a,b] — R® be a regular closed curve of class C>. Assume that
the support of ¢ is contained in the ball with center in the origin and radius 7.
Show that there exists at least one point where ¢ has curvature at least 1/r.

4.37. Let 0: R — R® be a regular curve of class C*°. Assume that the curva-
ture of o is greater than 1/r at every point. Is it true that the support of o is
contained in a ball of radius r?
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Fig. 4.8. Enneper’s surface

LINES OF CURVATURE

4.38. Let ¢: R? — R? be the immersed surface (Enneper’s surface; see Fig. 4.8)
given by
u? v3
o(u,v) = (u— +uv? v — +vu2,u2—112> )
3 3
(i) Prove that a connected component S of p(R?)\ ({z =0} U{y =0}) is a
regular surface.
(i) Show that the metric coefficients of S are F =0, E = G = (1+u? +0v?)2.
(iii) Prove that the form coefficients of S are e =2, g = =2, f = 0.
(iv) Compute the principal curvatures of S at each point.

(v) Determine the lines of curvature of S.

4.39. Let S C R® be an oriented surface with Gauss map N:S — S2, and
take p € S.

(i) Prove that a vector v € T},S is a principal direction if and only if
(dN,(v) Av,N(p)) = 0.

(ii) If S = f~!(a) is a level surface at a regular value a € R for some function
feCc® (R3 prove that a vector v € T,,S is a principal direction if and
only if

3
d %
aafl (p) 4 1Uia$iafz1 (p) !
1=
3
) 02
det | 27 (p) X s d () w2 =0.
of 3 a%f
s (p) ;::1 Vi 0 D (p) w3
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4.40. Assume that two surfaces in R? intersect along a curve o in such a way
that the tangent planes form a constant angle. Show that if ¢ is a line of cur-
vature in one of the two surfaces it is a line of curvature in the other surface
too.

ISOMETRIES, AGAIN

4.41. Let ¢: (0,27) x (0,27) — R® be the global parametrization of the surface
S C R? given by

o(u,v) = ((2 + cosu)cosv, (2 + cosu)sinv, sinu) .

(i) Determine the metric and form coefficients.
(ii) Determine the principal curvatures and the lines of curvature.
(iii) Determine whether S is locally isometric to a plane.

4.42. Let ¢, 3:RT x (0,27) — R? be given by
o(u,v) = (ucosv,usinv,logu), P(u,v) = (ucosv,usinv,v) ;

the image S of ¢ is the surface of revolution generated by the curve (¢,logt),
while the image S of @ is a portion of an helicoid. Prove that K o p = Ko D,
where K (respectively, K) is the Gaussian curvature of S (respectively, S),
but that ¢ o ¢! is not an isometry. Prove next that S and S are not locally
isometric. (Hint: in these parametrizations K depends on a single parame-
ter, which can be determined in the same way in both surfaces. Assuming
the existence of a local isometry, write the action on the coefficients of the
first fundamental form: since the conditions imposed by the equality on these
coefficients cannot be satisfied, the local isometry cannot exists. )

ASYMPTOTIC CURVES

4.43. Let S C R? be the surface with global parametrization ¢: R? — R?
given by o(u,v) = (u,v,uv).

(i) Determine the asymptotic curves of S.
(ii) Determine the values the curvature of the normal sections of S takes at
the origin.

4.44. Let o be a regular curve of class C* on a surface S in R®. Show that if
o is an asymptotic curve then the normal to ¢ is always tangent to S.

4.45. Let S be a regular surface in R®.

(i) Show that if £ is a line segment contained in S then ¢ is an asymptotic
curve for S.
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(ii) Show that if S contains three distinct line segments passing through a
given point p € S then the second fundamental form of S at p is zero,
that is, p is a planar point.

4.46. Determine the asymptotic curves of the regular surface (see also Exer-
cise 4.1) with global parametrization ¢(u,v) = (u,v,u* + v*).

4.47. Let p be a point of a regular surface S C R®. Assume that at p there
are exactly two distinct asymptotic directions. Show that there exist a neigh-
borhood U of p in S and two maps X, Y:U — R? of class C* such that for
all ¢ € U the vectors X (gq) and Y (¢) are linearly independent and asymptotic
tangent vectors to S at q.

ELLIPTIC, HYPERBOLIC, PARABOLIC, PLANAR AND UM-
BILICAL POINTS

4.48. Characterization of umbilical points. Show that a point p of a reg-
ular surface S is umbilical if and only if, in a local parametrization of .S, the
first and the second fundamental form are equal. In particular, show that,
when the form coefficients are different from zero, the point p is umbilical if
and only if

E F (G

- - )

e f g
and that in this case the normal curvature equals x,, = E/e.
4.49. Let S be the graph of the function f(z,y) = 2* + y*. Prove that the

point O € S is planar and that S lies within one of the two closed half-spaces
bounded by the plane Tp.S.

4.50. Find the umbilical points of the two-sheeted hyperboloid of equation

4.52. Let S be a connected regular surface in which every point is planar.
Show that S is contained in a plane.

4.53. Let S be a closed, connected regular surface in R®. Show that S is a
plane if and only if through every point p of S (at least) three distinct straight
lines lying entirely in S pass.
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4.54. Let S be the graph of the function f(x,y) = 2% — 3y?z (this surface
is sometimes called monkey saddle). Show that the point O € S is planar
and that every neighborhood of O in S intersects both the open half-spaces
bounded by the plane T .S.

4.55. Let Q be a quadric in R? such that Q is a regular surface but not a

plane (see Problem 3.4).

(i) Show that Q has no parabolic points.

(ii) Show that if Q has a hyperbolic point then all points of Q are hyperbolic.

(iii) Conclude that if Q has an elliptic point, then all points are elliptic.

(iv) Determine which quadrics have only hyperbolic points and which quadrics
have only elliptic points.

4.56. Determine whether the origin O is an elliptic, hyperbolic, parabolic or
planar point in the surface of equation:

(i) z—2y=0;
(i) z—y* -2t =0;
(i) z+y+z—a?—y?>—23=0.

GAUSS’ THEOREMA EGREGIUM
4.57. Compute the Christoffel symbols for the polar coordinates of the plane.

4.58. Prove that the Christoffel symbols can be computed using the following

formula:
2

1 1 (0gu | Ogij  0gij
Ik — ki i i 08ij
K 2 l:zl g 8Ij + &rz al'l ’
where g11 = E, g12 = g21 = F, g2 = G, and (g¥) is the inverse matrix of
matrix (gi;).

4.59. Check that the equations (4.26) written for the other possible values of
i, j, k and r are either trivially satisfied, or a consequence of the symmetry
of the Christoffel symbols, or equivalent to (4.27).

4.60. Let E be the ellipsoid of equation

1 1
4x2+y2+9z2:3.

(i) Compute the Gaussian curvature K and the principal directions of E at
the point p = (2,1,3) € E.

(ii) Compute the integral of the Gaussian curvature K on the intersection of
FE with the octant

Q={(z,y,2) | >0,y >0,z >0} .
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4.61. Check that the compatibility conditions that are a consequence of the
identity 0%(N o ¢)/0x;0x; = 0*(N o ¢)/0x;0x; are either always satisfied or
equivalent to (4.28).

CONFORMAL MAPS

Definition 4.E.1. A map H:S; — Sy of class C* between two surfaces
in R? is conformal if there exists a function \: S; — R* of class C'* nowhere
vanishing such that

<de(Ul)7 de(U2)>H(p) =\’ (p){v1, U2>p

for all p € S; and all vy, vo € T,,S1. The map H is locally conformal at p if
there are neighborhoods Uy of p in S7 and Us of H(p) in S such that the
restriction of H|y,: Uy — Us is conformal. Two surfaces S; and Sy are con-
formally equivalent if there exists a conformal diffeomorphism H:S; — Ss.
Finally, Sy is locally conformal to Sy if for all p € Sy there exist a point g € Sy
and a conformal diffeomorphism between a neighborhood of p in S; and a
neighborhood of ¢ in Ss.

4.62. Show that the stereographic projection (see Exercise 3.4) is a conformal
map.

4.63. Prove an analogue of Proposition 4.1.20 for conformal maps: Let S, S c
R? be two surfaces. Then S is locally conformal to S if and only if for every
point p € S there exist a point p € S, an open set U C R?, a function
A € C(U) nowhere zero, a local parametrization ¢:U — S of S centered
at p, and a local parametrization p:U — S of S centered at p such that
E=XE,F=)F and G = \2G, where E, F, G (respectively, E, F, Q) are
the metric coefficients of S with respect to ¢ (respect1ve1y7 of S with respect

to Q).

Definition 4.E.2. A local parametrization of a surface S is called isothermal
ifE=GeF=0.

4.64. Prove that two surfaces both having an atlas consisting of isothermal
local parametrizations are locally conformal. (Remark: It is possible to prove
that every regular surface admits an atlas consisting of isothermal local para-
metrizations; as a consequence, two regular surfaces are always locally con-
formal. See, for instance, [3].)

4.65. Let ¢: U — S be a isothermal local parametrization. Prove that

Alog G

Puu + Pov = QEHN 5 and that K = — G R

where A denotes the Laplacian.
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RULED SURFACES

Definition 4.E.3. A conoid in R? is a ruled surface in R* whose rulings are
parallel to a plane H and intersect a straight line /. The conoid is said to be
right if the line ¢ is orthogonal to the plane H. The line ¢ is called azis of the
conoid.

4.66. Show that the right helicoid parametrized as in Problem 3.2 is a right
conoid.

4.67. Let S C R? be a right conoid having rulings parallel to the plane z = 0
and the z-axis as its axis. Prove that it is the image of a map ¢: R* — R? of
the form

o(t,v) = (veos f(t), vsin f(t),t) ,

where f:R — R is such that f(¢) is a determination of the angle between the
ruling contained in z = ¢ and the plane y = 0. Prove that the map ¢ is an
immersed surface if f is of class C*°.

4.68. Prove that the cylinders introduced in Definition 3.P.3 are ruled sur-
faces.

4.69. Given a regular curve o: I — R? of class C™, and a curve v: I — S? of
class C*° on the sphere, let ¢: I x R* — R? be defined by

o(t,v) =o(t) +vv(t). (4.30)

Prove that ¢ is an immersed surface if and only if v and ¢’ 4+ vv’ are every-
where linearly independent. In this case, ¢ is called a parametrization in ruled
form of its support S, the curve o is called base curve or directriz, and the
lines v — ¢(tg,v) are called (rectilinear) generators of S.

4.70. Let S € R? be the hyperbolic paraboloid of equation z = z2 — 32,

(i) Find two parametric representations in ruled form (see Exercise 4.69) of
S, corresponding to two different systems of generators.
(ii) Determine the generators of the two systems passing through the point

p=(1,1,0).

4.71. Prove that the tangent plane at the points of a generator of the (non-
singular part of the) tangent surface (see Problem 4.20) to a biregular curve C'
coincides with the osculating plane to the curve C at the intersection point
with the generator.

4.72. Let 0:1 — R? be a regular plane curve of class C'™°, parametrized by
arc length, with curvature 0 < k < 1. Let ¢: I x (0, 27) — R? be the immersed
surface given by ¢(t,v) = o(t) + cosvn(t) + b(t).
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(i) Determine the Gaussian curvature and the mean curvature at every point
of the support S of ¢.
(ii) Determine the lines of curvature at each point of S.

4.73. Let 0:1 — R® be a biregular curve of class C°, parametrized by arc
length, and let ¢: I x (—¢,) — R® be the map given by ¢(s, \) = o(s)+An(s).

(i) Show that, when e is small enough, ¢ is a global parametrization of a
surface S, called normal surface of o.

(ii) Show that the tangent plane to S at a point of ¢ is the osculating plane
to o.

MINIMAL SURFACES

Definition 4.E.4. A surface S C R? is minimal if its mean curvature van-
ishes everywhere.

4.74. Prove that there are no compact minimal surfaces.

4.75. Let ¢:U — S be a global parametrization of a surface S. Given h €
C*(U), the normal variation of ¢ along h is the map ¢": U x (—¢,¢) — R®
defined by

" (z,t) = p(z) + th(z)N(p(2)) ,

where N:(U) — S? is the Gauss map induced by ¢.

(i) Prove that for every open set Uy C U with compact closure in U there
exists an £ > 0 such that " | Uox(—e,e) 18 an immersed surface.

(ii) Let R C U be a regular region, and A%: (—¢,&) — R the function defined
by A% (t) = Area(p"(R)). Prove that A% is differentiable at zero and that

h
dAR(O) = —/ 2hH dv .
de @ (R)

(iii) Prove that ¢(U) is minimal if and only if

Al

ar 0 =0

for every h € C*°(U) and every regular region R C U.

4.76. Prove that the catenoid is a minimal surface, and that no other surface
of revolution is minimal.

4.77. Prove that the helicoid is a minimal surface. Conversely, prove that if
S c R? is a minimal ruled surface whose planar points are isolated then S is
a helicoid. (Hint: Exercise 1.62 can help.)



230 4 Curvatures

4.78. Prove that Enneper’s surface (see Exercise 4.38) is minimal where it is
regular.

4.79. Let S C R? be an oriented surface without umbilical points. Prove that
S is a minimal surface if and only if the Gauss map N:S — S? is a confor-
mal map. Use this result to construct isothermal local parametrizations on
minimal surfaces without umbilical points.

Supplementary material

4.7 Transversality

In this section we want to show that every closed surface in R? is orientable,
by using an argument due to Samelson (see [20]). To this aim, we shall also
give a short introduction to an important notion in differential geometry:
transversality.

Definition 4.7.1. A map F: 2 — R? of class C defined on an open set
2 C R" is transversal to a surface S C R at a point z € 2 if F(z) ¢ S or
F(r) € S and dF,(R") 4+ Tp;)S = R?; and we shall say that F is transversal
to S if it is so at all points.

Ezample 4.7.2. A curve o: I — R? of class C™ is transversal to S at ¢t € I if
o(t) ¢ Soro(t)€Sand o'(t) ¢ Ti)S; see Fig. 4.8.(a). Analogously, a map
F:U — R? of class O defined on an open set U C R? of R? is transver-
sal to S at x € U if F(z) ¢ S or F(x) € S and dF,(R?) is not contained
in Tp(y)S; see Fig. 4.9.(b).

Remark 4.7.3. Tt is clear (check it!) that if a map F: 2 — R? is transversal to
a surface S in a point, then it is so in all nearby points too. As a result, the
set of points of transversality is always open.

One of the reasons why transversal maps are useful is given by the follow-
ing:

Lemma 4.7.4. Let F:U — R3, where U is an open subset of R?, be a map
of class C*° transversal to a surface S C R®. Then the connected components
of F~1(S) are 1-submanifolds of R

Proof. Let xg € U be such that pyg = F(xg) € S. Without loss of generality,
we may find a neighborhood W C R? of py such that SN W is the graph of a
function f:U — R with respect to the zy-plane. Let Uy C U be a neighbor-
hood of zq such that F(Uy) C W. Then z € Uy is such that F(z) € S if and
only if

f(Fl({L‘),FQ((E)) — Fg(t) =0.
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(a)

Fig. 4.9.

Define g: Uy — R with g = f o (Fy, F) — F3; so x belongs to Uy N F~1(S) if
and only if g(x) = 0. Now, g(z¢) = 0 and

(@) = 50t ) 7 (Plan). FaGe) + o w0) 7 (Fi(a0). Po(ao)
0F3
_8xj (IO)

If it were Vg(zg) = O, both 0F/0xi(xo) and OF/0x2(xp) would belong
to T,,5, by Example 3.3.14, against the hypothesis that F' is transversal
to S. So Vg(x¢) # O, and by Proposition 1.1.18 we have that Uy N F~1(9)
is a l-submanifold. Since xo € F~1(S) was arbitrary, it follows that every
component of F~1(S) is a 1-submanifold. O

Another important property of trasversality is that if a map is transversal
to a surface at some point then we can always modify it to obtain a map
transversal everywhere. We shall just need a weaker version of this result, but
still representative of the general case. We start with the following

Lemma 4.7.5. For all open U C R?, f € C®(U) and § > 0 there exist
a € R* and b € R with ||al|, |b| < & such that 0 is a regular value of the
function g:U — R given by g(z) = f(x) — (a,z) — b.

Proof. Choose a sequence {a;} C R? converging at the origin, and set f;(z) =
f(z) — {(a;,z). By Sard’s Theorem 3.5.2, the set S; C R of singular values of
f; has measure zero in R; hences, S = |J; S; has measure zero in R too. In
particular, we may find a sequence {b;,} C R converging to 0 such that each
by, is a regular value for all f;. It follows that if we choose j and h so that
llan]|, bj < 6 then 0 is a regular value of f(x) — (a;,x) — by, as required. O
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Now we are able to prove the following version of the transversality theorem
(for the general statement, see [15, 1.35]):

Theorem 4.7.6. Let F: 2 — R> be a map of class C>, where 2 C R? is
a neighborhood of the unit disk B2 with center in the origin, such that the
curve o:[0,2n] — R* given by o(t) = F(cost,sint) is transversal to a sur-
face S C R3. Then there exist an open neighborhood 2o C 2 of B2 and a map
F: 02y — R® of class C* transversal to S and such that F|g1 = F|g1.

Proof. By Remark 4.7.3, there exists a neighborhood V of S' in {2 in which F
already is transversal to S; so the set K of points of 2p = B2UV in which F
is not transversal to S is a compact set contained in B?; we want to modify F
in a neighborhood of K disjoint from S*.

For all # € K choose a neighborhood W, C R* of p = F(x) € S such
that W, N S is the graph of a function g,. Chose next ¢, > 0 such that
B(x,3e,) € B>N F~1(W,). Since K is compact, we may find z1,...,7, € K
such that {B(z1,€1),...,B(xr, &)} is an open cover of K (where we have
written, for the sake of simplicity, e; = €,,). Set W; = W, and g; = g,
for j = 1,...,r. We shall modify F' on each B(x;,2¢;) until we get the re-
quired map.

Let U = Uj-, B(xj,2¢5). Set Fy = F and, given k = 1,...,7, suppose
we have constructed a Fj_1: 2y — R® that coincides with F on 2y \U, is
transversal to S in all points of Uf;ll B(zj,¢;), and maps each B(z;,2¢;) to
the corresponding W;; we want to construct F} with analogous properties.

Let x:R? — [0,1] be the function given by Corollary 1.5.3 with p = .
and r = 2¢g, so that X|B(1‘k,6k) = 1 and X|g2\ B(zy,2¢,) = 0. Assume, without

loss of generality, that W, N S is a graph on the zy-plane, and for all a € R?
and b € R define F, ;: B2 — R® by setting

Fop(r) = Fr—1(2) + x(2)[(a, %) + bes ;

we want to choose a and b in a suitable way. First of all, it is clear that Fj,
coincides with F on 2y \ U for all @ and b. Next, we may find §; > 0 such
that F,,(B(x;,2;)) C W, for all j =1,...,r as soon as [al, [b] < d1. We
may also find d; > 0 such that if ||a||, |b] < d2 < 1 then F,; is transver-
sal to S in all points of Uf;ll B(z;,¢;). Indeed, clearly it already is so in

UL B(aj, ;) \ Blay, 2¢1). Set H = (Uk—lB(xj,ej)) N B(zk, 2¢x), and let

j=1 j=1
@: H x R* x R — R x R? be given by

®(z,a,b) = (hi 0 Fup(z), V(hi o Fup)(2))

where hy: Wy — R is given by hi(p) = gx(p1, p2) — p3, so that hy(p) = 0 if and
only if p € S. In particular, F, ; is not transversal to S in « € B(zy, 2¢,) if and
only if &(x,a,b) = (0,0), by (why?) Proposition 3.3.11. By the assumption on
Fy_1 = Fo0, we know that &(H x {(0,0)}) € R*\ {O}, which is an open set;



4.7 Transversality 233

since H is compact, we find 0 < §5 < &; such that (H x {(a,b)}) € R*\ {0}
as soon as |al|, |[b] < da.

Finally, we may apply Lemma 4.7.5 to find a € R? and b € R with ||al|,
|b| < 02 such that 0 is a regular value for hy o F, ;, on By(z,€x); this means
that &(z,a,b) # (0,0) for all © € By(xy,er), and so Fy, = F, is transversal
to S in all points of U§:1 B(zj,¢;).

Proceeding up to k = r we get that F' = F, is as required. O

Corollary 4.7.7. Let :[0,27] — R® be a closed curve of class C>, transver-
sal to a surface S C R3. Then there exist a neighborhood 2, C R* of B2 in
the plane and a map F: 2y — R® of class C*° transversal to S and such that
F(cost,sint) = o(t) for all t € [0, 27].

Proof. First of all, let 3:R — [0,1] be the function given by Corollary 1.5.2
with a = 0 and b = 27, and set « = 1 — 3; hence, a: R — [0, 1] is a C*° func-
tion such that a~'(0) = (—00,0] and o~ !(1) = [1, +0c). Let then F: R* — R?
be defined by

F(rcost,rsint) = a(r?)o(t) ;

it is straightforward to verify (exercise) that Fis of class C*, and obviously
satisfies F'(cost,sint) = o(t). So it is sufficient to apply the previous theorem
to F. O

We shall need these results about transversality to prove the following:

Proposition 4.7.8. Let S C R® be a closed surface, and o:[0,27] — R? a
closed curve of class C*° transversal to S. Then either the support of o is
disjoint from S or it intersects S in at least two points.

Proof. By contradiction, let o:[0,1] — R? be a closed curve of class C°,
transversal to S and with support intersecting S in exactly one point, and
let F:82 — R* be given by Corollary 4.7.7. Since S is closed in R®, the
set F~1(S) N B? must be closed in B2. In particular, the 1-submanifolds
(Lemma 4.7.4) that make up F~1(S) N B? are either compact sets contained
in B? or homeomorphic to intervals whose closure intersects S'. Since o in-
tersects S, there is at least one component C' of F~1(S) N B? whose closure
intersects S'. Since F'(S') is the support of o, the intersection C'NS! consists
of a single point. But by Lemma 4.7.4 (applied to U = () and Theorem 1.6.8
we know that C, being forced to intersect S! in one point only, is the support
of a closed curve, necessarily (why?) tangent to S! in the point of intersection.
But then o in that point should be tangent to S (as F(C') C S), against the
transversality of o. O
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In what follows we shall often have to construct curves of class C'*° joining
specific points. To do so, we shall use the following:

Lemma 4.7.9. Let 0:[0,1] — R® and 7:[0,1] — R* be two curves of class C®
with o(1) = 7(0). Then there exists a curve ox7:[0,1] — R® of class C™ such
that o x T|jp,1/2) is a new parametrization of o, and o xT|[/2,1] is a new para-
metrization of 7. Moreover, if T(1) = o(0), then o x T is of class C™ as a
closed curve as well.

Proof. If 5:R — [0, 1] is the C*° function given by Corollary 1.5.2 with a =0
and b =1, then oo is a reparametrization of o whose derivatives are all zero
in 0 and 1. In particular, the curve o x 7: [0, 1] — R® defined by

o o (B(2t)) ifo<t<1/2,
U*T(){T(ﬁ(%l)) if1/2<t<1,

is a curve of class C* (in the joining point all derivatives are zero, and thus
they attach continuously) with the required properties. O

As a first application of this lemma we prove that two points of a surface
(or of a connected open set of RS) can always be joined by a C'*° curve. We
need a definition:

Definition 4.7.10. A subset X C R is locally connected by C*° arcs if ev-
ery # € X has a neighborhood W in R® such that for all y € W N X there
exists a curve o:[0,1] — R?® of class C* with support contained in X and
such that ¢(0) =z and o(1) = y.

For instance, connected surfaces and connected open subsets in R® are
locally connected by C'* arcs (exercise). Then:

Corollary 4.7.11. Let X C R? be a subset of R® connected and locally con-
nected by C* arcs. Then for all x, y € X there exists a curve o:[0,1] — R3
of class C* with support is contained in X such that 0(0) =z and (1) = y.

Proof. Introduce on X the equivalence relation ~ defined by saying that  ~ y
if and only if there exists a curve 0:[0,1] — R? of class C*° with support con-
tained in X such that 0(0) =z and o(1) = y. By Lemma 4.7.9, this actually
is an equivalence relation. Moreover, local connectivity by C>° arcs (together,
again, with Lemma 4.7.9) tells us that equivalence classes are open. So the
equivalence classes form a partition in open sets of X; since X is connected,
there is only one equivalence class, that is every pair of points in X can be
joined by a curve of class C'*°, as required. O

At last, we may begin to reap the benefits of our work, and see what
all this implies for closed surfaces in R®. The first result is the first half of
the Jordan-Brouwer theorem for surfaces (see Theorem 4.8.4 for the complete
statement):
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Proposition 4.7.12. Let S C R® be a closed surface. Then R® \ S is discon-
nected.

Proof. Suppose to the contrary that R® \ S is connected. Choose p € S, and
a versor N(p) € R® orthogonal to T,S. Tt is easy to see (exercise) that there
exists € > 0 such that p +tN(p) ¢ S if 0 < [t| < e. Corollary 4.7.11 provides
us with a curve 7 of class C' with support is contained in R® \ S and joining
p+eN(p) and p—eN(p). Lemma 4.7.9 allows us to smoothly join the curve 7
and the line segment t — p 4 tN(p); but in this way we get a closed curve
of class C°°, transversal to S, and intersecting the surface in a single point,
against Proposition 4.7.8. a

To show that every closed surface in R? is orientable, we shall also need a
new characterization of non-orientable surfaces.

Definition 4.7.13. Let 0: I — S be a curve of class C°° with support con-
tained in a surface S C R®. A normal field along o is a map N:I — S2 of
class C*° such that N(t) is a versor orthogonal to Ty4)S for all t € 1.

Lemma 4.7.14. Let S C R® be a surface. Then S is not orientable if and
only if there exist a closed curve 0:10,1] — S of class C*° and a normal field
N:[0,1] — S? along o such that N(0) = —N(1).

Proof. Suppose S is orientable. Given a closed curve o: [0,1] — S of class C*
and a normal field N: [0,1] — S? along o, choose the Gauss map N: S — S?2
such that N(U(O)) = N(O) Then, by continuity, we have N = N o ¢, and so
in particular N (1) = N(o(1)) = N(o(0)) = N(0).

Conversely, suppose that for every closed curve 0:[0,1] — S of class C*
and every normal field N: [0,1] — R* along o we have N(1) = N(0); we want
to define a Gauss map N:S — S2.

Fix a pp € S and a versor N (pg) orthogonal to T, S. Let p € S, and choose
a curve o: [0, 1] — S of class C*° such that 0(0) = py and o(1) = p (it exists by
Corollary 4.7.11). Now, arguing as usual using the Lebesgue number, we find
a partition 0 =¢p < --- <ty = 1 of [0, 1] such that o([t;_1,%;]) is contained in
the image of a local parametrization ¢; for j =1,..., k. Without loss of gen-
erality, we may suppose that the Gauss map N7 induced by 1 coincides with
N(po) in po; define then N: [0,t1] — S? by setting N( t) = Nl( (t )) Analo-
gously, we may suppose that the Gauss map N2 induced by ¢ coincides with
N(t1) in o(t); so we may use Ny to extend N in a C™ way to [0, t3]. Proceed-
ing in this way we get a N: [0,1] — S? of class C>° (more precisely, it is the
restriction to the support of o of a C* map defined in a neighborhood) such
that N (t) is a versor orthogonal to T, ;S for all ¢ € [0,1]; set N(p) = N(1).
To conclude the proof it suffices (why?) to remark that N(p) does not depend
on the curve we have chosen. Indeed, let 7: [0, 1] — S be another curve of class
C* from py to p, such that the normal field N,:[0,1] — S? along 7 obtained
with the previous argument satisfies N, (1) = —N(1). Set 7(t) = 7(1 — t) and
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N(t) = —N,(1 —t). Then o + 7 is a closed curve of class C™ such that the
map N * N: [0,1] — SQ,A constructed as o x 7, is a normal field along o x 7
with N« N(1) = —N * N(0), against the initial hypothesis. O

We are now finally able to prove the Brouwer-Samelson theorem:

Theorem 4.7.15 (Brouwer-Samelson). FEvery closed surface S C R? in
R? is orientable.

Proof. Assume by contradiction that S is not orientable. Then the previous
lemma provides us with a closed curve 7: [0, 1] — S of class C*° and a normal
field N:[0,1] — S2 along 7 with N(0) = —N(1).

It is easy to verify (exercise) that for all ¢y € [0, 1] there exist d, ¢ > 0 such
that 7(t)+sN(t) ¢ S for all t € (to—d,to+6) and s € (0,¢]. Since [0, 1] is com-
pact, we may find g9 > 0 such that 7(t)+eoN(t) ¢ S for all t € [0,1]. Let then
0:[0,27] — R? be a closed curve of class C™ such that o(t) = 7(t) + o N (t)
for t € [0, 1] and such that o|[; 2] describes the segment from 7(1) +eoN(1) to
7(0) 429N (0) forming a C* closed curve; such a curve exists by Lemma 4.7.9.
But then o is transversal to S and its support intersects S in a single point,
contradicting Proposition 4.7.8. O

Exercises

Definition 4.E.5. Two surfaces S1, So C R® are transversal (or intersects
transversally) at a point p € Sy NSy it T,81 + 1,52 = RS; and they are
transversal if they are so at each intersection point. Finally, the angle be-
tween S; and Sy at p € S1 NSy is the angle between a normal versor to Sp
at p and a normal versor to Sy at p.

4.80. Prove that if two surfaces S, So C R? are transversal then S; NS5 is a
I-submanifold of R? (if not empty).

4.81. Show that if a sphere or a plane intersects transversally a surface form-
ing a non-zero angle, then the intersection is a line of curvature of the surface.

4.82. Let C be the intersection between the surface S; C R? of equation
23 + 23 + 23 = 4 and the surface Sy C R? of equation (z; — 1)> + 23 = 1.
Determine which subset of C' is a l-submanifold, and draw C and the two
surfaces.

4.83. Let C be the intersection between the surface S; C R3 of equation
2} + 23 + 22 = 1 and the surface Sy C R? of equation (z; — 1)% + 23 = 1.
Prove that C is a (non-empty) 1-submanifold, and draw C and the two sur-
faces.
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4.84. Let S C R? be a regular surface. The affine normal line of S at p € S
is the straight line through p and parallel to a versor normal to S at p. Show
that if all affine normal lines of S properly intersect a fixed line ¢ then S is
a surface of revolution (Hint: if p € S\ ¢, the plane H), generated by p and
¢ contains all the normal lines through the points of H, N S. Note that the
plane H;- through p and orthogonal to ¢ intersects S transversally.)

4.85. Let C be a 1-manifold defined implicitly as the intersection of two trans-
versal surfaces S and S;. At a point p of C, denote by « the angle between
the normal lines through p to the surfaces, by x the curvature of C' at p, and
(for j = 1, 2) by k; the normal curvature of S; at p in the direction of the
tangent versor to C. Prove that

200= K24 Kk — 2K1KycOs QL.

% sin
4.86. Prove that the asymptotic curves on the surface S C R? of equation
2z = (w/a)* — (y/b)* are the curves along which the surface intersects the two
families of cylinders

22 P B 2?2 P B
2 + b2 = constant , 2 e constant .

Are these intersections transversal?

4.87. Check whether the intersection between the unit sphere S2 ¢ R® and
the surface So = {(z,y,2) € R® | e* — 2z = 0} is a regular curve o and, if
so, determine the equations of the tangent line and of the normal plane at all
points of .

4.8 Tubular neighborhoods

In this section we intend to prove the Jordan-Brouwer theorem for closed sur-
faces in R?, saying that the complement of a closed surface has exactly two
connected components (just like the complement of the support of a Jordan
curve in the plane). As a consequence, we shall prove that every closed surface
in R? is the level surface of a suitable C'> function; more in general, we shall
see when the converse of Corollary 4.3.12 holds. The main tool to do all of
this is the tubular neighborhood of a surface.

Definition 4.8.1. Let S C R® be a surface. Given ¢ > 0 and p € S, denote
by Is(p,e) the line segment p+ (—¢,e)N(p) of length 2 centered in p and or-
thogonal to T},S, where N (p) € S? is a versor orthogonal to 7},S. If e: S — R
is a continuous function positive everywhere, and R C S, we shall denote by
Ng(e) the union of segments Is(p,e(p)), obtained for p € R. The set Ng(e)
is called tubular neighborhood of S if Ig (pl, r-:(pl)) Nlg (pg7 s(pg)) = ¢ for all
p1#p2 €S,
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Theorem 4.8.2. Every surface S C R® has a continuous function e: S — RT
positive everywhere such that Ng(€) is a tubular neighborhood of S. Moreover:

(i) Ng(e) is a connected open neighborhood of S in R?;

(i) of 2 C R? is an open neighborhood of S such that S is closed in 2 then
we may choose € in such a way that Ng(e) C 2;

(iil) there ezists a map m: Ng(e) — S of class C* such that w|s = ids and
y € Is(n(y), elr(y)) for all y € Ns(e);

(iv) if S is orientable then there exists a function h: Ng(€) — R of class C°
such that y = w(y) + h(y)N (7(y)) for ally € Ng(e), where N: S — S? is
the Gauss map of S. In particular, S = h=1(0);

(v) Ng(e)\'S has at most two connected components, and if S is orientable,
then Ng(e) \ S has exactly two connected components.

Proof. Let p:U — S be a local parametrization of S, compatible with the
given orientation if S is orientable, and set N = 9y A 02/||01 A 02| as usual.
Let F:U x R — R? be defined by

F(z,t) = p(x) + tN (p(2)) -
Then F' is of class C°°; moreover,

oy oL

det Jac(F')(z,0) = 0, x Oy

() N(p(@))|#0.

So, for all p € ¢(U) we may find a connected neighborhood Uy C U of
x = ¢ 1(p), an g > 0 and a connected neighborhood Wy C 2 of p such
that F|y,x(—co,e0) 18 @ diffeomorphism between Uy x (—ep,20) and Wy. In
other words, Wy = Ny, (o) is a tubular neighborhood of ¢(Up). More-
over, if we set F~! = G = (G1,G2,G3), let 7 = ¢ o (G1,G2): Wy — S and
h = G3: Wy — R; then 7 and h are of class C>, and y = 7(y) + h(y) N (7(y))
for all y € Wy. Moreover, SN Wy = h=1(0), and Wy \ S has exactly two
components, one where h is positive and one where h is negative. Finally, if
@:U — S is another local parametrization of S with p € p(U) N $(U) and
we denote with the tilde the entities obtained with this construction starting
from @, then 7|y o = 7lwoaw, a0d bl Aw, = £l s, with the plus
sign if ¢ and ¢ have the same orientation, the minus sign otherwise.

So we have proved the theorem locally, in a neighborhood of each point
of S; now we have to globalize this construction. Set dgsS = S\ S, where S
is the closure of S in R® (so dgsS N 2 = @), and for all k € N* set

1
Sk{pGS‘p+ <k}.
I 4y, 0409)
Each Sy, is open in S, has compact closure contained in Sy, and every point
of S is contained in some Si. Arguing as in the proof of the existence of the
tubular neighborhood for curves (Theorem 2.2.5), for all k¥ € N* we find an
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g}, > 0 such that Ng, (¢}) is a tubular neighborhood of Sy, contained in 2 and
for which properties (i)-(v) hold. Moreover, S;_; and S\ S are a compact
subset and a closed subset of S that are disjoint, and so they have a positive
distance; hence we may find a J, > 0 such that Ny (0x) and Ng\s, (dx) are
disjoint. Finally, we may also assume that &) < &} _; and d < dp_1.

Set eg = 1. For k > 1, let ¢, = min{e}_ ;,ex—1,0%4+1} > 0, and define

V= U Nsk\sk—l(gk)7
keN*

where Sy = &. Tt is straightforward to see (check it!) that V' is an open neigh-
borhood of S contained in {2. Moreover, for all y € V' there exists a unique
p € S such that y € Is(p,0) , where § > 0 is such that Ig(p,d) C V. Indeed,
suppose that there exist py, p2 € S and t1, t2 € R such that py + t1N(p1) =
p2 +toN(p2) = yo € V and Is(pj,|t;]) C V for j = 1, 2, where N(p;) is
an arbitrary versor orthogonal to T}, S. Let kg > 1 be the least k& such that
p1, p2 € Sk; without loss of generality we may assume that p; € Sk, \ Sky—1
and so, in particular, [t;| < ey, <), . We have two possibilities:

® P2 € Sk, \ Sko—2. In this case, [t2| < ex,—1 <€) and, since N, (g}, ) is a
tubular neighborhood of Sk, , from this follows that p; = ps and |t1] = |¢2],
as required;

® py € Sky—2. In this case, [ta] < exy—2 < dgy—1, 50 Yo € Ny, (0ke—1);
but yg € Nsko\sk071(€k0) C NS\SkO,l((;ko—l), and thus Nsk072(5k0_1) and
Ns\ sy, (0ry—1) would not be disjoint, a contradiction.

Using this property we may define a map 7: V' — S so that for all y € V there
exists h(y) € R such that y = m(y) + h(y)N (7 (y)), and 7 is of class C> as
it coincides with the restriction to V' of the maps 7 defined in each Ng, (£).
Moreover, if S is orientable the function h € C*°(V) is also well defined, and
is such that h=1(0) = S.

Let x € C*°(R) be a positive non-increasing function such that x (k) = ex41
for all k € N*, and define e: S — R™ by setting

) =x (I01+ 40, )
P a.0w))
In particular, if p € Sk \ Sg—1 then e(p) < ex; s0 Ng(e) C V, and (ii) and (iii)
hold. Clearly, Ng(g) is an open neighborhood of S; let us prove that it is con-
nected. Indeed, if y1, y2 € Ng(g), we may find a curve in Ng(e) that joins y;
to yo going first down from y; to m(y1) along Is(m(y1),e(m(y1))), then along
a curve in S to 7(y2), and finally going up to yo along Is (7r(y2)7 s(ﬂ(yg))).
We still have to prove (v). Since S is closed in Ng(e), the boundary in Ng(e)
of each connected component of Ng(e)\ S coincides with S. But we have seen
that every p € S has a connected neighborhood W C Ng(g) such that W\ S
has exactly two components; since every component of Ng(e)\ S must contain
a component of W\ S, then Ng(g) \ S has at most two components.
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Finally, let S be orientable. By construction, the function h takes both
positive and negative values, and S = h=1(0); then Ng(e) \ S is the disjoint
union of the open sets 2% and 27, where 2% = {y € Ng(e) | £h(y) > 0}.
To finish the proof we just need to show that each 2% is connected. Take
Y1, y2 € 27, and choose a curve o: [0, 1] — S that joins m(y1) and m(yz). Let
7:{0,1] — 27 be given by

T(t) = o(t) + e(a(t))) h(yl)N(a(t)) .

E(W(yl)

Then we may go from y; to yo in 27 by first following 7 and then moving along
Is(m(y2),e(m(y2))). The connectedness of £2~ can be shown analogously, and
we are done. O

As a first consequence, we obtain the following:

Corollary 4.8.3. Let S C 2 C R? be a surface, closed in the open subset 2 of
R3. Then 02\ S has at most two components, whose boundary (in £2) coincides
with S

Proof. Choose €: S — R™ such that Ng(e) is a tubular neighborhood of S
contained in 2. Since S is closed in 2, the boundary (in {2) of each compo-
nent of 2\ S coincides with S. In particular, each component of 2\ S has to
contain one of the components of Ng(e) \ S. As a result, 2\ S has at most
two components. O

We then have proved the Jordan-Brouwer theorem for surfaces:

Theorem 4.8.4 (Jordan-Brouwer). Let S C R* be a closed surface. Then
R3 \ S has ezxactly two components, each having S as its boundary.

Proof. Follows from Proposition 4.7.12 and from Corollary 4.8.3. O
We may also give a first converse of Corollary 4.3.12:

Corollary 4.8.5. Let S € 2 C R® be an orientable surface, closed in the
open subset 2 of R®. Then there exist an open neighborhood V- C 2 of S and
a function h € C°(V') with 0 as a regular value such that S = f=1(0).

Proof. Let €:S — RT be a continuous function, positive everywhere, such
that Ng(e) C 2 is a tubular neighborhood of S, and set V' = Ng(e). Let
h € C*(V) be the function given by Theorem 4.8.2.(iv) with respect to a
Gauss map N:S — S? of S. Clearly, S = h=1(0); moreover,

for all p € S, and so 0 is a regular value of h. O
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For f to be defined in all {2, we have to add a topological hypothesis:

Theorem 4.8.6. Let S C 2 C R? be a surface, closed in the open subset 2
of R®. Then there exists a function f € C™(2) with 0 as a regular value such
that S = f=1(0) if and only if S is orientable and 2\ S is disconnected.

Proof. Assume that there exists a function f € C°(£2) with 0 as a regular
value and such that S = f~1(0); in particular, S is orientable by Corol-
lary 4.3.12. Choose py € S, and set g(t) = f(po + tVf(po)). Since {2 is open,
there is an € > 0 such that g is defined and of class C* on (—¢, ). Moreover,
g(0) =0 and ¢'(0) = ||V f(po)||* > 0; so g(t) is strictly positive (respectively,
negative) for small ¢ > 0 (respectively, ¢ < 0). In particular, f changes sign
in 2. Set then 2F = {x € 2| £f(z) > 0}; it follows that 2\ S = 2t U N~
is a union of two disjoint non-empty open sets, and so it is disconnected.
Conversely, suppose that S is orientable and {2\ S is disconnected (so it
has exactly two components, by Corollary 4.8.3). Choose €: S — R such that
Ng(e) is a tubular neighborhood of S contained in 2, and let h € C>°(Ng(e))
be the function given by Theorem 4.8.2.(iv) with respect to a Gauss map
N:S — 5% of S. Set Nz (e) = Ns(e) N {£h > 0}, so that Ng(e) \ S is the
disjoint union of the connected open sets NJ (€) and Ng (¢). Denote by 2%
the component of 2\ S that contains Nz (€). Then {Ng(e), 2+ \ N (e/2),

27\ Ng (g/2)} is an open cover of £2. Let {po, p+, p—} be a partition of unity
subordinate to this cover (Theorem 3.6.6), and define f: {2 — R by setting

f(@) = po(x)h(z) + py(x) = p—(2) .

Note that f € C°°(£2) because supp(pg) C Ng(e). Next, po =1 and pr =0
in a neighborhood of S; so f = h in a neighborhood of S and, in particu-
lar, S C f~1(0). Now, if z € 27T then p_(x) = 0; so f(x) > 0 since either
p+(z) > 0 (and po(z)h(z) > 0) or pi(x) = 0, which implies z € NJ (e) and
po(z)h(z) = h(x) > 0. Analogously, it can be verified that f(z) < 0ifx € 27,
and thus S = f~1(0). Since f coincides with A in a neighborhood of S, it can
be proved as in the previous corollary that 0 is a regular value for f, and we
are done. O

Putting all together, we have proved that every closed surface of R? is a
level surface:

Corollary 4.8.7. Let S C R be a surface. Then S is closed in R® if and only
if there is a h € C*(R*) with 0 as a regular value such that S = h=(0).

Proof. An implication is trivial. Conversely, if S is closed, the assertion fol-
lows from Theorems 4.7.15 and 4.8.6 and from Proposition 4.7.12. O
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4.9 The fundamental theorem of the local theory of
surfaces

In Chapter 1 we saw that curvature and torsion determine uniquely (up to
rigid motions) a curve in space and, conversely, that we may always find a
regular curve with assigned curvature and torsion. In this section we want to
study an analogous problem for surfaces: whether metric and form coefficients
uniquely identify a regular surface. As you will see, the answer will be similar
but with some significant differences.

The proof of the fundamental theorem of the local theory of curves (The-
orem 1.3.37) relied heavily on Theorem 1.3.36 of existence and uniqueness for
the solutions of a system of ordinary differential equations; in the study of
surface we shall meet, instead, partial differential equations. Since the result
we need does not appear in standard calculus textbooks, we give here both
the statement and a proof, starting from the classical theorem of existence
and uniqueness for solutions of systems of ordinary differential equations de-
pending on a parameter (see [24, pp. 150-157] and [8, pp. 65-86)):

Theorem 4.9.1. Given two open sets 21 C R" and Vi C Rl, an interval
I CR, and two maps a:Vy x I x 21 — R™ and b: Vy — (21 of class C*, with
k € N* U {0}, consider the following Cauchy problem:

do
dt (z,t) = a(z,t,a(t)) , (4.31)

o(z,tg) =b(2),
where z = (z1,...,2) are coordinates in R'. Then:

(i) for allty € I and zp € Vy there exist 6 > 0, an open neighborhood V. C V
of zo and a map o:V x (tg — 0,19 + 8) — 2 of class C* satisfying (4.31);

(ii) two solutions of (4.31) always coincide in the intersection of their do-
mMains.

Then:

Theorem 4.9.2. Let 29 C R", 21 C R™ and Vy C R be open sets, and
G: Vo x 29 x 2y — My, n(R) and b:Vy — 1 maps of class C*, with k €
{2,3,...,00}. Denote by x = (x1,...,2,) the coordinates in R", by y =
(Y1, -, Ym) the coordinates in R™, and by z = (z1,...,%) the coordinates
in RY. Suppose that G satisfies the following compatibility conditions:

]’I‘ + Z anr Ghs = ]S + Z 6G]S Ghr (4.32)

forg=1,....mandr, s=1,...,n. Then, for all x° € 2y and all z° € V}j
there exist a meighborhood 2 C (2 of x° and a neighborhood V' C Vi, of z°
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such that the system

OF;
ox,
F(z,2°) =b(z)

(Z,I):Gjr(zaxaF(Zaz))a j:17,_,7m,1":1,-~-,n; (433)

admits a solution F:V x 2 — 21 of class C*. Moreover, two such solutions
always coincide in the intersection of their domains.

Remark 4.9.5.1f F:V x  — §2 satisfies (4.33) and is of class at least C?,
Theorem 4.4.14 implies that

0 82Fj
oz, Gjr (z, x, F(z, x)) = w0, (2, )
0?F;

0
= 62,00, = oz, Gjs(z,2, F(z,2)) ,

which is exactly (4.32) restricted to the graph of F.

Proof (of Theorem 4.9.2). Suppose (4.32) are satisfied; we want to prove that
(4.33) has a unique solution. We use induction on n. For n = 1, the compat-
ibility conditions (4.32) are automatically satisfied, and the assertion follows
from Theorem 4.9.1.

Suppose next that the claim is true for n — 1, and write = (z1,4) with
&= (22,...,2p_1) € R". By Theorem 4.9.1, the Cauchy problem

(4.34)
o(z %) = b(2) ,
admits a unique solution o: V x (2§ — 8,25 + &) — 21 of class C*, for suitable
d >0 and V C Vj neighborhood of z°. Then for all x; € (z§ — 4,29 + J) we
may consider the Cauchy problem
OF;
oz,

F(vahi‘o) = O'(Z,l'l) )

(2,21, 1) :GjT(z,xh:%,F(z,xl,fc)) , j=1,....mr=2,...,n,

(4.35)
which (up to taking a smaller V if necessary) by the induction hypothesis has
a unique solution F:V x £2 — (21 of class C*, where £2 C 2 is a neighbor-
hood of z°. In particular, F(z,2°) = o(z,29) = b(z); so we want to prove that
this F' is a solution of (4.33). Note that, if (4.33) admits a solution F, then
(2,t) — F(z,t,2°) solves (4.34), and (z, &) — F(z,x1, %) solves (4.35), so the
solution of (4.33), if it exists, is necessarily unique.

By construction, we have

OF;

oz, (z,2) = Gjr (2,2, F(2,)) (4.36)
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for j=1,...mand r=2,...,n; we are left to check the behavior of 0F; /0.
First of all, we have

3F ~0 dO’ ~0 20
83:] (2,21,2°) = dtj (z,@1) = Gj1(2,21,2° F(2,21,2°)) .
1

Set OF
Uj(Z,(E) = j(z7x)_Gj1(vavF(Z7x)) 5
8:51

then U;(z,21,2°) = 0, and we want to prove that U; = 0 for j = 1,...,m.
Fix2§r§n Then:

0*F; 0G

8$T (va) = 81‘7«8.1'1 (va) - axr (Z,.T,F(Z,CE))

_hz:l aﬁc;/;l 2,2, F(2,2))Gpr (2,2, F(z,2))

O0’F 0G,
axlaxr( l') - 653]: (Z,.T,F(Z,Z‘))

D D R E) [N SN oY)

el IYn
_ ailcﬂ(z 2, F(z,x)) - aa(iil (22, F(2,7))
_ hz::l aaif (2,2, F(2,2))Ghr (2,2, F(2,2))
- a@iﬁf (z,2,F(2,2)) + hi aayh (=, x,F(z,x))gQ (2, )
_a;’:l (2,2, F(z,)) —gjl 66% (2.2, F(2,2))Gnr (2,2, F (2, 2)
- g:l 85?/:. (z,2,F(z,2))Up(z,2) ,

by (4.36) and the compatibility equations (4.32). So, for every fixed x; the
function & +— U(z, 21, %) is a solution of the system

oU; " 0G;
axi :hzz: 8?;:(z,xl,i,F(Z,xhi‘))Uh(Z,fU),j=1,.-.,m,7“=2,.-.,71,

U(z,2°) =0

which satisfies (exercise) the compatibility conditions (4.32). As a consequence,
the induction hypothesis tells us that the unique solution is U = O, and we
are done. O
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We are now ready to state and prove the fundamental theorem of the local
theory of surfaces, also known as Bonnet’s theorem:

Theorem 4.9.4 (Bonnet). Let E, F, G, e, f, g € C>®(£2y), where 2y C R?
is an open subset of the plane, be functions satisfying Gauss’ equations (4.26)
and the Codazzi-Mainardi equations (4.28), where a;; are given by (4.14)
and FZ-’; are given by (4.20)—(4.22), and such that E, G, and EG — F? are
positive everywhere. Then for all ¢ € 2y there is a connected neighborhood
2 C 4y of ¢ and an immersed surface : 2 — p(2) C R® such that p(£2) is a
reqular surface with E, F, G as its metric coefficients and e, f, g as its form
coefficients. Moreover, if p: 2 — R® is another immersed surface satisfying
the same conditions then there exist a rotation p € SO(3) and a vector b € R?

such that ¢ = pop + 0.

Remark 4.9.5. Before the proof, note the two main differences between this re-
sult and Theorem 1.3.37: the given functions cannot be arbitrary, but have to
satisfy some compatibility relations; and we obtain only the local existence of
the surface. A moment’s thought will show that these are the same differences
existing between Theorem 1.3.36 and Theorem 4.9.2.

Proof (of Theorem 4.9.4). As in the case of curves, the main idea consists in
studying the following system of partial differential equations

9(0;
(95) _ IOy +T20s+hijN, i, j=1, 2,
dx; t K
ON (4.37)
oz, =a1;01 + ag;02 , j=1 2,

in the unknowns 9y, d, N: 2y — R, It is a system of the form (4.33); more-
over, we have seen in Section 4.5 that the compatibility conditions of this sys-
tem are exactly Gauss’ and the Codazzi-Mainardi equations. Given g € {2,
choose three vectors 99, 99, N° € R?® such that

971> = E(q) , (07,08) = F(q) , 05]* = G(q) ,

o2 0 o o ) 0 0 o (438)
||N || :13 <817N>:<a27N>:Oa <81/\827N>>0'

Theorem 4.9.2 provides us then with a connected neighborhood 27 C (2 of ¢
and maps 01, Jo, N: {21 — R3 of class O™ solving (4.37) with the initial
conditions 91 (q) = 95, d2(q) = 93 and N(q) = N°.

Now, the functions (9;,9;), (9;, N), (N,N): £y — R, for i, j =1, 2, are a
solution of the system

a l . .
822 = Dif1y + i fag +Fkljfli +F,3jfzi + hifjz + huj fisy 0y 4, k=1, 2,
of; |
63:]: = Iy f13 + I fos + hij fas + are fjn + asrfo jk=1,2,
0
af33 = 2a1k:f13 + 2a2kf23 s k= 1, 9 ’

Lk
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with the initial conditions (4.38). With a bit of patience, you may verify (ex-
ercise) that this system satisfies the compatibility conditions (4.32), and that
(another exercise) fi1 = FE, fio = far = F, foo =G, fis = fo3 =0, faz =1
satisfy the same system with the same initial conditions: so, Theorem 4.9.2
tells us that

P =E, (01,0 =F, |0:]?=G, |N|*=1, (0;,N)= (0, N) =0,

on all ;. In particular, ||0; A 92| = EG — F? > 0 on all £2;, and so 9; and
0, are always linearly independent. Moreover, N = 01 A 92/||01 A Oz]|; since
the sign is positive in g, it is positive everywhere.

Having fixed p° € R?, consider now the system

I
=0;, j=1,2,
81‘]‘ J J

v(qg) =p°.

(4.39)

By the symmetry of the I Z’;’b and of the h;;’s, the compatibility conditions
are satisfied; so we find a connected neighborhood 2 C §2; of ¢ and a map
p: 2 — R? of class C°° that solves (4.39). We want to prove that, up to taking
a smaller (2 if necessary, the map ¢ is as required.

Since 97 and Oy are always linearly independent, the differential of ¢ al-
ways has rank 2, and by Corollary 3.1.5 we know that, up to further restricting
2, p is a global parametrization of the regular surface S = ¢(£2) with metric
coefficients F, F' and G. Moreover, N is by construction the Gauss map of S,
and so (4.37) tells us that e, f and g are the form coefficients of S, as required.

We are just left with uniqueness. Let @: 2 — R® be another immersed
surface that is a homeomorphism with its image and has the same metric and
form coefficients. Up to a translation and a rotation, we may suppose that
&(q) = ¢(q), that 0¢/0x,(q) = Op/0x,(q) for j = 1, 2, and consequently
N(q) = N(q), where N is the Gauss map of $(£2) induced by . In this
case both dp/dx; and N on one side, and 9/dx; and N on the other side
satisfy the system (4.39) with the same initial conditions; so they coincide
everywhere. Thus ¢ and ¢ satisfy the system (4.39) with the same initial con-
ditions; it follows that ¢ = ¢, and we are done. ]



5

Geodesics

In the study of the geometry of the plane, straight lines clearly play a funda-
mental role. The goal of this chapter is to introduces the curves playing on
surfaces a role analogous to the one played by lines in the plane.

There are (at least) two distinct ways of characterizing straight lines (or,
more in general, line segments) among all plane curves: one geometric and
global, and another analytic and local. A line segment is the shortest curve
between its endpoints (global geometric characterization); and it is a curve
with constant tangent vector (local analytic characterization).

The global geometric characterization is hardly suitable to be transferred
to surfaces: as we shall see, the shortest curve joining two points on a sur-
face might not exist at all (Remark 5.2.10), or might not be unique (Re-
mark 5.2.11). The local analytic characterization is more consistent with the
approach we have been following to study surfaces, but seems to pose a prob-
lem: a curve with constant tangent vector is a straight line in space too. But
let us see what “constant tangent vector” actually means. The tangent vec-
tor o’ to a curve o: I — R? is constant if it does not vary; geometrically, the
vector o’(t1), seen as a bound vector based at o(t1), is parallel to the vector
o'(t2) based at o(t2) for all ¢1, t2 € I. In other words, ¢’ is obtained by par-
allel translation of the same vector along the support of o. Now, if 0: 1 — §
is a curve in a surface S instead staying inside S we do not actually see the
whole variation of the tangent vector ¢’: if the tangent vector varies in the
direction orthogonal to the surface, it does not seem to change at all when
seen from S. In other words, the variation of the tangent vector to a curve in a
surface, from the viewpoint of the surface, is not measured by the derivative of
the tangent vector, but by the orthogonal projection of the derivative on the
tangent planes to the surfaces. This operation (orthogonally projecting the
derivative) is called covariant derivative, and we shall see in Section 5.1 that
it is completely intrinsic to the surface. Summing up, from the viewpoint of a
surface the tangent vector to a curve is “constant” (or, using a more precise
terminology suggested by the above, parallel) if it has covariant derivative

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 5, © Springer-Verlag Italia 2012
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equal to zero. A geodesic on a surface is a curve with parallel (in this sense)
tangent vector.

In Section 5.1 we shall show that geodesics exist. More precisely, we shall
show that for every point p € S of a surface S and every tangent vector v € 1,5
there is a unique maximal geodesic o,: I, — S passing through p and tangent
to the direction v, that is, such that ¢,(0) = p and o07,(0) = v. Moreover, we
shall also define a measure, the geodesic curvature, of how much a curve is far
from being a geodesic.

In the next two chapters we shall see how to effectively use geodesics to
study the geometry of surfaces. In Section 5.2 we shall instead see how to
retrieve from the local analytic characterization the global geometric char-
acterization mentioned at the beginning. To be precise, we shall prove that
the shortest curve between two points of a surface is always a geodesic and,
conversely, that every geodesic is locally the shortest curve between points in
its support (Theorem 5.2.8). However, you have to be careful, since a geodesic
is not necessarily the shortest curve between its endpoints (Remark 5.2.9).

Section 5.3 of this chapter covers a slightly different topic: vector fields. A
vector field on a surface S is a smooth map that associates each point p € S
with a vector tangent to S at p. In a sense, we are prescribing the direction
(and the speed) of the motion of points on the surface. The curves described by
the points under the action of the vector field (the trajectories of this motion)
are called integral curves of the field. Vector fields have countless applica-
tions outside mathematics too (for instance, they are widely used in physics);
we shall just prove some elementary properties (existence and uniqueness of
integral curves, for instance) and show how to use them to construct local
parametrizations with specific properties (Theorem 5.3.19).

Finally, in the supplementary material of this chapter we shall return to
geodesics, giving in Section 5.4 a necessary and sufficient condition for the
geodesics of a surface S to be defined for all times (Hopf-Rinow’s Theo-
rem 5.4.8). Finally, in Section 5.5 we shall give a necessary and sufficient
condition in terms of geodesics and Gaussian curvature for two surfaces to be
locally isometric (Theorem 5.5.5).

5.1 Geodesics and geodesic curvature

Straight lines in the plane are obviously extremely important for plane geome-
try; in this section we shall introduce the class of curves that play for surfaces
the role played by lines in the plane.

As described in the introduction to this chapter, we want to generalize
to surfaces the local analytic characterization of straight lines as curves with
constant tangent vector; we shall deduce the global geometric characterization
in the next section, a characterization that will turn out to be slightly but
significantly different from that of lines in plane.
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Let us begin by defining the class of objects, among which tangent vec-
tors to a curve are a typical example, we want to be able to differentiate
intrinsically.

Definition 5.1.1. A vector field along a curve o: I — S of class C*° is a map
&l — R of class C™ such that &(t) e T51)S for all t € I. More in general,
if o: I — S is a piecewise C'*° curve, a vector field along o is a continuous map
&1 — R3 such that £(t) € T, )8 for all t € I, smooth in every subinterval of [
where o is smooth. The vector space of vector fields along o will be denoted
by 7 (o).

Ezample 5.1.2. The tangent vector o’: I — R? of a curve : I — S of class C*°
is a typical example of a vector field along a curve.

We want to measure how much a vector field £ € 7 (o) varies along a curve
o:1 — S of class C*. From the viewpoint of R? the variation of & is given
by its derivative £’. But, as anticipated in the introduction to this chapter,
from the viewpoint of the surface S this derivative has no meaning; only the
component of & tangent to S can be seen from inside the surface. So a geo-
metrically more meaningful measure of the variation of a vector field along a
curve contained in a surface is the following;:

Definition 5.1.3. The covariant derivative of a vector field £ € 7 (o) along
a curve 0:1 — S of class C*° in a surface S is the vector field D¢ € 7 (o)
defined by

DE(0) = moe (5 0)

where 74 (4): R® — T5(1)S is the orthogonal projection on the tangent plane to
S at o(t).

Remark 5.1.4.1f £ € T (o) is a vector field along a smooth curve o: I — S
then we may write £ = D¢ 4+ w, where w: I — R® is a C° map such that
w(t) is orthogonal to T, )S for all £ € S. In particular,

(',€)0 = (DE.€),
for every vector field € € 7T (o) along ¢. From this immediately follows that

d

4t (&€ = (D& o + (£, DE), (5.1)

for every pair of vector fields &, € € T (o).

From the definition it might seem that the covariant derivative depends on
the way the surface is immersed in R®. On the contrary, the covariant deriva-
tive is a purely intrinsic notion: it only depends on the first fundamental form
of S. To see this, let us express D¢ in local coordinates.
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Let ¢: U — S be a local parametrization whose image contains the support
of a curve 0:1 — S, so that we may write o(t) = ¢(01(t),02(t)). A vector
field ¢ along o can be written as §(t) = &£1(£)01], () + §2(t)02]5(+); then

I CHED EMCHE)

d 02 0?
2[57804—5,( L op g 0+0/28x(’;0x oa)} ,
20z

and so, recalling (4.18), we find

2

D¢ = Z dgk Z Tk o a)ole; | Oklo - (5.2)

7,7=1

Thus D is expressed in terms of the Christoffel symbols, and as a consequence
it only depends on the first fundamental form, as claimed.

A constant (or parallel) vector field along a curve is a field that does not
vary. The following definition formalizes this idea:

Definition 5.1.5. Let 0: I — S be a curve of class C'*° in a surface S. A vec-
tor field € € T (o) along o is parallel if DE = O. More in general, if o: T — S
is a piecewise C° curve, a vector field £ € 7 (o) is parallel if it is so when
restricted to each subinterval of I where o is C'*°.

The next result not only shows that parallel vector fields actually exist
(and lots of them!), but also that they behave with respect of the first funda-
mental form in a way consistent with the intuitive idea of parallel field:

Proposition 5.1.6. Let 0:1 — S be a piecewise C* curve in a surface S.
Then:

(i) given to € I and v € T,4,)S, there is a unique parallel vector field £ €
T (o) such that £(to) = v; 3

(i) if &, € € T (o) are parallel vector fields along o, the inner product (§,&)s
is constant. In particular, the norm of a parallel field is constant.

Proof. (i) Suppose for now that o is of class C*°. Equality (5.2) says that
D¢ = O locally is a system of two linear ordinary differential equations; so
the claim follows as usual rom Theorem 1.3.36 of existence and uniqueness
for the solution of a linear system of ordinary differential equations. Indeed,
first of all, by Theorem 1.3.36 there is a unique solution defined on a subin-
terval T of I containing to and such that o(I) is contained in the image of a
local parametrization. Let now Iy C I be the maximal interval containing ¢
on which a parallel vector field £ such that £(tp) = v is defined. If Iy # I,
let t; € I be an endpoint of Iy and take a local parametrization ¢¥: V. — §
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centered at o(t1). Then there exists for sure a to € Iy such that o(t2) € ¥(V),
and Theorem 1.3.36 yields the existence of a unique vector field € defined on
o1 (4(V)) such that £(ta) = &(t2); in particular, € is also defined in ¢1. But
uniqueness tells us that fN and £ coincide on the intersection of the domains,
and so 5 extends & to a neighborhood of ¢; too, against the hypothesis that
t1 is an endpoint of Iy. So Iy = I, as claimed.

In general, if o is piecewise C*°, it suffices to apply the above argument
to each subinterval of I on which o is of class C*° (beginning with an interval
containing tg) to construct the required parallel field £ € 7 (o).

(ii) Equality (5.1) implies

d - -
dt <£7§>U = <D§a§> <£ D§> E

since D&, DE = O, and (€,€), is constant. O

We are now able to define the curves that play on surfaces a role analogous
to the one played by straight lines in the plane: curves with parallel tangent
vector.

Definition 5.1.7. A geodesic on a surface S is a curve o: I — S of class C*
such that ¢’ € T (o) is parallel, that is, such that Do’ = O.

Remark 5.1.8. Traditionally, geodesics are known to cartographers as the
shortest routes between two points on Earth’s surface. We shall see in the
next section that (when they exist) the shortest curves joining two points on
a surface are geodesics in our sense too; and, conversely, every geodesic as just
defined is locally the shortest route joining two points of its support.

Obviously, the first thing to do is to show that geodesics exist. Let 0: I — S
be a curve of class C*° whose support is contained in the image of a local para-
metrization p:U — S. Then (5.2) tells us that ¢ = ¢(01,02) is a geodesic
if and only if it satisfies the following system of differential equations, called
geodesic equation:

a’—i—Z Il oo)oho, =0, j=12. (5.3)

This is a system of second-order non-linear ordinary differential equations. We
may transform it into a system of first-order ordinary differential equations
by introducing auxiliary variables vy, vs to represent the components of o’.
In other words, we consider instead the equivalent first-order system

2
v+ Z (I oo)vpup, =0, j=1,2,

Py (5.4)

ol =, j=1,2.
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So it is natural to use Theorem 4.9.1, which is repeated here in a simplified
version (obtained by taking Vy = (2; and b = idy; ), sufficient for our aims:

Theorem 5.1.9. Consider the Cauchy problem for a curve o:1 — U given

by
dO‘j _ _
gt (t) —aj(a(t)) , j=1,...,n, (5.5)
O'(to) =x € Uv7

where U CR" is an open set and ay,...,a, € C®(U). Then:

(i) for allty € R and xg € U there exist § > 0 and an open neighborhood
Uop C U of xy such that for all x € Uy there exists a curve oy: (tg—0,t9+9)
— U of class C™ that is a solution of (5.5);

(ii) the map X:Uy X (to — 6,tg + 0) — U given by X(x,t) = o,(t) is of
class C*°;

(iil) two solutions of (5.5) always coincide in the intersection of their domains.

As a consequence:

Proposition 5.1.10. Let S C R? be a surface. Then for allp € S andv € 1,5
there exists a geodesic o: 1 — S such that 0 € I, 0(0) = p and o’ (0) = v. More-
over, if :1 — S is another geodesic satisfying the same conditions then o
and & coincide in I N 1. In particular, for allp € S and v € T},S there exists
a maximal open interval I, C R and a unique geodesic o,: I, — S such that
0,(0) = p and o,,(0) = v.

Proof. Theorem 5.1.9 applied to (5.4) tells us that there are € > 0 and a curve
o:(—e,e) — U C S that is a solution of (5.3) with initial conditions o(0) = p
and ¢/(0) = v. Moreover, if & is another geodesic that satisfies the same initial
conditions, then ¢ and & coincide in some neighborhood of 0. Let Iy be the
maximum interval contained in I NI on which o and & coincide. If I were
strictly contained in I N I , there would exist an endpoint ty of Iy contained
in 7N I, and we could apply once more Theorem 5.1.9 with initial conditions
o(tg) and o’(tp). But in this case o and & would coincide in a neighborhood
of ty too, against the definition of Iy. Hence, Iy = 1IN I, and so there exists a
unique maximal geodesic for a given point and tangent to a given direction.
O

A remark to be made immediately is that since the notion of covariant
derivative (and consequently of parallelism) is intrinsic, local isometries map
geodesics to geodesics:

Proposition 5.1.11. Let H:S — S be a local isometry between surfaces,
and o:1 — S1 a piecewise C™ curve. Then, for all & € T(o) we have
dH,(¢) € T(H o 0) and D(dH,(£)) = dH,(DE). In particular, & is paral-
lel along o if and only if dH, () is parallel along H o o, and o is a geodesic
of S if and only if H o o is a geodesic of S.
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Proof. Choose tg € I and a local parametrization ¢: U — S centered at o(tp)
such that H|, gy is an isometry with its image. In particular, ¢ = H o ¢ is
a local parametrization of S and, if we denote by I k the Christoffel sym-
bols of ¢ and by Fi’j. the Christoffel symbols of ¢, we have f’j; oH = FZ}
for all 4, j, k = 1, 2. Moreover, (3.7) implies that ;|ges = dH,(}|,)
for j = 1, 2, where {51,52} is the basis induced by @, so if we write
o = ¢(o1,02) and § = &§101|s + &202|, we obtain H o ¢ = ¢(01,02) and
ng(g) = £181|Hoo' +€282|Hoo'- So (5.2) gives

2
d -
dH, 1) (DE(t0)) = Z gk Z Il (0(t0) o (t0)&5(to) | Okl 1 (o (o)

k=1 L i,j=1
: _dfk 2N

= I (to) + > TE(H(o(t0))) o7 (to)&; (to) | Okl m(o(to))
k=1 | ij=1

= D(dHot,) (£(t0)))

as required. In particular, since dH is injective, we have D¢ = O if and only
if D(dH,(§)) = O, and D((H 0 0)’) = O if and only if Do’ = O, and we are
done. O

The next proposition contains some elementary properties of geodesics,
which are useful in the (rare) cases in which they can be explicitly deter-
mined:

Proposition 5.1.12. Let 0:1 — S be a curve of class C* in a surface S.
Then:

(i) o is a geodesic if and only if 0" is always orthogonal to the surface, that
is, if and only if o (t) L TS for allt € I;

(ii) if o is a geodesic then it is parametrized by a multiple of arc length, that
is, ||o’|| is constant.

Proof. (i) Follows from the definition of Do’ as orthogonal projection of o”
on the tangent planes to S.

(ii) It follows immediately from Proposition 5.1.6.(ii). O
Let us see now some examples of geodesics.

Ezxample 5.1.13. If o is a regular curve whose support is contained in a plane H,
the vector o’/ may be orthogonal to H only if it is zero (why?). So the geodesics
of a plane are the curves with second derivative equal to zero, that is, straight
lines (parametrized by a multiple of arc length). This can also be deduced
from the geodesic equation by noting that the Christoffel symbols of a plane
are zero everywhere.

More in general, a straight line (parametrized by a multiple of arc length)
contained in a surface S is always a geodesics, since it has second derivative
zero everywhere.
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Example 5.1.14. We want to determine all the geodesics of a right circular
cylinder S parametrized as in Example 4.1.9. First of all, by the previous
example we know that the meridians of the cylinder (the vertical straight
lines contained in the cylinder), parametrized by a multiple of arc length, are
geodesics. Parallels (the circles obtained by intersecting the cylinder with a
plane orthogonal to its axis) parametrized by a multiple of arc length are
geodesics too: indeed, their second derivative is parallel to the radius, hence
to the normal versor of the cylinder (see Example 4.4.9), and so we may apply
Proposition 5.1.12.(i).

We want to determine now the geodesics through the point py = (1,0,0).
The map H:R? — S given by H(z1,22) = (cosxy,sinzy, x5) is, by Exam-
ple 4.1.17, a local isometry, and consequently (Proposition 5.1.11) maps geo-
desics to geodesics. The geodesics through the origin of the plane are the lines
t — (at,bt), con (a,b) # (0,0); so the curves

0ab(t) = (cos(at),sin(at), bt)

are geodesics of the cylinder issuing from pg. Since it is immediately veri-
fied that for all v € T}, S there is a pair (a,b) € R* such that a,(0) = v,
Proposition 5.1.10 tells us that we have found all geodesics issuing from pyg; in
particular, if they are neither a parallel (b = 0) nor a meridian (a = 0), they
are circular helices (a, b # 0).

Finally, by a translation and a rotation, which clearly are isometries, we
may map pg to any other point p of the cylinder, and the geodesics issuing
from p are obtained by rotation and translation from the geodesics issuing
from pp. Summing up, the geodesics of the cylinder are the meridians, the
parallels and the circular helices contained in the cylinder.

Ezxample 5.1.15. All the geodesics of the sphere are great circles — parametri-
zed by a multiple of arc length — and vice versa all great circles are geodesics.
Indeed, a great circle is given by the intersection of the sphere with a plane
passing through the center of the sphere; hence its second derivative is paral-
lel to the normal versor of the sphere (see Example 4.4.8), and we may apply
again Proposition 5.1.12.(i). On the other hand, given a point and a tangent
direction, there is always a great circle passing through that point and tangent
to that direction, and so by Proposition 5.1.10 there are no other geodesics.

Example 5.1.16. To give an idea of the difficulty of explicitly computing geo-
desics even in simple cases, let us write the geodesic equation for the graph
I, of a function h € C*(U) defined on an open set U of R*. Recalling Ex-
ample 4.6.7, equations (5.3) become

P 1 oh N -
0j+1+||(Vh)oa||2 8zjoa ((Hess(h)oo) 0’0"y =0, j=1,2,

a system of differential equations almost impossible to solve explicitly except
in very particular cases.
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Ezample 5.1.17 (Geodesics of surfaces of revolution). We want to study the
geodesics on a surface of revolution obtained by rotating around the z-axis
the curve o(t) = (a(t),0,3(t)) with a(t) > 0 everywhere. Let ©:R? = R? be
the usual immersed surface with support S given by ¢(t,0) = (a(t) cos 6, a(t)
sin 6, ﬁ(ﬁ))7 whose restrictions give local parametrizations for S as shown in
Example 3.1.18. Using the Christoffel symbols computed in Example 4.6.10,
we see that a curve 7(s) = ¢(t(s),0(s)) is a geodesic if and only if

5 (G (2 2) O (s g o) @ =0,

!
9+ (2a ot) 0t =0.
o

In particular, if the curve ¢ is parametrized by arc length, the geodesic equa-
tion for surfaces of revolution becomes

(5.6)

t" — ((ac) o t)(')* =0,
0" + (2; ot) 0t =0. (5.7)

Let us see which conclusions we may draw from these equations.

e The meridians, that is, the curves 7(s) = ¢(t(s),6p) where 6 € R is a
constant, parametrized by a multiple of arc length, are geodesics. Indeed,
the second equation of (5.7) is clearly satisfied. Moreover, saying that 7
is parametrized by a multiple of arc length is equivalent to saying that
E(t")? = k? for some k € RT, that is, by Example 4.1.13, (t')? = k2.
Hence, 2t't" = 0; from this we deduce ¢ = 0 (why?), and the first equa-
tion of (5.7) is satisfied too.

o Let us see when a parallel, that is a curve 7(s) = ¢(to,(s)) where to € R
is a constant, parametrized by a multiple of arc length, is a geodesic. The
second equation of (5.7) tells us that 6’ has to be constant; moreover,
since 7 is parametrized by a multiple of arc length, we have G(0')? = k?
for some k € RT, and so Example 4.1.13 implies |0'| = k/a(ty). The first
equation of (5.7) becomes then &(tg)/a(ty) = 0, that is, &(tp) = 0. So we
have proved that 7 is a geodesic if and only if # is a non-zero constant and
to is a critical point for « or, in other words, that a parallel (parametrized
by a multiple of arc length) is a geodesic if and only if it is obtained by
rotating a point where the tangent vector of the generator is parallel to the
axis of rotation of the surface; see Fig. 5.1.

e Except for meridians and parallels, it is quite rare to be able to explicitly
solve (5.7). However, it is possible to deduce from those equations much
information about the qualitative behavior of geodesics of surfaces of revo-
lution; let us see how. Since « is nowhere zero, we may multiply the second
equation in (5.7) by a? o t, obtaining (6’a? o t)’ = 0; so a?¢’ is constant
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geodesics

not geodesics

Fig. 5.1.

along every geodesic. In other words, (5.7) is equivalent to

5 &

t"=c¢ a3ot, ceR,
c

0 = .
oot

The constant ¢ (which is different for each geodesic) has a geometric mean-
ing. To find it, note first that ¢ = 0 corresponds to 6 being constant, that
is, to meridians. On the other hand, a(t(s)) is the radius of the parallel
passing through 7(s), parametrized by 6 — go(t(s)ﬁ); so the angle 1 (s)
between the geodesic 7 and the parallel passing through 7(s) is such that

(77,0/00) 1, c
= 0 (xot) =
ive et et

et
with ||7|| constant, where we used 7/ = ¢/(9/9t) + 0'(9/90) and Exam-
ple 4.1.13. So

cosy =

a cos ) = costant (5.8)

along the geodesic. We have obtained the important Clairaut’s relation:
for every geodesic of a surface of revolution, the product acosv of the
cosine of the the radius of the parallel with the angle between the parallel
and the geodesic is constant.

Clairaut’s relation is very useful to study qualitatively the behavior of geo-
desics on surfaces of revolution. For instance, if 7: I — S is a geodesic through
po = 7(Sp) in a direction forming an angle ¥y with the parallel through pg,
we immediately find that

Vsel  a(t(s) > a(t(s))]cosv(s)| = alpo)| cos ol ,

or, in other words, the geodesic T never intersects parallels with radius less
than o(po)| cos1g|. Other applications of Clairaut’s relation are described in
Problem 5.3 and in Exercise 5.1.
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We now want to introduce now a measure of how much a curve is far from
being a geodesic. We begin with:

Proposition 5.1.18. Let 0: I — S be a reqular curve in a surface S. Then o
s a geodesic if and only if it is parametrized by a multiple of arc length and
its curvature k coincides with the absolute value of its normal curvature |Ky,|.

Proof. Since the claim is a local one, we may assume S to be orientable. Let
N be a normal versor field on S; note that the absolute value of the normal
curvature does not depend on the choice of N, and that the formula

. (¢"”,Noo)
Rp = <0',NOO'> = ||U/||2 s (59)
holds since 1
. !
5 = 0|2 (a” — (log||a’||) U’) (5.10)

and o’ is orthogonal to N o o. Proposition 5.1.12.(i) tells us that the curve o
is a geodesic if and only if ¢ is parallel to N o 0. Moreover, (5.10) implies
that |lo’| is constant if and only if 6 = ¢”/||0’||?, and in this case we have

k=6l =llo"lI/llo"I*.
Suppose then that o is a geodesic. Thus, ¢” is parallel to N o o, and
so [{d”,N o c)| = ||o"|]. Moreover, Proposition 5.1.12.(ii) says that 0’| is

constant; hence, k = |lo”||/||o’||? and formula (5.9) implies

1" N 1"
i = W N
llo” lo”l

Conversely, suppose that ||o’|| is constant and |x,,| = &; then formula (5.9)
yields [{¢”, Noo)| = ||o”]|, and this may happen only if ¢ is parallel to N oo,
that is, by Proposition 5.1.12.(i), only if o is a geodesic. a

As a result, we may determine how much a curve is far from being a
geodesic by measuring how much its curvature differs from its normal curva-
ture. Let us quantify this remark.

Definition 5.1.19. Let 0: I — S be a regular curve on a surface S. A nor-
mal versor field along o is a C> map N:I — R® such that |[N(t)|| = 1 and
N(t) 1 Tg(t)S forall t € 1.

Remark 5.1.20. There always exist exactly two normal versor fields along a
curve. Indeed, first of all assume that NV, N:I — R? are two normal versor
fields along the curve o:I — S. Then, by continuity, the function t — (N (¢),
N(t)) must be identically equal to either +1 or —1 — and consequently we
have either N = N or N = —N.

For the existence, if S is orientable then we can define a normal versor

field N along o simply by setting N(t) = N(o(t)), where N:S — 5% is a
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Gauss map for S. Since every surface is locally orientable, given tq € I we can
always find a subinterval Iy C I containing t; and a normal versor field N
along o|z,. Assume that Ij is the largest such interval; we claim that Iy = I.
If not, there is an endpoint ¢; of Iy contained in I. Since S is locally orientable
around o(t1), we can find (how?) a normal versor field defined in a neighbor-
hood I; of t; and coinciding with N on Iy N I7; but this means that we can
extend N to a subinterval larger than I, contradiction.

Let 0:1 — S be a regular curve on a surface S, and choose a normal
versor field N: T — R* along 0. If £ € T(0) is a field of versors along o, by
differentiating (£, &), = 1 keeping in mind (5.1) we obtain

d

Hence D¢ is orthogonal both to N and &; so there has to exist a function
A: I — R such that D = AN A £. To be precise, since N A € is a versor, we
get A = (D&, N A€),, and in particular X is of class C*°.

Definition 5.1.21. Let 0: 1 — S be a regular curve parametrized by arc
length on a surface S, and let N:I — R® be a normal versor field along o.
The geodesic curvature of o is the function xy4: 1 — R given by

kg = (D&, N A&) = (5,NAG),

so that
Do =rgNANo.

Remark 5.1.22. Replacing the normal vector field N along o by —N the geo-
desic curvature changes sign, and so the absolute value of the geodesic cur-
vature depends only on the curve. Furthermore, the geodesic curvature also
changes sign when inverting the orientation of the curve.

In particular, [|Do||* = &2. Since & = D& + (3, N)N is an orthogonal
decomposition, and we have [|G||*> = k? and [(5, N)|*> = |k,|?, it is immediate

to conclude:

Corollary 5.1.23. Let 0: I — S be a curve parametrized by arc length in a

surface S. Then

K2 =Ko+ KD (5.11)

In particular, a curve o parametrized by arc length is a geodesic if and only if
its geodesic curvature is zero everywhere.

We end this section with an explicit formula for computing the geodesic
curvature we shall need later on. To obtain it, we begin with:
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Lemma 5.1.24. Let o:U — S be an orthogonal local parametrization of a
surface S, and set X; = 0;/|0;|| for j =1, 2. Let next o:1 — p(U) C S be
a regular curve parametrized by arc length and write o(s) = @(o1(s), 02(s))
and & = X;o00 € T(0). Then

<D€17€2>U =

_2\/2(;[. oG 6E}

(o) — 01
81‘1 83?2

Proof. We have

/d(X00) Jox, o Jox ,
<D§17£2>0< ds ’X2>U<8m1’X2>ggl+<ax2’X2>002'

Differentiating F' = (91, 02) = 0 with respect to x; we find

%o _ dp  0%p _ 1 oF
33:% ’ 8%2 - 8x1 ’ 8x18x2 - 2 8%2 ’
and so

<8X1X><6 (1 3<p> | a¢>_ 1 0B
(9:1717 2/ o0x1 \/E(f?xl 7\/Gal‘2 - 2\/EG(9:L‘2

Analogously, we find

<3X1X><6 <1 &p) | a¢> e
dzy 2 dxo \VE 0x1) /G 0z2 2WEG 0x1

and we are done. O

We need one more definition. Let o: [a,b] — S be a curve parametrized by
arc length in a surface S C R?, and choose a normal versor field N: I — R?
along o. Suppose we have two never vanishing vector fields &1, & € 7 (o)
along o; in particular, {1(s), N(s) A &1(s)} is an orthogonal basis of T, (45
for all s € [a,b], and we may write

&2 (€1,&) & L (NN&LE) NN&G .

&2l N&lllgall 16l ~  Nealiliézl &l

Hence we may define a continuous map ¢: [a,b] — S! by setting

_( (&8) <N/\§1,§2>>
’ <||§1||||§2||7 &dlél /- (5.12)

Definition 5.1.25. Let o:[a,b] — S be a curve parametrized by arc length
in a surface S C R®, and choose a normal versor field N:I — R? along o.
Given two never vanishing vector fields &1, & € 7 (o) along o, a continuous
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determination of the angle between & and & is a lift 0: [a, b] — R of the func-
tion ¢:[a,b] — S given by (5.12); see also Proposition 2.1.4. In particular,
by construction we have

& & . NANE
= 0 0
el = e T e

Replacing N by —N the continuous determination of the angle clearly changes
sign.

Remark 5.1.26. 1f o:[a,b] — ¢o(U) C S is a curve with support contained in
the image of a local parametrization ¢:U — S then as normal versor field
along o we shall always take N oo, where N = 91 A 95/]|01 A 02| is the Gauss
map on ¢(U) induced by the local parametrization .

Remark 5.1.27. Let p:U — S be an orthogonal local parametrization of a
surface S, and o:[a,b] — @(U) C S a curve parametrized by arc length. If
we take as usual N = 91 A 02/]|01 A Oz, then N A (01/]|01]]) = 02/]|0=||. So
every continuous determination 6: [a,b] — R of the angle between 0|, and &
is such that a o)

1o . 2|0
ool * " ol

We can then close this section with the following:

o =cost (5.13)

Proposition 5.1.28. Let po: U — S be an orthogonal local parametrization of
a surface S, and o: 1 — @(U) C S a curve parametrized by arc length. Write
o(s) = ¢p(01(s),02(s)); then the geodesic curvature of o is given by

. 1 . 0G . 0F . de
= 1% -0

9T oVBG | C0r Tlows| T ds

where 0: T — R is a continuous determination of the angle between 01|, and &.

Proof. Set & = 0115/]|01]clls &2 = O2lo/||02]5 ]|, and N = & A&s; in particular,
N A& =& and N A& = —&;. Recalling (5.13) we obtain

N A6 =—(sinf)& + (cosb)Ea
G = —(sin0)0&; + (cos 0)€; + (cos 0)0Ey + (sin ),
and . .
Do = —(sin0)0&; + (cos )D&y + (cos )0 + (sin0) DEs .
Differentiating (£1,£1)s = (€2,&2)s =1 and (£1,£2) = 0 we find
(D&1,61)0 = (D&2,&2)0 =0 and (D&, &2)0 = — (61, DE2)o
so that
kg = (D&, N A &)y
= (sin0)26 + (cos 0)%(DE1, &) ¢ + (cos0)%0 — (sin0)2(&1, DEy) o
= (D&1,&)0 +0.

The assertion follows now from Lemma 5.1.24. a
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5.2 Minimizing properties of geodesics

The goal of this section is to keep a promise: we shall prove that the shortest
curves between two points of a surface are geodesics, and that the converse
holds locally.

Proposition 5.1.10 tells us that for all p € S and v € T,,S there exists a
unique maximal geodesic o,: I, — S with 0,(0) = p and ¢},(0) = v. A conse-
quence of next lemma is that the support of o, only depends on the direction
of v:

Lemma 5.2.1. Let S C R® be a surface, pe M and v € T,M. Then:

(i) for all c, t € R we have
Oen(t) = ay(ct) (5.14)

as soon as one of the terms is defined;
(ii) if oy is defined at t € R and s € R, then o, is defined at s+t if and only
if 041 (1) is defined at s, and in this case

O’U;(t)(s) = (Tv(t + S) . (5.15)

Remark 5.2.2. The phrase “o, is defined at t € R” means that there exists an
open interval containing both the origin and ¢ where o, is defined.

Proof (of Lemma 5.2.1). (i) If ¢ = 0 there is nothing to prove. If ¢ # 0 we
begin by proving that (5.14) holds as soon as o, (ct) exists. Set 6(t) = o, (ct);
clearly, 6(0) = p and &'(0) = cv, so it suffices to prove that & is a geodesic.
Indeed

2~ 2
D5'(0) = 7300 ( G () = P (g (1)) = 2Dolfet) =0
and so we are done.

Conversely, suppose that o, (t) exists, and set v/ = cv and s = ct. Then
O (t) = 0 (c71s) exists, so it is equal to .1,/ (s) = o,(ct), and we are done.

(ii) Having set I, —t = {s € R | s+t € I,,}, the curve 0: I, —t — S defined
by o(s) = o, (s+t) is clearly a geodesic with o(0) = o, (t) and ¢’ (0) = o/ (¢); so
o(s) = 04/ (1)(s) for all s € I, —t. This means that if o, is defined at s+ then
0o (1) 18 defined at s (that is, I, —t C I,/ ()), and (5.15) holds. In particular,
—te€l, =t C Iy ), 80 051 (1y(—t) = p and agé(t)(—t) = 0,(0) = v. Applying
the same argument to (ft,av(t)) instead of (t,p), we get I () +1 C Iy;
therefore I, )+t = I, (which exactly means that o, is defined at s + ¢ if
and only if 0,/ (4) is defined at s), and (5.15) always holds. O

In particular, we get o,(t) = o4,(1) as soon as one of the two terms is
defined; so, studying the behavior of o, (t) as a function of ¢ is equivalent to
studying the behavior of 0, (1) as a function of the length of v. This suggests
that we study the map v — o,(1) defined on a suitable subset of T,5:
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Definition 5.2.3. Let S be a surface, and p € S. Denote by
E,={veT,S|1el,}

the set of tangent vectors v € T,S such that o, is defined in a neighbor-
hood of [0, 1]. Then the ezponential map exp,: &, — S of S at p is defined by

exp, (v) = 0 (1).

Remark 5.2.4. The reason of the appearance of the word “exponential” in this
context is related to the differential geometry of higher-dimension manifolds
(the multidimensional equivalent of surfaces). To be precise, it is also possible
to define in a natural way a notion of geodesic for compact groups of matrices
such as the orthogonal group O(n), and it is possible to prove that the cor-
responding exponential map in the identity element of the group is given by
the exponential of matrices.

We can immediately prove that the exponential map enjoys some nice
properties:

Proposition 5.2.5. Let S C R? be a surface, and p € S. Then:

(i) &p is an open star-shaped neighborhood of the origin in T,S;

(ii) for allv € T,S and ty € R such that o, is defined at ty there exist § > 0
and a local parametrization p:U — S centered at p such that, having set
wo = (dpo)~*(v), the map (x,w,t) — Tay, (w)(t) is defined and of class
C> on U x B(wg, ) x (to — 0,tg +6) C R? x R x R = R®;

(iii) the map exp,: &, — S is of class C>°;

(iv) d(exp,)o = id and, in particular, exp, is a diffeomorphism between a
neighborhood of O in T,S and a neighborhood of p in S.

Proof. Lemma 5.2.1 immediately implies that &, is star-shaped with respect
to the origin. Define now the set

U={(p,vto)|peS, veT,S, o,is defined at t, € R},

and the subset W C U of the points (p,v,ts) € U for which a § > 0 and
a local parametrization ¢:U — S centered at p exist such that, having set
wo = (dpo) 1 (v), the map (z,w,t) — ayp, () (t) is of class C* in the open
set U x B(wg,d) x (tg — 8,tg +0) C R* x R? x R = R®.

Clearly, £, = m(UN({p} xT,Sx{1})), where 7: S xR?*xR — R? is the pro-
jection on the central factor; on the other hand, W, = m(WnN({p} xT,Sx{1}))
is by definition open in 7,5 and exp,, is of class C'™ in W); so, to get (i)-(iii)
it is enough to prove that U = W.

Note first that (p,v,0) € W for all p € S and v € T,,S, by Theorem 5.1.9
applied to the system (5.4).

Suppose by contradiction that there exists (pg, vo, to) € U\W; since tg # 0,
we may assume tg > 0; the case tg < 0 is analogous.
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Let 1 = sup{t € R | {po} x {vo} x [0,t] C W}; clearly, 0 < { < to.
On the other hand, since (pg,vo,to) € U, the geodesic oy, is defined at ¢;
set p = oy, (f) and © = o, (f). Since (p,,0) € W, there exist a local para-
metrization ¢: U — S centered at p, a § > 0 and a neighborhood W C R?
of w = (dpo) () such that the map (x,w,t) — oag, () (t) is of class C>
in U x W x (=4,6). ) ) )

Choose now t; < t such that t; +0 > ¢, 0, (t1) € V = ¢(U), and oy, (t1) €
d¢e, (W), where 21 = ¢~ 1 (0w (t1))- Since we know that {po} x {vo} x [0,¢1] C
W, we may find a local parametrization ¢: U — S centered at pp, an € > 0 and
a neighborhood W C R? of wy = (dgo) ' (vg) such that the map (z,w,t) —
Tdep, (v)(t) is of class C*° in U x W x (—¢, 11 +¢); moreover, up to shrinking U
and W, we may also assume that o4, () (t1) € V and Tl (w)(f1) € dp,r (W)
for all (z,w) € U x W, where 2/ = ¢! (04, (w)(t1)).

Now, if (2, w) € U x W the point o4, (w)(t1) is well defined and depends
in a C* way on z and w. So @’ = ¢~ (g, (w)(t1)) € U and the vector
w = (d¢$1)_1(0(’1%(w)(t1)) € W also depend in a C*° way on z and w.
Hence for all ¢t € (t; — d,t1 + §) the point

O—Uéwz(w)(tl)(t —h) = stﬁx/(w’)(t —t1)
depends in a C* way on x, w and t. But Lemma 5.2.1.(ii) implies
O-U(,l‘!’w(w)(tl)(t o tl) = O’d‘Pm(’w) (t) 7

so we have proved that the map (z,w,t) — 04y, (w)(t) is of class C* in
U x W x (—¢,t; +6), and this contradicts the definition of £.

Finally, let us compute the differential of exp,, in the origin. If w € T},5,
we have by definition

d

gt (expp oT)

d(expp)o(w) =

)
t=0

where 7 is an arbitrary curve in 7,S with 7(0) = O and 7/(0) = w. For
instance, we may take 7(t) = tw; so,
d

= o)

d(exp,)o(w) = . exp,(tw)

dt

t=0 t=0 t=0

by (5.14). Hence, d(exp,)o = id is invertible, and the exponential map is a
diffeomorphism between a neighborhood of O in 7},S and a neighborhood of p
in S. O

In particular, note that (5.14) implies that the geodesics issuing from a
point p € S can be written in the form

o, (t) = exp,(tv) .
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The latter proposition allows us to introduce some definitions:

Definition 5.2.6. If p € S and § > 0, let B,(0,0) = {v € T,,5 | ||v|, < 6}
be the ball with center in the origin and radius § > 0 in the tangent plane
at p. The injectivity radius inj rad(p) of S at p is the largest § > 0 for which
exp,: B,(0,§) — S is a diffeomorphism with its image. If 0 < ¢ < inj rad(p),
we shall call the set Bs(p) = exp, (Bp(O,(S)) a geodesic ball with center p
and radius . The geodesics issuing from p, that is, the curves of the form
t— expp(tv)7 are called radial geodesics; the curves that are image by exp,
of the circles with center in the origin of T,,S and radius less than inj rad(p)
are called geodesic circles. Finally, having set Bj(p) = Bs(p) \ {p}, the radial
field 9/9r: Bi(p) — R is defined by

0

or|, =0,(1) € T,S

for all ¢ = exp,(v) € B;(p).

In the plane, the radial geodesics from the origin are half-lines: they are
orthogonal to the (geodesic) circles with center in the origin, and are tan-
gent everywhere to the radial field. The important Gauss lemma we are going
to prove claims that all these properties hold for every surface; as we shall
see, this is the essential step needed to prove the minimizing properties of
geodesics.

Lemma 5.2.7. Given p € S and 0 < § < inj rad(p), let Bs(p) C S be a
geodesic ball with center p. Then:

(i) for all ¢ = exp,(v) € B;(p) we have

o ol (1 . 1
J o1 _ Gool (I0]) = ”d(expp)v(v) ;

. I

[[vll
in particular, 0/0r]| = 1 and [d(exp,)u ()] = o]l

(ii) the radial geodesics through p, parametrized by arc length, are tangent to
the radial field in Bi(p);

(iii) (Gauss’ lemma) the radial field is orthogonal to all geodesic circles lying
in B3 (p) and, in particular,

{d(expy)v(v), d(exp, )y (w)) = (v, w) (5.16)

for allw € T}, S.
Proof. (i) The first equality follows from ||}, (1) = ||l (0)|| = ||v]|; the sec-
ond one can be obtained by differentiating o, |, (t) = o, (t/||v]|) and setting

t = ||v||. Finally, a curve in T},S issuing from v and tangent to v is o (t) = v+tv;
S0

d exp, ((1+t)v) _d (1 +1) =0 (1). (5.17)

d(epr)v(v) = dt 0 dt 0
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(ii) The radial geodesics parametrized by arc length issuing from p are the
curves o, with v € T,,S having norm equal to 1. Since o4, (t) = 0,(ts), we
find ¢2,(1) = s6,(s), and by (i) we have:

. _o,(1) 0
Iuls) = Isv|| — or

0
- or

i

exp, (sv) ou(s)

and so o, is always tangent to 9/0r.

(iii) Take ¢ € Bj(p) and v € T,,S such that ¢ = exp,(v). Fix furthermore
an orthonormal basis {E1, E2} of T,,S such that Eq = v/||v||. Then og, is the
radial geodesic from p to ¢ = op, (||v]]) parametrized by arc length, while the
geodesic circle through ¢ is parametrized by the curve 7(s) = exp,, (||v||(cos s)
Ey + ||v||(sins)E2). So our goal is to prove that ¢, (||v]|) is orthogonal to
7/(0). To this aim, let us consider the map X: (—m,7) x (=0,0) — S defined
by

X(s,t) = exp, (t(cos s)Ey + t(sins)Ey) ;
since |[t(coss)Ey + t(sins)Eq|| = |t| < 0, the map X' is well defined and of
class C*°. Now, op, (t) = X2(0,t) and 7(s) = X(s,||v|); so we have to prove

that the scalar product
oy ox
(S @b, .10l

is zero.

Set vs = (cos s)Fy + (sin s) Ea, to get X(s,t) = o, (t). In particular, every
0., is a geodesic parametrized by arc length; so Dé,,, = O and |6, (t)] = 1.
Hence

o <%f(3’t>’ %f<5’t>> = <§tdvs(t>’ %f(s,t>> +

S
QD
~

ox 0*x
(5.0 g (51))

N B3>
= (Do 0.5 5.0 )+ () (500 (o)
ox 2y 10 |ox 2
- < ot (1) 838t(5’t)> =905 | or &Y
o 1 8 . 2
= 5l O

=0.
It follows that <82/8t, 62/88) does not depend on ¢, and so

ox ox ox ox
(O 0. 5 0y = (5 0.0,  0.0))

)
Os (O,t) = td(epr)tEl (EQ) 5

we get 0X/0s(0,0) = O, and we are done.

Since
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In particular, since 6, (||v]|) = [[v[|d(exp,).(v) by (i), and
7/(0) = [[vlld(exp,,)o(E2) ,

we have proved (5.16) for w = v and for w orthogonal to v. Since every vector
of T,,S can be written as a sum of a multiple of v and a vector orthogonal
to v, we have the assertion. a

At last, we are able to prove the characterization we promised, of geodesics
as (locally) shortest curves between two points:

Theorem 5.2.8. Let S be a surface, and p € S.

(i) if 0 <6 <injrad(p), then for all ¢ € Bs(p) the radial geodesic from p to
q 1is the unique (up to reparametrizations) shortest curve in S joining p
and q;

(ii) if 0:10,1] — S has the shortest length between all piecewise regular curve
in S joining two points p = c(0) and ¢ = o(1) € S then o is a geodesic
(and in particular is of class C*);

(iii) let o:[a,b] — S be a geodesic parametrized by arc length, to € [a,b], and
§ = inj rad(o(to)). Then o is the shortest curve in S from o(ty) to o(t1)
Zf ‘to — t1| <.

Proof. (i) Let qo € Bs(p); choose vy € T,S such that qo = exp,(vg), and
set Eq = vo/||vol], so that og,: [0, [|[vg]]] — S is the geodesic parametrized by
arc length that joins p and go. We shall prove that if 7:[0,¢] — S is another
piecewise regular curve parametrized by arc length in S from p to gy then
L(1) > L(og,) = ||vo||, with equality holding if and only if 7 = o, .

If 7 passes more than once through p, clearly we can remove a portion
of 7 finding a shorter curve from p to go; so we may assume that 7(s) # p for
all s > 0.

Suppose now that the support of 7 is contained in Bg(p); we shall see
later how to remove this assumption. In this case, for all s € (0,¢] where 7 is
smooth there exist a(s) € R and w(s) € T, (S orthogonal to the radial field
such that

0

7(s) = a(s) P,

+w(s);
(s)

note that, by Gauss’ Lemma 5.2.7.(iii), the vector w(s) is tangent to the
geodesic circle passing through 7(s).
Let r: B;(p) — R™ be given by

r(q) = |l exp,  (@)]lp -

Clearly, r is of class C'*°, and the geodesic circles are the level curves of r; so
(why?) we have dr,(w) = 0 for every vector w € T,S tangent to the geodesic
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circle passing through ¢ € Bj(p). Moreover, if ¢ = exp,,(v) we have

0 (a’ (1))
dr = drexp (v M
4&) PN ol
1 1 d
= (roexp,)(tv)] = ¢ty =1,
vl dt v =1 vl dt =1
and so we obtain
d(ror)

ds (s) = drT(S)(T'(s)) =a(s) .

We are now ready to estimate the length of 7. Let 0 = sp < --- < sp =€ be a
partition of [0, /] such that 7|, _, ) is regular for j = 1,..., k. Then

k Sj k S5
L) =3 [ el =Y [ Vi)l + fu)ds
k Py k sj k 55 ror
> 2/ la(s)|ds > Z;/ a(s)ds = 2/ d(ds )(5) ds

k
= Z[’”(T(Sj)) —r(7(sj-1))] = r(q0) = r(p) = llvoll = L(og,) -

Hence, 7 is at least as long as o, . Equality hods if and only if w(s) = O and
a(s) > 0 for all s; in this case, since 7 has length 1, we get 7 = 9/0r|,. So
7 is a curve from p to ¢ always tangent to the radial field, just like og,, by
Lemma 5.2.7.(ii); so o, and 7 solve the same system of ordinary differential
equations with the same initial conditions, and by Theorem 5.1.9 we have
T = 0p,, as required.

Finally, if the image of 7 is not contained in B,(4), let t; > 0 be the first
value for which 7 intersects 0B, (d). Then the previous argument shows that

L(7) > L(7|[0,t,) = 0 > [[voll ,

and we are done.

(ii) If o is the shortest curve between p and g, it is also so between any two
points of its support; if this were not the case, we might replace a piece of o
by a shorter piece, getting a piecewise regular curve from p and ¢ shorter than
o. But we have just shown in (i) that locally the shortest curves are geodesic;
since being a geodesic is a local property, o has to be a geodesic.

(iii) Under these assumptions o(¢;) is in the geodesic ball with center o ()
and radius ¢, and o is the radial geodesic from o(tg) to o(ty). O

Remark 5.2.9. In general, a geodesic is not necessarily the shortest curve be-
tween its endpoints. For instance, a segment of a great circle on the unit sphere
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52 that is longer than 7 is not: the complementary segment of the same great
circle is shorter.

Remark 5.2.10. A shortest curve joining two points of a surface does not al-
ways exist. For instance, if S = R?\ {O} and p € S, then for any curve in S
joining p and —p there is always (why?) a shorter curve in S from p to —p.
However, in the supplementary material of this chapter we shall show that
if S C R® is a closed surface in R, then every pair of points of S can be
joined by a curve in S of minimum length, which is necessarily a geodesic
(Corollary 5.4.11).

Remark 5.2.11. Even when it exists, the shortest curve joining two points may
well not be unique. For instance, two antipodal points on the sphere are joined
by infinitely many great circles, all of the same length.

5.3 Vector fields

In this section we shall introduce the fundamental notion of tangent vector
field on a surface. As a first application, we shall prove the existence of or-
thogonal local parametrizations.

Definition 5.3.1. Let S C R® be a surface. A (tangent) vector field on S is
a map X:S — R? of class C* such that X (p) € T,S for all p € S. We shall
denote by 7 (.5) the vector space of tangent vector fields to S.

Ezxample 5.3.2. If ¢:U — S is a local parametrization of a surface S then
D1, Do:p(U) — R? are vector fields defined on o(U), the coordinate fields
induced by ¢.

Ezample 5.3.3. Let S C R? be the surface of revolution obtained by rotating
around the z-axis a curve whose support lies in the zz-plane. Let X:$ — R?
be defined by
—P2
X(p)=|nm
0

for all p = (p1,p2,p3) € S. Clearly, X is of class C'°°; let us prove that it is a
vector field by showing that X (p) € T,,S for all p € S. Indeed, if ¢: R? - R?
is the immersed surface having S as its support defined in Example 3.1.18, by
Example 3.3.15 we know that

X(p) = g(g (¢ p) = ;)0 €T,S .

In other words, X (p) is tangent to the parallel passing through p; see Fig. 5.2.
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Fig. 5.2. A vector field on the torus

Remark 5.5.4. Let X € T(S) be a vector field on a surface S, and ¢:U — S
a local parametrization of S. For all z € U, the vector X (¢(z)) belongs
to Ty (2)S; so there exist Xi(r), Xa(z) € R such that

X (p(2)) = X1(2)01]p(z) + X2(2)2 () -
In this way we have defined two functions X7, Xo: U — R such that
Xop=X101+ X202 . (5.18)
Note that X; and X5 solve the linear system

EX1+FX2=<XO@,81>,
FX1+GXs=(Xo0y,05),

whose coefficients and right-hand terms are of class C*° and whose determi-
nant is nowhere zero; hence, X; and X5 are also of class C*°. Conversely, it is
easy to prove (see Problem 5.5) that a map X: S — R? is a vector field if and
only if for all local parametrization ¢:U — S there exist X1, Xy € C*°(U)
such that (5.18) holds.

Remark 5.8.5. In Chapter 3 we have presented the vector tangents to a surface
as tangent vectors to a curve and as derivations of germs of C'*° functions.
Similarly, vector fields have a dual nature too. We shall shortly discuss curves
tangent to a vector field; here we want to discuss the other viewpoint. Let
X € T(S) be a tangent vector field on a surface S, and f € C°°(S). For
all p € S the vector field X provides us with a derivation X (p) of C*°(p); and
the function f gives us a germ f, € C°(p) with (S, f) as a representative. So
we may define a function X (f): S — R by setting

Vpes X(f)p) = X(p)(fp) -
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By (5.18) we know that if p: U — S is a local parametrization then

(f o) N X2<’9(f o)

X(flop=Xy 0, D1y

eC>({U);
hence X (f) is a function of class C* on S. Moreover, Remark 3.4.25 gives us
the following important relation:

VX € T(S), Vf € C=(S) X(f) = df(X) . (5.19)

So we have seen that a tangent vector field X induces a mapping of C*°(S)
in itself, which we shall again denote by X. This map is obviously linear; fur-
ther, it is a derivation of C°°(S), that is,

X(fg) = fX(9) +9X(f)

for all f, g € C°°(59), as immediately follows from its definition. Conversely, it
can be shown (Exercise 5.29) that every linear derivation X: C>°(S) — C*(S)
is induced by a vector field on S.

Thus, a vector field is a way of smoothly associating a tangent vector with
each point of the surface. Since tangent vectors of the surface can be thought
of as tangent vectors to curves on the surface, it is only natural to ask ourselves
whether there are curves whose tangent vectors give the vector field:

Definition 5.3.6. An integral curve (or trajectory) of a vector field X € T(5)
on a surface S is a curve o:I — S such that o/(t) = X (o(t)) for all t € I.
Fig. 5.3 shows some vector fields with their integral curves.

(a) X(z,y)=(y, ) (b) X(z,y)=(z + y*z — y?)

Fig. 5.3. Integral curves of vector fields
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Let X € T(S) be a vector field on a surface S, and p € S; we want to see if
there exists an integral curve of X passing through p. Take a local parametri-
zation ¢: U — S centered at p, and write X o ¢ = X701 + X20,. Every curve
o:(—¢g,e) = p(U) C S with 0(0) = p will have the form o = poc® = (09, 09)
for a suitable curve 0°: (—¢,e) — U with 0°(0) = O. So, o is an integral curve
of X if and only if

(09) 01+ (09) 0y =0' =X oo = (X100°)0, + (X200°)0 ,
that is, if and only if ¢ is a solution of the Cauchy problem

(U?)I =X1007,
(0‘22)'): Xy00° (5.20)
c°(0)=0.

Thus, at least locally, to find the integral curves of a vector field we have
to solve systems of ordinary differential equations. Hence it is natural to use
Theorem 5.1.9, and we obtain the following result:

Theorem 5.3.7. Let X € T(S) be a vector field on a surface S. Then:

(i) for every po € S there is an integral curve o: 1 — S of X with o(0) = po,
and two such integral curves coincide in the intersection of their domains;

(ii) for every py € S there exist € > 0, a neighborhood V' of py in S and a
map X:V x (—e,e) — S of class C™ such that for all p € V the curve
op = X(p,-) is an integral curve of X with 0,(0) = p.

Proof. Given py € S and a local parametrization ¢: U — S centered at pg, we
have seen that finding the integral curves of X with support in ¢(U) is equiv-
alent to solving the system (5.20). Hence, Theorem 5.1.9 directly yields (ii)
and the first part of (i).

Let now 0: I — S and 6: 1 — S be two integral curves of X (with support
not necessarily contained in the image of a local parametrization) starting
from the same point py € S. By Theorem 5.1.9.(iii) we know that o and &
coincide in an open interval I containing 0 and contained in I N I; we want
to show that Iy = I N I. If I were strictly smaller than I N I we might find
an endpoint tg € dly N (I N f) Since tg € I NI, both ¢ and 6 are defined
in a neighborhood of tg. As ty € 9y, by continuity o(tg) = &(tg). Now, o
and & are integral curves of X from the same point; so Theorem 5.1.9.(iii)
implies that o and ¢ coincide in a neighborhood of tg, against the assumption
that tg € d1y. Hence, Iy = 1N ji and we are done. a

Remark 5.3.8. Since two integral curves starting from the same point p € S
coincide in the intersection of their domains, we can always find a mazimal
integral curve starting from p.

Definition 5.3.9. Let X € 7(S) be a vector field on a surface S, and pg € S.
The map X:V x (—¢,e) — S defined in Theorem 5.3.7.(ii) is the local flow
of X near pyg.



272 5 Geodesics

Another consequence of Theorem 5.1.9 is that the supports of distinct
maximal integral curves are necessarily disjoint (as the maximal integral curve
from any point is unique). So the surface S is partitioned in the disjoint union
of the supports of these curves (sometimes is said that the integral curves
form a foliation of the surface S).

Ezample 5.3.10. Let U C R? be an open set, and take X € 7(U) given by
X = 0/0x;. Then the integral curve of X starting from the point p = (p1,p2)
is the line segment ¢ — (¢t + p1, p2). In particular, the supports of the integral
curves of X are the intersection with U of the lines {x3 = cost.}. As you will
see in the proof of Theorem 5.3.18, this very simple situation is a blueprint
for the general case.

Ezample 5.3.11. Let X € T(R?) be given by

0

X(x) = xo P

+1‘1
1

or

we want to prove that the integral curve of X are the ones shown in Fig. 5.3.(a).
The integral curve o of X passing through p° = (z¢, 23) is the solution of the
Cauchy problem

o1 (t) = oa(t) ,
O’%(()I;) =o01(t), (5.21)
o(0) =p°

Note first that if p° is the origin then the constant curve o(t) = O is a solution
(and consequently the only solution) of (5.21). This is true in general: if p € S
is a point where a vector field X € 7(5) is zero, then the integral curve of S
through p is the constant curve (check it, please).

Let now p’ # O. A curve o is a solution of (5.21) if and only if it solves

of(t) = ou(t) ,
aa(t) = o (t) ,
o(0) =p°

Hence the integral curve of X passing through p° is

z{ + =9 z{ —z§ _, ]+ 9 x{ —x§ _
ot) = (1 2 ot 1 27t M 24t _ 11 2t
2 2 2 2
In particular, if o = (01, 03) is an arbitrary integral curve of X, then 07 — o2
is constant; so the supports of the integral curves of X are hyperbolas, the

level curves of the function f(z) = 27 — 3.

Example 5.3.12. Coordinate curves are, essentially by definition, the integral
curves of the coordinate fields induced by a local parametrization.
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Ezample 5.3.13. The integral curves of the vector field X € 7(S) defined in
Example 5.3.3 on the surface of revolution S C R® are clearly the parallels.
This means that the supports of the integral curves of X are the sets of the
form ¢({t = const.}), where ¢: R*> — R? is the usual immersed surface with
support S. In particular, if U C R? is an open set on which ¢ is invertible
then the supports of the integral curves contained in ¢(U) are the level sets
of the first coordinate of (¢|¢r) 1.

The previous examples seem to suggest that the integral curves of a vector
field might be, at least locally, the level sets of suitable C'*° functions. Let
us then give a name to functions which are constant on the supports of the
integral curves of a vector field:

Definition 5.3.14. Let X € 7(S) be a vector field on surface S, and V C S
an open set. A first integral of X in V' is a function f € C°°(V') constant on
the support of the integral curves of X contained in V. Moreover, f is a proper
first integral if df, # O for all ¢ € V' (and so, in particular, the function f is
not constant).

Remark 5.5.15. If f is a proper first integral of the vector field X € 7(S) in
an open subset V of a surface S, and py € S then the set

Cpo ={a €V | f(0) = f(po)}

is the support of a regular curve (why? recall Proposition 1.1.18). On the
other hand, the support of the integral curve of X that passes through py has
to be contained in C,,, by definition of first integral. Hence C,,, is the support
of the integral curve of X passing through pg, and thus determining a first
integral allows one to find the supports of the integral curves of a vector field.

It is possible to give a characterization of first integrals that does not
require knowing the integral curves in the first place:

Lemma 5.3.16. Let X € T(S) be a vector field on a surface S, and V. C S
an open subset. Then a function f € C*(V) is a first integral of X if and
only if df (X) =0 if and only if X(f) =0.

Proof. Let 0: I — U be an integral curve of X, and ¢t € I. Then Remarks 3.4.25
and 5.3.5 tell us that

X(H)(o(t) = dfow (X (a(t) = (foo) (1),

and so f is constant along all integral curves if and only if df (X) = 0 if and
only if X(f)=0. O

Remark 5.8.17. Let ¢: U — S be alocal parametrization and X € 7(S). Then
a function f € C*(p(U)) is a first integral of X on o(U) if and only if

X, (fow) N Xza(f o)

8371 8.132 =0 ’
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where we have written X o ¢ = X791 + X20s, as usual. So, whereas to find
integral curves it is necessary to solve a system of non-linear ordinary differ-
ential equations, to find first integrals (and consequently the supports of the
integral curves) it is necessary to solve a linear partial differential equation.

We show next how to use Example 5.3.10 to construct proper first integrals
in general:

Theorem 5.3.18. Let X € T(S) be a vector field on a surface S, and p € S
such that X (p) # O. Then there exists a proper first integral f of X defined
in a neighborhood V' of p.

Proof. Let ¢:U — S be a local parametrization centered at p, and write
X(p) = a101]p + a202]|p. Let A € GL(2,R) be an invertible matrix such that

71.
=10l

then it is not difficult to verify (check it!) that ¢ = o A~! is a local parametri-
zation of S centered at p and such that X (p) = 01|,, where 01 = 0¢/0z1. So,
without loss of generality, we may suppose we have a local parametrization
p:U — S centered at p and such that 9:|, = X (p).

Let X:V x (—e,e) — S be the local flow of X near p, with V' C (U),
and set V = (¢ (V)N {x1 = 0}), where m: R* — R is the projection on the
second coordinate. Define 3 (—e,e) X V — S by setting

ay
ag

A

S(t,x2) = 2(p(0,22),1) ;

in particular, Z:’(O x2) = ¢(0,29) for all x5 € V.

Roughly speaking, Y maps line segments {2 = const.} to integral curves
of X; so, if Y is invertible the second coordinate of the inverse of X is constant
on the integral curves, that is, it is a first integral; see Fig. 5.4.

Hence we want to prove that Y is invertible in a neighborhood of the ori-
gin, by applying the inverse function theorem for surfaces (Corollary 3.4.28).
Denote, as per Remark 3.4.17, by 0/0t and 9/0x2 the canonical basis of ToR?,
and by o, the maximal integral curve of X starting from p. By definition, we
have

- 0 0 - 0
2 = 2 = 3 = =X =

d o (8t> ot (t,O) —o ot (pa t) o Up(O) (p) 8x1 )
N J « ) 9
2 = P = X =

dZo <5£62> Oxo (O,xg) 22=0 0x4 (90(07362)70) 2o=0 Jra P

and so dEAO is invertible, since it maps a basis of T, oR? to a basis of T,5. We
can then apply Corollary 3.4.28; let W C V be a neighborhood of p on which
- (El 22 ) exists. As already observed, Pyt maps the integral curves
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To

Zy

Fig. 5.4.

of X to the lines {5 = const.}, since % maps the lines {z2 = const.} to inte-
gral curves of X. Thus the function f = X5 s of class C°° and constant on
the integral curves of X, and so is a first integral of X. Moreover, the above

computation tells us that
0 - 0 0
d =d(xy! = ;
fp (3:1:2 p) ( 2 )p (6562 p) 81‘2 ’

so df, # O, and f is a proper first integral of X in a neighborhood of p. O

We shall talk again in general about vector fields in Section 6.4; here we
draw to a close by showing how it is possible to use vector fields and first
integrals to construct local parametrizations with prescribed support for the
coordinate curves.

Theorem 5.3.19. Let X1, Xy € T(S) be vector fields on a surface S such
that X1(p) A Xa(p) # O for some p € S. Then there exists a local parametri-
zation :U — S centered at p such that 0; is proportional to X; for j =1, 2.
In particular, the supports of the coordinate curves of ¢ in p(U) coincide with
the supports of the integral curves of X1 and X in o(U).

Remark 5.3.20. Saying that X;(p) A Xa(p) # O is equivalent to saying that
X (p) and X5(p) are linearly independent, or that {X;(p), X2(p)} is a basis
of T,,S. Note that, arguing as at the beginning of the proof of Theorem 5.3.18,
it is easy to find a local parametrization p:U — S centered at p such that
O1]p = X1 (p) and 02|, = Xo(p); here the problem lies in obtaining something
analogous in a neighborhood of p, and not just at the point.

Proof (of Theorem 5.53.19). We choose a neighborhood W C S of p such that
there exist proper first integrals f; € C°°(W) of X, for j =1, 2; up to sub-
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tracting a constant from f; and fo, we may also suppose we have fi(p) =
f2(p) = 0. Define ¢: W — R? by setting 1(q) = (fg(q), f (q)) So we have

dip(Xy) = (de(Xl)adfl(Xl)) = (a1,0) ,

(5.22)
dip(X2) = (df2(X2),df1(X2)) = (0,a2) ,

for suitable functions ay, as: W — R. Note that a1(p), az(p) # 0: Indeed, if we
had, say, a1(p) = 0 then we would also have d(f2),(X1) = 0 = d(f2)p(X2); so
d(f2)p, being zero on a basis of T},5, would be identically zero, whereas fs is a
proper first integral. Up to restricting W, we may then suppose a;(q), az(q) # 0
for all g € W.

In particular, (5.22) implies that di,:T,S — R? is invertible; hence by
Corollary 3.4.28 we know that there exists a neighborhood V' C W of p such
that ¥|y:V — ¢(V) = U C R? is a diffeomorphism.

Set ¢ = 9~1; then ¢ is a local parametrization centered at p, and is
the required parametrization. Indeed, (5.22) says that di¢(X;) = a;e;, where
{e1,es} is the canonical basis of R?, and so

X; = (dv) (g e;) = a;de(e;) = a;0;

for 7 =1, 2, as required.

Finally, if o is a coordinate curve of ¢ tangent to d;, and b; is a solution
of the differential equation b = a; o o o b;, then b; is invertible (since a; is
never zero) and the curve 7 = o o b; is a reparametrization of ¢ such that

7' =bj(0' obj) = (a;07)0jlr = Xjo7,

that is, 7 is an integral curve of X;. Hence, integral curves of X; and coordi-
nate curves of ¢ have the same support, and we are done. a

For instance, we may use this technique to prove that orthogonal local
parametrizations centered at a given point always exist (a fact that, as al-
ready seen for instance in Remarks 4.5.15 and 4.6.3, is often quite useful to
simplify computations):

Corollary 5.3.21. Let S C R® be a surface, and p € S. Then there exists an
orthogonal local parametrization centered at p.

Proof. Let ¢p:U — S an arbitrary local parametrization centered at p. Set
X1 = 81 and

<81782>
(On,01)
In particular, X; is always perpendicular to X5, and so by applying Theo-

rem 5.3.19 we obtain the orthogonal local parametrization we are looking for.
O

X2:82— 61.
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Remark 5.3.22. One might ask if there exist orthonormal local parametriza-
tions, that is, such that ||01|| = ||02]| = 1 and (01, 02) = 0. The answer is that
this happens if and only if the surface S is locally isometric to a plane. Indeed,
in an orthonormal local parametrization we have F =G =1 and F =0, and
the assertion follows from Proposition 4.1.20. In particular, the Gaussian cur-
vature of S has to be zero; so, if K # 0 orthonormal local parametrizations
cannot possibly exist.

Remark 5.3.23. A consequence of the previous remark is that, given two vec-
tor fields X1, X» on a surface S such that X5 (p) AXa(p) # O, it is well possible
that there is no local parametrization ¢ centered at p such that 9; = X; and
02 = X5 in a neighborhood of p. Indeed, since it is always possible to find two
orthonormal vector fields defined in a neighborhood of p (it suffices to apply
Gram-Schmidt orthogonalization process to two arbitrary linearly indepen-
dent vector fields at p), if such a parametrization existed we could always find
an orthonormal local parametrization, but we have just seen that this is not
the case in general. Exercise 5.35 describes a necessary and sufficient condition
for two fields X7 and X5 to be the coordinate fields of a local parametrization.

We conclude by proving the existence of two more kinds of special local
parametrizations, which will be useful in Chapter 7.

Corollary 5.3.24. Let S C R? be a surface, and p € S. Then:

(i) if p is not an umbilical point, then there exists a local parametrization
centered at p whose coordinate curves are lines of curvature;

(ii) if p is a hyperbolic point, then there exists a local parametrization centered
at p whose coordinate curves are asymptotic curves.

Proof. (i) If p is not umbilical there exists a neighborhood V' C S of p such
that every point ¢ € V has two distinct principal directions, which are the
eigenvectors of dV,, where N is an arbitrary Gauss map for S defined in a
neighborhood of p. Since the eigenvectors can be expressed in terms of the
matrix that represents d/N, with respect to the basis induced by any local
parametrization centered at p, and so (by Proposition 4.5.14) in terms of the
metric and form coefficients, it follows that, up to restricting V', we may de-
fine two vector fields X3, Xo € T (V) such that X;(q) and X3(q) are distinct
principal directions for every ¢ € V. Then the assertion immediately follows
from Theorem 5.3.19.

(ii) Sylvester’s law of inertia (see [1, Vol. II, Theorem 13.4.7, p. 98]) implies
that at every hyperbolic point the second fundamental form admits two lin-
early independent asymptotic directions. Then arguing (see also Exercise 4.47)
as in (i) we get two vector fields X, Xy € T(V) defined in a neighborhood
V C S of p such that X;(q) and Xa(g) are linearly independent asymptotic
directions for every ¢ € V. We conclude again using Theorem 5.3.19. O
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Guided problems

Problem 5.1. Show that if a geodesic o on an oriented surface is also a line
of curvature then o is a plane curve.

Solution. We may assume that the curve o is parametrized by a multiple of
the arc length. As o is a geodesic, & is always parallel to N o 0. Moreover,
¢ is always parallel to dN,(¢) = d(IV o 0)/ds, since o is a line of curvature.
Hence setting v = A (N o o) we get v =0, and so v is equal everywhere to
a fixed vector vq, which is not zero as ¢ is orthogonal to ¢ and thus to N oo.
But then the derivative of the function (o, vg) is zero everywhere; so (o, vq)
is constant, and this means exactly that the support of o lies in a plane or-
thogonal to vyq. ]

Problem 5.2. Let S C R? be a surface of revolution support of the immersed
surface 0:R x R — R® given by ¢(t,0) = (au(t) cos 0, a(t) sin 6, 5(t)). Let fur-
ther o:1 — S be a geodesic parametrized by arc length; fix sy € I and write
o(s) = ¢(t(s),0(s)). If o is not a parallel prove that there exist constants
b, c € R such that

0(s) = c/s ;\/(“22”65')2 dt+b. (5.23)

Solution. If o is a meridian given by 6 = 6, it suffices to take ¢ = 0 and
b = 6y to have (5.23) satisfied; so from now on we shall assume that o is not
a meridian either.

The fact that o is parametrized by arc length translates to

L= o] = (#)?[(e")* + (8)] o t + (0 t)*(6)* . (5.24)

We have already remarked (in Example 5.1.17), that the second equation
in (5.6) is equivalent to (a0 t)?0’ = ¢ € R, with ¢ # 0 because o is not a
meridian. So we get

and, differentiating with respect to s,

o' ot ,

INBT I I ! QI 141 N2 /\2
(¢ e+ F" ot + 1[0 + (8]0t = (% e
Since o is not a parallel, ¢’ # 0; more generally, the set {s € T | ¢/(s) = 0}
must have empty interior, because otherwise o would be a parallel (why?).
So we can divide the latter formula by ¢’ for a dense set of parameter values,
and by continuity we recover the first equation in (5.6). In other words, we
have proved that a curve parametrized by arc length that is not a meridian
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is a geodesic if and only if it is tangent to the parallels in a set of parameters
with empty interior and satisfies the second equation in (5.6).

Now, 6'(s) can never be zero, since ¢ # 0. So we may invert s — 6(s),
to obtain s (and consequently t) as a function of 6. Multiplying (5.24) by
(ds/df)? = (aotos)*/c? we get

dt 2 /2+ 512
(aot)2202+02(d9> (Q)QQ( ) ot,

where ¢ is being considered as a function of §. Since a > |¢| by Clairaut’s
relation (see Example 5.1.17) , we find

dt «aot a? — 2 ;
= otr.
dé ¢ (a')2 + (B')?
Inverting and integrating we obtain (5.23). O

Problem 5.3. Let S C R? be the elliptic paraboloid of revolution of equa-
tion z = x? + y2, with local parametrization o:RY x (0,27) — R? given by
o(t,0) = (tcosf,tsinb,t?).

(i) Determine the geodesic curvature of the parallels.
(ii) Show that the meridians are geodesics.
(iii) Show that a geodesic o:R — S of S that is not a meridian, when traced

in the direction of increasing parallels’ radii, intersects infinitely many

times all the meridians.

Solution. (i) Let us compute:

ot = (cosb,sinf,2t) , g = (—tsinb, tcosb,0),
E={pr, o) =1+4t, F={pi,00)=0, G={psps) =1,

1
N = (—2tcosf, —2tsin6, 1) .
V1+4t2
So for the parallel corresponding to ¢t = tg we find
. 1 1
t= 7" = (—sinf,cos6,0) , t = t'= (—cosf,—sinh,0),
el [l to
1
NAt= (—cosf, —sinf, —2ty) ,
V1 + 4t
and so
kg = (E, NAt) =

to/1+4t3

In particular, the geodesic curvature does not depend on 6 and is never zero
(in agreement with the discussion in Example 5.1.17 about the parallels that
are geodesics in a surface of revolution).



280 5 Geodesics

(ii) For meridians we may proceed in an analogous way, or we may resort
to Example 5.1.17, where it was proved that all the meridians of surfaces of
revolution are geodesics. Still another option consists in using, since ¢ is an
orthogonal local parametrization, Proposition 5.1.28 to directly compute the
geodesic curvature of meridians, keeping in mind that in this case ¢ is parallel
to O1]¢ = ¢r|e and thus the angle 6 does not appear in the formula. We obtain

o __ 1 oE
7 2VEG 00

and so meridians are geodesics.

0,

(iii) Let po be a point of the paraboloid and denote by v a tangent vector
to the parallel, of radius tg, passing through py = o(sg). Let iR — S be
a geodesic parametrized by arc length, passing through pg, forming an angle
Yo € (0,7/2) with vo and not a meridian. Write, as usual, o(s) = ¢(t(s), 0(s)),
and denote by ¥(s) the angle between (s) and the parallel through o (s). First
of all, o cannot be tangent to a meridian in any point, by Proposition 5.1.10
about the uniqueness of the geodesic for a point tangent to a given direction.
By Clairaut’s relation (5.8), we know that t(s)cosi(s) = tgcosyyy = c is a
positive constant; hence v increases as t increases. Moreover, (5.23) implies

1 /14 4¢ 5 de
0(5)-6L0t\/t2_02 d15—|—b>c/sU ; +b— 400

for s — 400, and thus ¢ goes infinitely many times around the paraboloid,
intersecting each meridian infinitely many times. O

Problem 5.4. Let 0:[0,1] — R® be a biregular curve of class C* param-
etrized by arc length. Define :[0,1] x (—¢,¢) — R® by setting

p(s,v) = o(s) + vb(s)

where b is the binormal versor of o. Prove that ¢ is an immersed surface,
and that the curve o is a geodesic of the support of .

Solution. Since o is parametrized by arc length, using Frenet-Serret formulas
we find that

81:d—|—v5:t—v7n, Jy=b, 01 N0y =—n—vrt .

In particular, the vector 9; A 92 is non-zero for every (u,v), because t and n
are linearly independent, and thus ¢ is an immersed surface.

In particular, for all so € (0,1) there is a neighborhood U C R? of (s, 0)
such that ¢|y:U — R® is a homeomorphism with its image; so ¢(U) is a
regular surface containing the support of ¢ restricted to a neighborhood of sg,
and we may sensibly ask whether this restriction is a geodesic of p(U). Now,
in the point o(s) the normal to the surface is given by 01 A 02(s,0) = —n(s);
hence o is a geodesic, because its normal versor is parallel to the normal to
the surface. O
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Problem 5.5. Let X:S — R? be a map. Prove that X is a vector field if
and only if for every local parametrization ¢:U — S of S there are Xi,
X € C°(U) such that X o p = X101 + X209, that is, X o p = dp(X7, X2).

Solution. Suppose that X satisfies the assumptions. Since the fields 9; and
Oy are of class C*°, and X7, Xy € C°°(U), the composite function X o ¢ is
again of class C'"*° on U. Since this holds for every local parametrization, we
have proved that X is of class C* on S. Finally, the condition X(p) € T,,S
for all p € S is clearly satisfied, since X (p) is a linear combination of a basis
of T,,S.

The converse has been proved in Remark 5.3.4. a

Problem 5.6. Let X:R? — R? be the vector field defined by
0

2
(%1 + 2 8.’£2 '

Determine the integral curves of X (see Fig. 5.5).

X(xy,12) = 21

Solution. The field X vanishes only at the origin. A curve o = (01,02) is an
integral curve for X if and only if it satisfies the following system of ordinary
differential equations:

{ o1(t) = o1(t)

ab(t) = oa(t)%
Let pp = (x1,x2) be the starting point we are considering. If po = O then
o = (0,0) is the integral curve passing through po; suppose then py # O.
Firstly, we get oq(t) = z1e?; hence if 25 = 0 the integral curve starting in pg
is given by o(t) = (x1€,0).
If on the other hand xy # 0 we get 0o(t) = 1/(z5 ' —t), and the integral
curve starting in pg is given by

1
o(t) = :Eet, .
(¥ (1 x;l—t>

Note that in this case ¢ is not defined on the whole real line but diverges
ast — 1/xq. |
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Exercises

GEODESICS AND GEODESIC CURVATURE

Definition 5.E.1. A geodesic 0: R — S in a surface S C R? is closed if o is
a closed periodic curve, that is, if there exists a € R such that o(t) = o(t +a)
for all t € R.

5.1. If S is the hyperboloid in R?® of equation 2 +y% = 1+ 22, show that the
only closed geodesic on S is the circle found by intersecting S with the plane
z = 0. (Hint: use Clairaut’s relation.)

5.2. Let S C R? be the one-sheeted hyperboloid, and C' C S the support of
the central parallel, which we know to be a geodesic. Prove that through every
point p € S\ C there are infinitely many geodesics whose support is disjoint
from C.

5.3. Let ¢: R* — R® be a global parametrization of a regular surface S, and
suppose that for every curve o:1 — S we have DOy = O, where D is the
covariant derivative along o. Prove that the Gaussian curvature of S is zero
everywhere.

5.4. Let S C R® be the torus obtained as a surface of revolution by rotating
the circle

(I*CL)2—|—Z2=T2, 9207
around the z-axis, where 0 < r < a. Compute the geodesic curvature of the
top parallel, generated by rotating the point (a,0,r).

5.5. Let H C R® be the plane passing through the z-axis and forming an
angle 0 (with 6 # 7/2, 37/2) with the zy-plane; let S C R® be the cylinder
of equation 2% + y?> =1, and set C = SN H.

(i) Prove that the map ¢:R* — R? given by t(s,t) = (s,tcos0,tsinf) is a
global parametrization of the plane H.

(ii) Prove that C' is an ellipse by computing its equation with respect to the
coordinates (s,t) of H introduced in (i).

(iii) Compute the geodesic curvature of C' (parametrized by arc length) in S.

5.6. Let 0: 1 — S be a regular curve parametrized by arc length in an ori-
ented surface S with Gauss map N:S — S2. Set u(s) = N(o(s)) A t(s) and
v(s) = N(o(s)); the triple {t,u, v} is the Darbouz frame (or trihedron) of o.
(i) Prove that
t = KgU + KpV ,
u=—kgt+74v,
V= —Kkpt —T5u,
where x,, is the normal curvature, k4 the geodesic curvature and 74: I — R
is a function called geodesic torsion.
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(ii) Prove that, just like for normal curvature, two curves in S parametrized
by arc length passing through a point p € S and tangent in p to the same
vector have the same geodesic torsion in p. So the geodesic torsion 74(v)
of a unit vector v € T},5 is well defined.

(iii) Prove that if v € T),S has unit length then

79(v) = —(dNp(v), N Av) .

(iv) Let v1, v2 € T,S be orthonormal principal directions, ordered in such
a way that v1 A ve = N(p), and let ky, ko be the respective principal
curvatures. Prove that for all v € T,,S of unit length we have

ke ki

Tg (U) Sln(ze) )

where 0 is the angle from vy to v.
(v) If ¢ is the angle between n and v, prove that u = (sin ¢)n — (cos ¢)b and
that
de

ds ’

Deduce that for all v € T,S of unit length such that k,(v) # 0 the
geodesic torsion 7,4(v) is the torsion at p of the geodesic passing through
p and tangent to v. If instead k,(v) = 0 prove that |7,(v)| = /=K (p).

Tg =T+

5.7. Set p, = (0,0,1), S; = S?\ {p,} and S, = {(x,y,z) ER?|z= 0}, and
denote by 7:S7 — Ss the stereographic projection.

(i) Determine the points p of Sy such that the differential dm, is an isometry
from T,51 to Tr(p)Sa.

(ii) For every point p of S; find a geodesic o, on Sy passing through p and
such that its image 7 o o is a straight line in Ss.

(iii) Is there a point p € Sq such that the geodesic o, is closed?

5.8. Given the one-sheeted hyperboloid
S1={(z,y,2) | 2* +y* = 2* =1 =0}

and the cylinder Sy = {(z,y,2) | #* +y? =1}, let h:S; — S5 be the map
obtained by associating with p = (z,y,2) € S; the point ¢ € Sy where the
half-line (0,0, z) + R (x,y,0) intersects So.

(i) Using the standard local parametrizations of S; and Sy seen as surfaces
of revolution determine the expressions in coordinates of the first funda-
mental forms of S; and of Sy, and of the map h.

(ii) Find all the points p € S; where dh,, is an isometry.

(iii) Find an isometry between S; and Sa, if it exists, or prove that no such
isometry exists.
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(iv) Find a curve on S with constant, non-zero geodesic curvature, mapped
by h in a geodesic of 5.

5.9. Show that if a geodesic is a biregular plane curve then it is a line of
curvature. Find an example of a regular (but not biregular) plane geodesic
which is not a line of curvature.

5.10. Show that all geodesics in a surface are plane curves if and only if the
surface is contained in a plane or in a sphere.

5.11. Let S be a surface in R?. Given a curve o:[—4,8] — S of class C™ in
S, and a field £ € 7 (o) of tangent versors orthogonal to &, prove that there
exists an € > 0 such that the map X (—¢,¢) x (—¢,e) — S given by

E(u7 U) = eXpo(v) (uﬁ(v))
is well defined. Moreover, show that:

(i) for £ small enough, X' is the inverse of a local parametrization on a neigh-
borhood of ¢(0);

(ii) the coordinate curves with respect to this local parametrization are or-
thogonal;

(iii) £ =0 in o(0).

5.12. Show that a regular surface in R? has two mutually orthogonal families
of geodesics if and only if its Gaussian curvature is zero everywhere.

5.13. Show that if two surfaces in R? are tangent along a curve o which is a
geodesic for one of the two surfaces then o is a geodesic for the other surface
as well.

5.14. Let <,0:]1:§2 — R? be the map given by
o(u,v) = (2cosu,sinu, 2v) .

(i) Find the largest ¢ > 0 such that ¢ restricted to (—¢,c¢) x R is a global
parametrization of a regular surface S C R3.

(ii) Prove that the Gaussian curvature of S is zero everywhere.

(iii) Prove that the coordinate directions ¢,, and ¢, of this parametrization
are always principal directions.

(iv) Show that if o(t) = ¢(u(t),v(t)) is a geodesic in S then v(t) = at + b for
suitable a, b € R.

5.15. Let T C R? be the torus obtained by rotating around the z-axis the
circle in the yz-plane with center (0,2,0) and radius 1.

(i) Prove that the map ¢: (—7/2,37/2) x (0,27) — R? given by
o(u,v) = ((2+ cosu) cos v, (2 + cosu) sin v, sin u)

is a local parametrization of T.
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(ii) Denote by o,:(0,27) — T the parallel
ou(t) = ((24 cosu) cost, (2 + cosu) sint, sinu).
Compute the geodesic curvature of o, as a function of u € (—7/2,37/2).
5.16. Consider the regular surfaces

S ={(x,y,2) €R¥ | 2?2 —y®> — 2> = 0,2 > 0} ,
T={(z,y,2) eR*| >+ 22 —1=0,2 >0},

and the map ¢: S — T given by

o(x.y,2) g ’
x? y) z = :Z:? ) :
\/yQ 422 \/y2 + 22

(i) Prove that S and T are regular surfaces.

(ii) Prove that ¢ is a diffeomorphism between S and 7.

(iii) Prove that for every point p € S there is a geodesic passing through p
and mapped by ¢ in a geodesic of T

(iv) Prove that ¢ is not an isometry by finding a closed curve o in S which is
not a geodesic and such that ¢ o o is a geodesic in T.

5.17. Let S be a regular surface in R®, and ¢:U — S an orthogonal local
parametrization. Show that the geodesic curvature of the v-curves is given by

1 oG
VEG Ou

5.18. Let S be a regular surface in R®, and ¢:U — S an orthogonal local
parametrization such that F = 1. Prove that the u-curves are geodesic.

5.19. Show that the parallels of a surface of revolution in R® have constant
geodesic curvature.

5.20. Let 0 = (01,02):R — R? be a regular plane curve parametrized by
arc length, and let S be the right cylinder on ¢ parametrized by the map
¢(u,v) = (o1(u),02(u),v). Determine, in terms of the parametrization ¢, the
geodesics of S parametrized by arc length.

5.21. Let S be the surface of revolution obtained by rotating around the z-axis
the curve o: R — R? given by

o(t) = (3+2cost,0,sint) .

Given a € [—1,1], let o, the curve obtained by intersecting S with the plane
{(z,y,2) € R3 |z = a}.
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(i) Compute the geodesic and normal curvature of o, for all a € [—1,1].

(ii) Find the values of a for which the curve o, is a geodesic, and compute
the length of o, in these cases.

(iii) Find the values of a for which the curve o, has normal curvature zero
everywhere, and compute the length of o, in these cases.

5.22. Let S € R® be a surface with a global parametrization o:U — S such
that 0G/0v = 0 and 0G/0u = 20F /Ov. Show that the v-curves are geodesics
on S.

5.23. Find all the geodesics on the regular surface in R?® defined by the equa-
tion 22 + 2y? = 2.

VECTOR FIELDS

5.24. Prove that for all p € S and v € T},S there is a vector field X € 7(S5)
such that X (p) = v.

5.25. Let X € 7(S) be a vector field on a surface S, and p € S such that
X (p) # O. Prove that there exists a local parametrization ¢: U — S at p such
that X‘@(U) = 81.

5.26. Let S C R® be a closed surface, and X € 7(S). Suppose that there
exists M > 0 such that || X(p)|| < M for all p € S. Prove that all integral
curves of X are defined on R.

5.27. Determine the integral curves of the vector fields X, Y: R? — R? defined
by
0

0
+y —yax+may.

X(xay):_ma aya

P Y(z,y) =

5.28. Find a local parametrization of the hyperbolic paraboloid of equation
z=z2— y2 whose coordinate curves are asymptotic curves.

LIE BRACKET

5.29. Let S C R® be a surface. Prove that every linear derivation of C>(S)
is induced by a vector field on S.

5.30. Let S C R? be a surface. Given two vector fields X, Y € T(S), define
amap [X,Y]: C®(S) — C>(5) by setting

(X, Y](f) = X(Y(f) - Y(X(f))

for all f € C*°(S). Prove that [X,Y] is a linear derivation C*°(S), and hence
(Exercise 5.29) it is induced by a vector field on S, still denoted by [X,Y].
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Definition 5.E.2. Given two vector fields X, Y € 7(S5) in a surface S, the
vector field [X,Y] € T(S) introduce in the previous exercise is the Lie bracket
of X and Y.

5.31. Show that, if X, Y and Z are vector fields on a surface S ¢ R® and
f € C°°(S), then the following properties hold for the Lie bracket as defined
in Exercise 5.30:

(i) [X,Y]=-[Y,X];

()[X+YZ] (X, Y]+ [, Y];

(ili) [X, fY] = (f)Y+f Y]

(iv) [X, [V, 2] + [Y.[2.X]] + [2,[X,Y]] = O (Jacobi identity).

5.32. If X, Y € 7(S) are two vector fields on a surface S C R*, and p: U — S
is a local parametrization of S, write X op = X101 4+ X202 and Yop = Y101 +
Y50,. Prove that

2
oY; 0X;

X,Y]op= X, Ty, ;.

X.Y]op z[ v,

In particular, [0y, 02] = O.

5.33. Let X, Y € 7(S5) be two vector fields on a surface S, and p € S. Let
0:V x (—e,e) — S be the local flow of X near p, and for every t € (—¢,¢)
define 6;: V' — S by setting 0;(q) = ©(q,t). Prove that

i d(0-t)a, () (Y) — Y(p)

by + = [Xa Y](p) .

(Hint: given f € C*(S), put g(t,q) = f(0-+(¢)) — f(g) and prove that there
exists h: (—e,e) x V — R so that g = th.)

5.34. Let X, Y € T(S) be two vector fields on a surface S C R?®. Denote by ©
the local flow of X, and by ¥ the local flow of Y, and put 6, = ©(-,¢) and
s = ¥(-,s). Prove that the following assertions are equivalent:

() [X.Y]=0:
(ii) d(0-t)s,p)(Y) = Y (p) wherever 0;(p) is defined;

(iii) d(0—s)yp, () (X) = X (p) wherever 14(p) is defined;

(iv) ¥ 0 0, = 0; 0 1hs wherever one of the two sides is defined.

5.35. Let X1, Xy € 7(S) be two vector fields on a surface S C R®, linearly
independent in a neighborhood of a point p € S. Prove that there is a local
parametrization ¢: U — S centered at p such that X[,y = 0; for j =1, 2
if and only if [X7, X2] = O in a neighborhood of p.
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Supplementary material

5.4 The Hopf-Rinow theorem

The Euclidean distance between points in the plane (or in space) is strictly
related to the length of curves, in the sense that the distance ||p2 — p1]|| be-
tween two points p1, ps € R? is the minimum among the lengths of curves
from p; to po; moreover, there is always a curve of length exactly equal to the
distance between p; and po, the line segment joining them.

In this section we shall see how to use curves to define an intrinsic distance
on any surface, and under which conditions this distance is actually realized
by a curve on the surface (which, by Theorem 5.2.8, is necessarily a geodesic).

The basic idea is that the (intrinsic) distance between two points of a sur-
face should be measured by taking the shortest curve joining the two points
on the surface. Since, as we have already remarked, such a curve might not
exist, rather than the minimum we have to use the infimum:

Definition 5.4.1. Let S € R® be a surface. The function dg: S x § — R*
given by

ds(p,q) = inf{L(o) | 0:[a,b] — S is a piecewise C*° curve from p to ¢}
is the intrinsic distance on S.

Of course, for dg to be useful we have to prove that it actually is a distance
in the sense of metric spaces, and that the topology of (S, dg) as a metric space
coincides with the topology of S as a subset of R:

Proposition 5.4.2. Let S C R® be a surface. Then the intrinsic distance dg
is actually a distance, and induces on S the usual topology of subspace of R?.

Proof. Tt is clear from the definition that ds(p,q) = ds(¢,p) > 0 and that
ds(p,p) = 0 for all p, ¢ € S. Furthermore, two points in S can always be
joined by a smooth curve (Corollary 4.7.11), and so dg(p, q) is always finite.
Take now p, ¢, r € S; if o is a piecewise C*° curve in S from p to ¢, and 7 is
a piecewise C'™° curve S from ¢ to r, the curve o % 7 obtained by first going
along o and then along (a suitable reparametrization of) 7 is a piecewise C'*
curve from p to r with L(oc x7) = L(o) + L(7). Considering the infima on o
and 7, and keeping in mind that ds(p,r) is the infimum of the lengths of all
curves from p to r, we find

dS(pa T) S dS(pa Q) + dS(an) ;

that is, the triangle inequality. Finally, since the inequality

Ip—qll < ds(p,q) (5.25)
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clearly holds for all p, ¢ € S, we get dg(p,q) > 0 if p # ¢, and so dg is a
distance.

It remains to prove that the topology induced by dg on S is the usual one.
Denote by Bg(p,e) C S the ball with center in p € S and radius € > 0 for dg,
and by B(p,e) C R® the ball with center in p and radius  with respect to the
Euclidean distance in R®. Inequality (5.25) immediately implies

BS(pvg) gB(p7€)mSa

for all p € S and ¢ > 0, and so the open sets of the usual topology of S are
open sets for the topology induced by dg as well.

Conversely, we have to show that every ball Bg(p,e) contains the inter-
section of an Euclidean ball with S. Indeed, let 1 = min{inj rad(p),e} > 0.
Since exp,,: By(0,¢e1) — B, (p) is a diffeomorphism, the geodesic ball B, (p)
is an open set (for the usual topology) of S; hence there exists 6 > 0 such that
B(p,0)NS C B, (p). But, on the other hand, for all ¢ = exp,(v) € B, (p) the
radial geodesic ¢ +— exp,(tv) is a C* curve from p to g of length |[[v]| < ey;
hence dg(p,q) < 1, and so

B(p,(S)ﬁS g BE1(p) g BS(paE) .

Thus the open sets for dg are open sets for the usual topology as well, and we
are done. O

The curves realizing the distance clearly deserve a name.

Definition 5.4.3. A piecewise C* curve o: [a,b] — S on a surface S is called
minimizing if it has length less or equal than every other piecewise C'*° curve
on S with the same endpoints, that is, if and only if L(0) = dg(o(a),o(b)).
The curve o is locally minimizing if for all ¢ € [a,b] there is € > 0 such that
Ol{t—e,t+e) 1s minimizing (with the obvious modifications if t = a or t = b).

Theorem 5.2.8 can be rephrased in this language, and implies that geodesic
balls are actually balls for the intrinsic distance:

Corollary 5.4.4. Let S C R® be a surface, p € M and 0 < § < inj rad(p).
Then:

(i) if q belongs to the geodesic ball Bs(p) with center in p then the radial
geodesic from p to q is the unique (up to reparametrizations) minimizing
curve from p to q;

(ii) the geodesic ball Bs(p) coincides with the ball Bg(p,d) with center p
and radius 0 with respect to the intrinsic distance of S, and ds(p,q) =
| exp,, *(q)|| for all q € Bs(p);

(iii) every geodesic of S is locally minimizing and, conversely, every locally
minimizing curve in S is a geodesic.
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Proof. (i) This is exactly Theorem 5.2.8.(i).

(ii) If ¢ € Bs(p) there is a unique v € B,,(O, §) such that g = exp,(v), and
the radial geodesic t +— exp,,(tv) from p to ¢, which is minimizing, has length
ds(p,q) = |lv]l < &; hence Bs(p) € Bs(p,d) and ds(p,q) = || exp, ' (g)]. Con-
versely, if ¢ € Bg(p,d) there has to exist a curve o from p to ¢ of length less
than J§; but we have seen in the proof of Theorem 5.2.8.(i) that every curve
from p exiting Bs(p) has length at least equal to §. So ¢ € Bs(p), and we are
done.

(iii) Tt follows from Theorem 5.2.8.(ii) and (iii). O

We want to give now a sufficient condition for the existence of minimizing
curves. It is easy to find examples of situations where a minimizing curve does
not exist: it is sufficient to take two points of a surface S that are joined by
a unique minimizing curve o (for instance, the center and another point of a
geodesic ball), and remove from S a point of the support of o. This example
suggests that the existence of minimizing curves is related to the possibility
of extending geodesics indefinitely; indeed, we shall shortly prove that if all
geodesics of a surface have as their domain the whole real line then minimizing
curves always exist (but the converse is not true: see Remark 5.4.10).

We start with a characterization of the possibility of extending geodesics
indefinitely:

Lemma 5.4.5. Let S C R® be a surface, and p € S. Then for all v € T,S the
geodesic o,: I, — S is defined on the whole real line (that is, I, = R) if and

only if the exzponential map exp, is defined on the whole tangent plane (that
is, Ep =TpS).

Proof. Suppose that exp,, is defined on all T},,S. Then for all v € T,S the
curve o(t) = exp,(tv) is defined on all R, and Lemma 5.2.1.(i) tells us that
o(t) = ow(1) = 0,(t), allowing us to conclude that o, is defined on all R.
Conversely, if o, is defined on all R it is also defined at 1, and so exp,,(v)
is well defined. O

We shall also need a result about the injectivity radius. To be precise, we
want to show that every point p of a surface S has a neighborhood V C S
such that the infimum of the injectivity radii of the points of V is positive.

Definition 5.4.6. The injectivity radius of a subset C' C S of a surface S is
the number
inj rad(C) = inf{inj rad(q) | g€ C} > 0.

An open set V' C S is uniformly normal if its injectivity radius is positive. In
other words, V' is uniformly normal if and only if there exists § > 0 such that
exp,, is a diffeomorphism of B,(O,d) with Bs(q) for all ¢ € V.
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Then:

Proposition 5.4.7. Every point of a surface S C R® has a uniformly normal
neighborhood.

Proof. Given p € S, Proposition 5.2.5.(ii) yields § > 0 and a local param-
etrization ¢: U — S centered at p such that the map (z,w,t) — o4y, (w)(t) is
of class C™ in the open subset U x B(O, §)x (1—4,14-6) of R xR?*xR = R®. In
particular, the map E: U x B(0,0) — S given by E(l’, W) = eXPyy(y) (dapw(w))
is of class C°°. Moreover, since E(O,0) = p, we may find a neighborhood
U CU of O and a0 < §; < § such that E(U1 x B(0,61)) C ¢(U). Define
then E:U; x B(O,d;1) — U x U by setting

E(x,w) = (x,go*l(E(x,w))) ;

we want to show that E is invertible in a neighborhood of (O, O). As usual,
it is sufficient to verify that dE(, 0y is invertible. Denote by x = (21, %2) the
coordinates of x, and by w = (wy, ws) the coordinates of w. Then for j = 1, 2
we have

0 d
dE(O,O) (a ) = th(O,teJ)

wj

d _
= u (O,gp 1(expp(t8j\p))
t=0 t=0

(0.dg, " o d(exp,)o(95]p)) = (0. de, (9i5))

0
B (O’ 5%‘)’

since d(exp,)o = id by Proposition 5.2.5.(iv). On the other hand, we also
have

) d
dE, — " EBl(te,
(0,0) (@x) dt (tej, O)

d _
o = dt (teja ¥ ! (expgp(tej)(O)))

_( o 0 )
=0 &Tj’é)xj '

Hence dFEop, o, mapping a basis of R? x R? to a basis of R? x R?, is invert-
ible, and so there exist a neighborhood Uy C U; of O and a 0 < §y < &
such that El|y,x B(0,s,) is a diffeomorphism with its image. In particular, this
implies that for all z € Uy the map é,: B(O,dy) — U given by é,(w) = ¢!
(expw(x) (dga(w))) is a diffeomorphism with its image.

Finally, up to restricting Up, we may find (why?) an € > 0 such that
By2)(0,¢) € d(pw(B(O,(So)) for all @ € Uy. Set Vo = ¢(Up); then, for all
q = p(z) € Vy the map exp,: B,(O,e) — S is a diffeomorphism with its im-
age, as expy = ¢ 0 €, 0 (dp,)~1, and Vp is a uniformly normal neighborhood
of p. O

t=0

d
= di (tej, tej)

We may now give, as promised, a necessary and sufficient condition for
the extendability of geodesics, a condition which will also be sufficient for the
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existence of minimizing geodesics. An interesting feature of this result, the
Hopf-Rinow theorem, is that this condition is expressed in terms of intrinsic
distance:

Theorem 5.4.8 (Hopf-Rinow). Let S C R® be a surface. Then the follow-
ing assertions are equivalent:

(i) the intrinsic distance dg is complete;

(ii) for all p € S the exponential map exp,, is defined on all T),S;

(iii) there is a point p € S for which the exponential map exp,, is defined on
all T,,S;

(iv) every closed and bounded (with respect to dg) subset of S is compact.

Moreover, any of these conditions implies that:

(v) every pair of points of S can be joined by a minimizing geodesic.

Proof. (i) = (ii). By Lemma 5.4.5, it suffices to prove that for every p € S
and v € T),S the geodesic o, is defined on all R. Set

to = sup{t > 0 | o, is defined in [0,¢] } ,
and assume by contradiction that t¢ is finite. Since
ds(0u(s),00(t)) < L(oulis,g) = vl |s — |

for every 0 < s <t < tg, if {tx} C [0,%p) is increasing and tends to tg, the
sequence {o,(t;)} is Cauchy in S with respect to the distance dg, and so it
converges to a point ¢ € S independent of (why?) the sequence we have cho-
sen. Thus setting o, (tg) = ¢, we get a continuous map from [0,%g] to S. Let
V' be a uniformly normal neighborhood of ¢, with injectivity radius € > 0.
For all sufficiently large k& we have both |t — to| < §/||v]| and o, (t;) € V.
In particular, the radial geodesics starting from o, (tx) can be prolonged for
a length at least equal to 0; since L(ow |, +,]) = [to — txll[v]| < J, the geodesic
o, can be prolonged beyond tg, a contradiction. Hence, ty = 400; in the same
way it can be proved that o, is defined on (—o0,0], and we are done.

(i) = (iii). Trivial.

Consider now the condition

(v') There exists a point p € S that can be joined to any other point of S
by a minimizing geodesic.

(iil) = (v'). Given ¢ € S, set r = dg(p, q), and let Ba.(p) be a geodesic
ball with center p such that ¢ ¢ B.(p). Let xp € dB:(p) be a point of the
geodesic circle B:(p) in which the continuous function dg(g, -) admits a min-
imum. We may write zo = exp,,(ev) for a suitable versor v € T},S; if we prove
that o,(r) = ¢, we have found a minimizing geodesic from p to q.

Define

A={s€0,r]|ds(ou(s),q) =ds(p.q) — s} .
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Fig. 5.6.

The set A is not empty (0 € A), and is closed in [0,7]; if we prove that
sup A = r we are done. Let sy € A be less than r; we only need to show that
there is a sufficiently small § > 0 such that sg +0 € A. As so <1 = ds(p,q),
the point o,(s¢) cannot be ¢; choose 0 < ¢ < inj rad(aq;(so)) in such a way
that ¢ ¢ Bs(0,(s0)). By construction,

ds(p,0u(s0)) < so = ds(p,q) — ds(04(s0),q) < ds(p,o0(s0)) ,

which is possible if and only if dg (p, av(so)) = s0. Let x}, € OB; (01,(50)) be
a point of the geodesic circle Bj(0,(s0)) in which the continuous function
ds(q,-) has a minimum (see Fig. 5.6); in particular, if sop = 0, take § = ¢ and
xf = xo. Then

ds(p7 q) — S0 = dS (UU(SO)v (J) < dS (JU(SO)7 x()) + ds(x67 Q) =0+ ds(xf)v (I) ’
(5.26)
since by Corollary 5.4.4.(ii) the geodesic circle dB; (o, (s0)) consists exactly of
the points of S at a distance ¢ from o, (sg). On the other hand, if 7: [a,b] — S
is a piecewise C'*° curve from o,(sg) to ¢ and 7(tp) is the first intersection
point between the support of 7 and 0Bj (JU(So)), we have

L(T) = L(T|[a7t0]) + L(T|[t07b]) >0+ min

i ds(xz,q) =0 +ds(z), q) .
veort™ ) s(@,q) s(%0,q)

Taking the infimum with respect to 7, we get
ds(ou(s0),q) = 0+ ds(x(,q) ;
then, recalling (5.26),
ds(p,q) — so =6 +ds(zp,9)
from which we deduce

ds(p, ) = ds(p,q) — ds(q,2p) = so+6 .
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On the other hand, the curve ¢ obtained by joining o, |j,s,) With the ra-
dial geodesic from o,(so) to z(, has length exactly equal to so + d; hence,
ds(p,xf) = sp+ 9. In particular, the curve & is minimizing; so it is a geodesic
and consequently coincides with o,. Then o, (s + ¢) = x(, and so

dS(UU(SO + 5)7(]) = dS(xé)vq) = dS(p7 q) - (80 + 5) )

that is, sg + 6 € A, as required.

(il) = (v): argue as in (iii) = (V).

(iii)+(v") = (iv). It is sufficient to show that the closed balls Bg(p, R)
with center p € S and radius R > 0 with respect to the intrinsic distance
are compact. To do so, it suffices to prove that Bgs(p, R) = exp, (Bp(O, R));
indeed, exp,, is continuous, the closed and bounded sets of the plane 7),S are
compact, and the image of a compact set under a continuous map is compact.

If v € B,(O,R), then the radial geodesic ¢ — exp,(tv) from p to ¢ =
exp,(v) has length [[v|| < R; hence, ds(p,q) < R and

expp(Bp(O,R)) C Bs(p, R) .

Conversely, if ¢ € Bg(p, R), let o be a minimizing geodesic from p to ¢. Since
its length is at most R, it has the form o(t) = exp,(tv) with [lv|| < R, and so
q = exp,(v) € exp, (Bp(O, R)), as required.

(iv) = (i). Let {p,} C S be a Cauchy sequence for dg; in particular, it
is a bounded subset of S, and for any ¢ € S we can find R > 0 such that
{pn} C Bs(q, R). By assumption (iv), the closed ball Bg(g, R) is compact; so
we can extract from the sequence {p,} a subsequence {p,,} converging to a
point p € Bg(q, R). But when a subsequence converges to p € S the whole
Cauchy sequence {p, } has to converge (why?) to the same point, and we have
proved that S is complete. O

Definition 5.4.9. A surface S C R® whose intrinsic distance is complete is
called complete.

Remark 5.4.10. Condition (v) in Theorem 5.4.8 is strictly weaker than the
other ones: there are non-complete surfaces where each pair of points is joined
by a minimizing geodesic. The simplest example is provided by a convex open
subset {2 of the plane (different from the whole plane): every pair of points of
2 is joined by a minimizing geodesic in {2 (a line segment), but there exist
geodesics of {2 that cannot be extended indefinitely (it suffices to consider a
segment joining a point of {2 with a point of the boundary of £2).

The main class of complete surfaces consists of the closed surfaces in R>:

Corollary 5.4.11. Every closed surface S in R® is complete. In particular,
every pair of points of a closed surface is joined by a minimizing geodesic.
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Proof. The inequality (5.25) implies that every bounded (with respect to the
intrinsic distance) subset of S is also bounded in R?; moreover, as S is closed,
every closed subset of S is closed in R®. Hence, every closed and bounded
subset of S, being closed and bounded in R?, is compact, and the assertion
follows from the previous theorem. a

Remark 5.4.12. There are surfaces in R® that are complete but not closed. Let
o:R — R? be the curve o(t) = ((1+e*) cost, (1+e~*)sint); it is a spiral that
approaches asymptotically the unit circle from outside without ever reaching
it. Denoting by C' = o(R) the support of o, let S = C xR be the right cylinder
with basis C' (see Fig. 5.7). Then S is clearly a non-closed surface in R?; we
want to show that it is complete.

To do so it suffices to prove that for all pg € S and R > 0 the closed
ball Bg(po, R) C S is closed in R3; indeed, in this case, since it is obviously
bounded, it is compact, and the claim follows from Hopf-Rinow theorem.
Choose a reparametrization by arc length oo: R — R? of ¢, and let sq, 2o € R
such that py = (Uo(so),zo). Take a piecewise C*° curve 7:[a,b] — S with
7(a) = po and having length less than 2R; it is sufficient (why?) to prove that
the support of 7 is contained in a compact subset of S depending only on pg
and R but not on 7.

Since C' is an open Jordan arc, we may find two piecewise C'°° functions
h, z:[a,b] — R such that 7(t) = (o9 (h(t)), z(t)) for all ¢ € [a,b]; in particular,
h(a) = s¢ and z(a) = zo. Now, for all ¢y € [a, ] we have

/:0 ) dt‘ < /:O 12/(8)]

to
< [T It = Lrlag) < 2R

|2(to) = 20| =

y
gl

Fig. 5.7. A complete, non-closed surface
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so the image of the function z is contained in the interval [zg — 2R, zo + 2R).
Analogously, since o is parametrized by arc length, we find

hito) = sol =| [ wyad] < [T wolae= [ onya

to
< [ IOl dt = Lirlgaay) < 28

hence h([a,b]) C [so—2R, so+2R)]. It follows that the support of 7 is contained
in og([so — 2R, so + 2R]) X [z0 — 2R,z + 2R] C S, and we are done.

Remark 5.4.13. Let S C R® be a complete surface; then no surface S ¢ R?
properly includes S (and then S is said to be non-extendable). Indeed, sup-
pose by contradiction that there exists a surface S such that S O S properly,
and let gy be a point of the boundary of S in S. Since S is a surface, it is
open in S (why?); hence, gy ¢ S. Choose a geodesic ball Bs(go) C S centered
at go. Since go belongs to the boundary of S, there is a point py € Bs(go) N S.
Since py is in the geodesic ball, it is joined to ¢o by a geodesic o:[0,1] — S,
But, being p is in the interior of S, there is an ¢ > 0 such that ol is a
geodesic in S, and this geodesic is clearly not indefinitely extendable in S, as
its support has to reach go ¢ S in a finite time.

The converse of this claim is not true: there exist non-extendable surfaces
that are not complete (see Exercise 5.36).

Exercises

5.36. Show that the one-sheeted cone with the origin removed is a non-extend-
able surface S that is not complete. Determine for every point p € S a geodesic
on S passing through p that cannot be extended to all values of the parameter.

5.37. Prove that a geodesic in a surface of revolution cannot approach asymp-
totically a parallel that is not itself a geodesic.

5.38. Prove that every geodesic of the elliptic paraboloid of revolution of equa-
tion z = 22 + 32 intersects itself infinitely many times unless it is a meridian.
(Hint: use Problem 5.3, Exercise 5.37 and Clairaut’s relation.)

5.39. A divergent curve in a surface S is a curve o:RT — S such that for
every compact set K C S there is a g > 0 such that o(t) ¢ K for all ¢ > t,.
Prove that S is complete if and only if every divergent curve in S has infinite
length.

5.5 Locally isometric surfaces

In this section we want to show how to use geodesics and the Gaussian cur-
vature to discover when two surfaces are locally isometric.
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A first result in this context is very easy to prove:

Proposition 5.5.1. Let H: S — S be a C™ map between surfaces. Then H
is a local isometry if and only if it maps geodesics parametrized by arc length
of S to geodesics parametrized by arc length of S.

Proof. One implication is Proposition 5.1.11. Conversely, suppose H maps
geodesics parametrized by arc length to geodesics parametrized by arc length.
This means that for all p € S and v € T},S of unit length the curve H o o,, is
a geodesic of S parametrized by arc length. In particular,

loll = 1= [[(H 00,) (0)]| = [|[dH, (07,(0)) || = |[dHp ()] ,

and so dH,, is an isometry. Since p € S is arbitrary, we have proved that H is
a local isometry. a

It is more interesting to attempt to directly determine when two surfaces
are locally isometric in a point. To simplify our statements, let us introduce
the following:

Definition 5.5.2. Let S, S € R® be two surfaces, p € S and p € S. We shall
say that (S, p) is locally isometric to (S,p) if there exists an isometry between
a neighborhood of p in S and a neighborhood of p in S.

If (S,p) is locally isometric to (S,75), let H:V — V be an isometry be-
tween a neighborhood of p and a neighborhood of p. Since H has to map
geodesics into geodesics, we have H o 0, = 04, (v) for all v € T},S. Moreover,
Gauss’ Theorema Egregium (or, more precisely, Corollary 4.6.12) tells us that
KoH = K, where K is the Gaussian curvature of S and K that of S. Putting
all together, we find that if (S,p) is locally isometric to (S, ) then

Yo € T,S Koopy=Koa,, (5.27)

where [ = dH,:T,S — TI;S is a local isometry.

Our goal is to prove that (5.27) is also a sufficient condition for (.5, p) to be
locally isometric to (S, ). We begin with two quite technical but important
lemmas.

Lemma 5.5.3. Let S be a surface, p € S, and fir a Gauss map N:V — S?
defined in a neighborhood V- C S of p. Then for every orthogonal basis {v1,va}
of T,S we have

(v1, AN (v2))dNp (1) = (v1,dNp(v1))dNy (v2) = =[[o1 K (p)v2 . (5.28)

Proof. Note first that the left-hand side of (5.28) does not depend on the

Gauss map we have chosen, so it is not necessary to assume S orientable.
Let {w1, w2} be an orthonormal basis of T, S consisting of principal direc-

tions, with respective principal curvatures k; and ko (Proposition 4.5.2); in
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particular, K(p) = kiks. Since {v1,v2} is an orthogonal basis of T},5, there
exists € € R such that

vy = ||v1||(cos O wy 4+ sinfws) and vy = |jva]|(—sinbw; + coshw,) .

From this it follows that dN,(vi) = —|v1]|(k1cosOws + kesinfws) and
AN, (ve) = %||v2||(ky sin @ wy — ko cos @ we), and so:
(vi, dNp(v2)) dNp(v1) — (v1, dNp(v1)) dNp(v2)
= Fllv1||*|lvz| (k1 — k2) cos @ sin O(ky cos @ wy + ko sin O wy)
+|[|v1]]?||va || (k1 cos? O + ko sin? 0) (k1 sin @ wy — ko cos O ws)
= E[Jor | [|va|lkik2(sin @ w1 — cos §ws) = —||v1[|* K (p)vs
]

Lemma 5.5.4. Let S C R? be a surface, and letp € S and 0 < § < inj rad(p).
Given v € By(0,0), denote by o,: I, — S the geodesic through p tangent to v.

Given w € T,S orthogonal to v and € > 0 small enough, define X: (—¢,¢) x
[0,1] — Bs(p) by setting

(s, t) = exp, (t(v + sw)) ;

in particular, X(0,t) = o, (t). Let J:[0,1] — R® be given by

J(t) = %f (0,t) = d(exp,) s (tw) € Ty, (1)S -
Then:
(i) J(0) =0 and J(1) = d(exp,),(w);

(i) DJ(0) =
(iil) J(¢) s orthogonal to ol (t) for all t € [0,1];
(iv) D*J = —|v||*(K 0 0y,)J.

Proof. (i) Obvious.
(ii) We have

0J 02y

7 (1= 0% (0.0) = dlexp, o () + 1 (dexp, oo () :

so recalling that d(exp,)o = id we get 9.J/0t(0) = w. In particular, since
w € T,5, the covariant derivative of J along o, at 0 is equal to 9.J/9¢(0), and
we are done.

(iii) Differentiating 0, (t) = exp,(tv), we get o,(t) = d(exp, ), (v). Since
J(t) = d(exp, ) (tw) and (v,w) = 0, by Lemma 5.2.7.(iii) we know that J(¢)
is orthogonal to o) (t) for all ¢ € (0,1]. Since J(0) = O, we are done.
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(iv) By construction, for all s € (—¢, ) the curve o5 = X(s, -) is a geodesic;
hence, Do’ = O, where D is the covariant derivative along o,. By the defini-
tion of covariant derivative, this means that

W2_<WE

i atz,NoE>NoEEO,

where N: Bs(p) — S? is a Gauss map (which always exists: why?). Differen-
tiating with respect to s and projecting again on the tangent plane we obtain

3 3 2
o=2% —<8E N02>N02—<82 N02>8(NOE)

05012 0s0t?’ ot2’ 0s
> B> 8% A(NoX)\ d(NoX)
:8t265_<8t23s’N02>N02+<at’ ot > os

since (0X/0t, N o X) = 0.
Now, 0X'/0s is also a vector field along o, and we have
ox 02y 0%y
D* " =D - NoX)NoX
s (atas <atas’ ° > ¢ )
A < 02X

- B 05 (N o)\ O(N o %)
= or20s 82t83’N02>N02+< >

o’ Os o
where we have used again <82/8t, No E> = 0. Taking now s = 0 we get
D*J = {0y, ANy, (J))dNs, (07) = (o1, AN, (07,))dNs, ()
= —|[v|*(K 0 0,)J
by Lemma 5.5.3, which can be applied because J is orthogonal to o?. a
We are now ready to prove the main result of this section:

Theorem 5.5.5. Let S, S C R® be two surfaces, and suppose we have a
point p € S, a point p € S, a0<6 < inj rad(p), and a linear isometry
I.T,S — Tﬁg, such that K o o1y = Kooy, on [0,1] for all v € T,S with
|v|| < &, where K is the Gaussian curvature of S and K the Gaussian cur-
vature of S. Then H = expg ol o expzjl:B(;(p) — Bs(p) is a local isometry.
Moreover, if § is less than inj rad(p) too then H is an isometry.

Proof. Since dH,, = I, the map H is an isometry in p. Let ¢ = exp,(v) € B} (p)
be arbitrary; we have to prove that

Vi €T,S  [ld(expy ol o expy )y ()] = ]
Now, d(exp; )y = (d(exp,),) ™" and

d(expy ol oexp, ')y = d(exps)rw) © I o (d(exp,)y) ™" ;
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here, having set w = (d(exp,),) "' (@) € T,,S, it suffices to prove that

Yw € 1,5 Hd(expﬁ)I(U)(I(w))H = ||d(exp, ) o (w)]| - (5.29)

When w = v, formula (5.17) yields [|d(exp,),(v)|| = |lv[|. Analogously,

||d exXP;) 1(v) (I(v )|| = |[I(v)|]; since I is an isometry, we have proved (5.29)
for w = v.

Suppose now that w is orthogonal to v. Define then J:[0,1] — R? as in
the previous lemma, and introduce analogously J: [0,1] — R? on S using I(v)
and I(w) rather than v and w. By Lemma 5.5.4.(i), it is enough to prove that
1) = 7]

Set v1 = v/||v|| and v2 = w/||w||, so that {v1,v2} is an orthonormal basis of
T,S. Let &1, & € T (0,) be the only (Proposition 5.1.6) parallel fields along o,
such that &;(0) = v;. In particular, {£1(t),&(t)} is an orthonormal basis of
T,,)S for all t € [0,1]; so we may find two functions Ji, Jo:[0,1] — R of
class C°° such that J = J1&1 + Jo&s. In particular, D2J = JJ'&; + J5 &5 hence
Lemma 5.5.4.(iv) implies that J; and Jo solve the linear system of ordinary
differential equations

d2J .

dt ||UH (K © O-U)Ji ’ = 17 2 9
dJ; .

J;(0) =0, (0) = |Jw||dz, i=1, 2.

dt

Proceeding analogously in S, we find two functions Jl, Jo: [0,1] — R and
two parallel vector fields &, & € T (01(v)) such that J = J1& +JoEo; moreover,

Ji and J, satisfy the linear system of ordinary differential equations

i _ : o
A2 [ IW)P(Koorw)i, i=1,2,
- aJ; _

Ji(0) =0, di (0) = [[I(w)][di2, =1, 2.

But [ is an isometry, and K oo, = K o Or(v) by assumption; hence Theo-
rem 1.3.36 implies J; = J; for i = 1, 2, and so
1T = 1 (1)? + Jo(1)? = J1(1)% + J2(1)* = | TV .

Finally, for w € T,S generic we may write w = cv + w', with wt or-
thogonal to v. We have remarked that d(exp,,),(w) is orthogonal to o,(1) =
d(exp, ), (v); hence

ld(exp,)o(w)[|* = ¢[ld(exp,, )u (0)[|* + [ld(exp,, o (w )] -

Analogously, we may write I(w) = cl(v) + I(wh), with I(w) orthogonal
to I(v); so

[ d(expy) 1oy (1(w)) ||* = e[|d(expy) 1oy (1(0)) | + [|dlexpy) sy (I(w)) |7

and (5.29) follows from the the previous cases.
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Finally, if 0 < inj rad(p) also holds then H is a diffeomorphism, and hence
a global isometry. a

Consequently:

Corollary 5.5.6. Let S, S C R® be two surfaces, p € S and p € S. Then
(S, p) is locally isometric to (S, p) if and only if there exists a linear isometry
I:T,8 — TI;S such that (5.27) holds. In particular, two surfaces with equal
constant Gaussian curvature are always locally isometric.

Proof. One implication has already been proved deriving (5.27). Conversely, if
(5.27) holds then the previous theorem provides us with an isometry between
a neighborhood of p and a neighborhood of p, as required.

Finally, if both S and S have constant Gaussian curvature Ko (5.27) is
automatically satisfied, and we are done. a

Roughly speaking, we may summarize this result by saying that the be-
havior of Gaussian curvature along the geodesics completely characterizes the
surface.

Remark 5.5.7. Exercise 4.42 shows that it is possible to find two surfaces S,
S c R?, two points p € S and p € S and a diffeomorphism F: S — S such
that F(p) = p and K o F = K, even if (S, p) is not locally isometric to (S, p).
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The Gauss-Bonnet theorem

The purpose of this chapter is to give a proof of the Gauss-Bonnet theorem,
undoubtedly one of the most important (if not simply the most important)
results in the differential geometry of surfaces. The Gauss-Bonnet theorem
uncovers an unexpected and deep relation between purely local notions, de-
fined in differential terms, such as Gaussian and geodesic curvatures, and the
global topology of a surface.

As we shall see, the Gauss-Bonnet theorem has a local version as well as
a global version. The local version (which we shall prove in Section 6.1) is
a statement that applies to simple (that is, homeomorphic to a closed disk),
small (that is, lying within the image of an orthogonal local parametrization)
regular regions. To obtain a version valid for arbitrary regular regions, we
need a way to cut up a regular region into many simple small regular regions.
This is always possible, by using the triangulations we shall introduce in Sec-
tion 6.2 (even if the proof of the existence of triangulations is postponed to
Section 6.5 of the supplementary material to this chapter). In particular, by
using triangulations we shall also introduce the Euler-Poincaré characteristic,
a fundamental topological invariant of regular regions.

In Section 6.3 we shall be able to prove the global Gauss-Bonnet theo-
rem, and we shall give several of its applications, the most famous among
them perhaps is the fact that the integral of the Gaussian curvature on a
compact orientable surface S is always equal to 27 times the Euler-Poincaré
characteristic of S (Corollary 6.3.10). Section 6.4 discusses the proof of the
Poincaré-Hopf theorem, a noteworthy application of Gauss-Bonnet theorem
to vector fields. Finally, the supplementary material to this chapter contains
complete proofs of the results about triangulations stated in Section 6.2.

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 6, © Springer-Verlag Italia 2012
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6.1 The local Gauss-Bonnet theorem

The local version of Gauss-Bonnet theorem is a result about regular regions
(see Definition 4.2.2) contained in the image of an orthogonal local parametri-
zation and is, in a sense, a generalization of Hopf’s turning tangents Theo-
rem 2.4.7. So we start by defining the rotation index for curvilinear polygons
on surfaces.

Remark 6.1.1. In this chapter, with a slight abuse of language, we shall some-
times use the phrase “curvilinear polygon” to mean what, strictly speaking,
is just the support of a curvilinear polygon.

Definition 6.1.2. A small curvilinear polygon in a surface S is a curvilinear
polygon whose support is contained in the image of a local parametrization.
Let o:[a,b] — ¢(U) C S be a small curvilinear polygon with support
contained in the image of the local parametrization p: U — S. Choose a par-
tition @ = s9 < 51 < -+ < s = b of [a,b] such that o, , ) is regular for
j = 1,...,k The external angle of o at s; is the angle ¢; € (—m,7) from
g(s;) to c'f(sj), taken with the positive sign if {d(sj_),d(sj')} is a positive
basis of T,(4,)S, with the negative sign otherwise (and we are giving T, o(s;)9
the orientation induced by ¢); the external angle is well defined because o
has no cusps. Define next the function rotation angle 6:[a,b] — R as follows:
let 6:[a,t1) — R be the continuous determination (see Remark 5.1.27) of the
angle from 0|, to &, chosen in such a way that 6(a) € (—m, 7|. Set next

f(s1) = lim 0(s) +e1,
s—s
where €71 is the external angle at si; see Fig 6.1. Note that, by construction,
6(s1) is a determination of the angle between 01|, (s,) and &(sy), whereas
lim 6(s) is a determination of the angle between 0|4 (,,) and (s ).

s—s,
Define now 0:[s1,s2) — R as the continuous determination of the angle
from 01|, to ¢ with initial value 6(s;), and set 0(s2) = lim 6(s) + e2. Pro-

SHS2
ceeding like this we define 6 on the whole interval [a, b) so that it is continuous
from the right, and we conclude by setting
0(b) = liril_ 0(s) +ex ,
where ¢, is the external angle at b = si; clearly, 6(b) is a determination of
the angle between 1|, and ¢(s;). Then the rotation index p(c) of the
curvilinear polygon o is the number

plo) =, (6(b) —0(a)) .

2

Since &(sf) = &(sg), the rotation index is necessarily an integer number.

Moreover, note that the choice of a different determination 6(a) of the angle
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Fig. 6.1.

from 01|y (4) to d(a) modifies by an additive constant the rotation angle, but
does not change the rotation index.

By the turning tangent Theorem 2.4.7, the rotation index of a curvilinear
polygon in the plane is £1. It is not difficult to verify that the same holds for
small curvilinear polygons:

Proposition 6.1.3. Let o:[a,b] — S be a curvilinear polygon contained in
the image of a local parametrization p:U — S of a surface S, and set o, =
o too:la,b] — R?. Then the rotation index of o coincides with the rotation

index of 0,. In particular, p(o) = +1.

Proof. The basic idea consists in comparing the way we compute the rotation
angle and the external angles for ¢ and for o,. The rotation angle for o, is
obtained by computing the angle between the constant direction 9/0x; and
the tangent vector o/, by using the canonical scalar product (-,-)° of R?. On
the other hand, the rotation angle for o is obtained by computing the angle
between the varying direction 01|, (s) = d@s,(5)(9/0x1) and the tangent vec-
tor o’(s) = dpg, () (05 (s)) by using the scalar product in T,,(,)S given by the
first fundamental form. An analogous remark also holds for the computation
of external angles. This suggests that we may obtain the rotation angle and
the external angles of o working just with 9/9z1 and the tangent vectors of o,
if to compute the angle of bound vectors at the point o,(s) we use the scalar
product

V’U, w e R2 <U7 w>i = <d<pao(s) (U)a d(pao(s) (w)>g(8) .

But we could also measure rotation and external angles at the point o,(s)
using, more in general, the scalar product on R? given by

(o) = (= A0 AL )

with A € [0,1] In this way we would get for every A € [0,1] a rotation in-
dex p*(o) that should depend continuously on A. But, on the other hand,
p*(0) is always an integer, because 7,(b") = 7,(a™); hence p*(c) should be
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constant. Since p° is the rotation index of o,, and p! is the rotation index of &
we would have completed the proof.

Let us make this argument more formal. Given s € [a,b] and A € [0, 1], let
{X{(s), X2(s)} be the basis of R? obtained by applying the Gram-Schmidt
orthogonalization process to {9/0x1,0/dx2} with respect to the scalar prod-
uct (-,-)2; clearly, X{(s) and X2 (s) depend continuously on A and s. For
s € la,s1) and j = 1,2, set aj(s) = (0,(s), X7 (s))2/llo(s)]12 so that a(X, s) =
(at(s),a3(s)) is a continuous map from [0,1] x [a, s1) to S*, extendable with
continuity to all [0, 1] X [a, 1] using o, (s7 ). Now, Proposition 2.1.13 provides
us with a unique lift ©:[0,1] x [a,$1] — R such that ©(0,a) € (—m,7]. By
construction, ©(0, s) is the rotation angle of o, in [a, s1), while O(1, s) is, up
to an additive constant, the rotation angle of o in [a, s1).

We may define analogously a continuous function £;:[0,1] — R such that
£1(A) is a determination of the angle from o’ (s7) to o/, (s]"), measured using
the scalar product (-, )2 . So we may go on and define © on [0, 1]x[s1, s2) using
0(0,s1) +£1(0) as initial value. In this way we get a map ©:[0,1] x [a,b] — R
with ©(-,s) continuous with respect to A for all s € [a,b]; hence p*(o) =
(B(\,b) — O(X,a)) /2 is continuous with respect to A. But, as already re-
marked, p*(o) is integer-valued; hence, it is constant, and p°(c) = p'(0), as
required.

Finally, the last claim follows from the turning tangent Theorem 2.4.7.

O

Definition 6.1.4. A small curvilinear polygon o:[a,b] — S in a surface S is
positively oriented (with respect to a given local parametrization containing
the support of ¢ in its image) if its rotation index is +1.

We have seen (Definition 4.2.2) that a regular region is a compact con-
nected subset of a surface obtained as the closure of its interior and with a
boundary consisting of finitely many disjoint curvilinear polygons. Whereas
the (global) Gauss-Bonnet theorem will hold for arbitrary regions, the local
Gauss-Bonnet theorem applies only to regular regions of a particular kind.

Definition 6.1.5. A regular region R C S of a surface S is simple if it is
homeomorphic to a closed disk.

Remark 6.1.6. The boundary of a simple regular region is a single curvilin-
ear polygon. Conversely, Schonflies’ theorem mentioned in Remark 2.3.7 (and
proved in Section 2.8 of the supplementary material of Chapter 2) implies that
a regular region R whose boundary consists of a single curvilinear polygon and
contained in the image of a local parametrization is necessarily simple. This
is not true if R is not contained in the image of a local parametrization. For
instance, a small curvilinear polygon in a torus can be the boundary of two
regular regions: a simple one R;, lying in the image of a local parametrization,
and another one, R, not simple (and not contained in the image of any local
parametrization); see Fig. 6.2.
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Fig. 6.2.

Finally, keeping in mind the definition of integral on a regular region con-
tained in the image of a local parametrization (Definition 4.2.9), we may now
prove the local version of the Gauss-Bonnet theorem:

Theorem 6.1.7 (local Gauss-Bonnet). Let R C S be a simple regular re-
gion contained in the image of an orthogonal local parametrization @:U — S.
Denote by o:[a,b] — S a parametrization by arc length of the boundary of R,
positively oriented with respect to , with external angles €1, ..., € (—m, 7).
Finally, orient p(U) choosing N = 01 A 02/]|01 A Oa|| as normal versor field,
and denote by kg the corresponding geodesic curvature of o (defined outside
the vertices). Then

b k
/Kdz/+/ Hgd5+25j:27r, (6.1)
R a ;
7j=1

where K is the Gaussian curvature of S.

Proof. Write 0 = (01, 02), as usual. Proposition 5.1.28 tells us that in the
point where ¢ is regular we have

- 1 - oG s OF +d0
Y 9/EG 23£U1 18£€2 ds”’

where 6: [a,b] — R is the rotation angle of 0. Hence, if a = 59 < -+ < s, = b
is a partition of [a,b] such that ol ¢ is regular for j = 1,..., k, recalling
the classical Gauss-Green theorem (Theorem 2.7.1) we obtain

b k Sj
/ Kgds = Z/ Kkg(s)ds
a j=1 Sj—1

/”[ 1 0G . 1 9FE . q
g g9 — g S
o L2VEG Oz, 7P 2VEG 0zy !

k
+3 [0(s5) = 0(sj-1) — &5
j=1



308 6 The Gauss-Bonnet theorem

7/ {8(1 8G>+8(1 aEﬂdzdx
o—1(r) LOT1 \2VEG 0x1)  0x2 \ 2/ EG 072 1
+2mp(o Zsj,

where p(o) is the rotation index of o. But p(c) = 1, as o is positively oriented
with respect to ¢; so, by Lemma 4.6.14 and the definition of integral on R,
we obtain

b
/ngd,s:f/ K\/EGdI1d$2+27T Zsj /Kdl/+27r 253’
a ¢ H(R)

and we are done. O

Remark 6.1.8. The hypothesis that the regular region R is contained in the
image of an orthogonal local parametrization is only needed to simplify the
proof; as we shall see, (6.1) holds even without this hypothesis.

So the local Gauss-Bonnet theorem says that on simple regular regions the
Gaussian curvature on the region, the geodesic curvature of the boundary and
the external angles always add up to 2. In other words, any change to one
of these elements necessarily affects the other ones so that the sum remains
constant.

The global Gauss-Bonnet theorem 6.3.9 (for whose proof we shall need the
local version we have just proved) will give us the value of the left-hand side
of (6.1) for arbitrary regular regions, not necessarily simple ones, in terms of
the topology of the region. In particular, it will turn out that the right-hand
side of (6.1) should be written as 27 - 1, where 1 is actually a topological in-
variant of simple regions. The next section provides an aside in topology of
surfaces whose goal is precisely to introduce this invariant; we shall return to
the Gauss-Bonnet theorem in section 6.3, where we shall also describe several
applications of this powerful result.

6.2 Triangulations

The crucial idea is that to obtain a global version of the Gauss-Bonnet theo-
rem we have to cut the regular region in small pieces on which we shall apply
the local version, and then add the results. So our first goal is to describe
formally the procedure of cutting a regular region in smaller pieces.

Definition 6.2.1. A (smooth) triangle in a surface is a simple regular re-
gion T with three points of the boundary, called vertices, singled out, with
the only condition that all vertices of the boundary 9T of T' as a curvilinear
polygon are vertices in the former sense too. In other words, 07 has at most
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EN

(a) (b)

Fig. 6.3. (a) triangles; (b) a 2-simplex

three vertices as a curvilinear polygon, and all of them are vertices of T as a
triangle, but some of the vertices of T" as a triangle may not be vertices of 9T
as a curvilinear polygon; see Fig. 6.3.(a). The vertices partition the boundary
of the triangle into three parts, called (of course) sides.

More in general, a 2-simplex in a topological space X is a subset of X
homeomorphic to the standard triangle

To = {(t1,ta) €R? [ t1,t2 >0, t; +t, <1} CR?.

The wvertices of a 2-simplex T are the points corresponding to the vertices
(0,0), (1,0) and (0, 1) of the standard triangle; the sides of T are the subsets
corresponding to the sides of Tj; and the interior consists of the image of the
interior of Ty in R?; see Fig. 6.3.(b).

Definition 6.2.2. Let R C S be a regular region (R = S with S compact is
allowed). A (regular) triangulation of R is a finite family T = {T3,...,T;} of
triangles (the faces of the triangulation) such that:

(a) R= U;:l Tj;

(b) the intersection of two distinct faces is either empty, or consists of vertices
(common to both faces), or is a whole side (common to both faces);

(c) the intersection of a face with the border of R, if it is not empty, consists
of vertices or whole sides;

(d) every vertex of the boundary of R is a vertex of (at least) one face of the
triangulation.

We shall denote by v(T) the total number of distinct vertices of the triangles
of T, by I(T) the total number of distinct sides of the triangles of T, and
by f(T) = r the number of faces of T. Finally, a topological triangulation
of R (or, more in general, of a topological space homeomorphic to a regular
region of a surface) is defined in the same way but using 2-simplices instead
of smooth triangles.
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OR .-

Fig. 6.4. (a) allowed intersections; (b) forbidden intersections

Remark 6.2.3. In other words, the interiors of the faces of a triangulation are
always pairwise disjoint, and if two faces (or a face and the boundary of a
region) intersect in part of a side, both of them have to contain the whole
side. Fig. 6.4 shows allowed and forbidden intersections between the faces of
a triangulation (and the boundary of the region).

Remark 6.2.4. If a side of a topological triangulation T of a regular re-
gion R C S is contained in a single face of R, then it is necessarily (why?)
a subset of the boundary of R. On the other hand, no side of T can be con-
tained in three distinct faces. Indeed, suppose to the contrary that the side ¢
is contained in the three faces T7, T and T3. Let two points p1, p2 € £ be such
that the whole line segment ¢y of ¢ from p; to po is included in the image of
a local parametrization ¢: U — S. Then we may join p; and ps both with a
continuous simple curve contained in the intersection of ¢(U) and the interior
of T} and with a continuous simple curve contained in the intersection of p(U)
and the interior of T5; in this way we get a closed continuous simple curve
in ¢(U) whose support intersects £ only in p; and py (see Fig. 6.5). Applying
¢~ 1, we have found a Jordan curve in U whose support C intersects p~1(¢)
only in ¢~ !(p;) and ¢~ !(p2), and whose interior is a neighborhood of =1 (¢y)
(endpoints excluded) contained in ¢ ~!(T} UT3). But then ¢ ~!(73) should be
contained in the unbounded component of R? \ C, whereas it is adherent to
Ly, a contradiction.

Summing up, each side of a topological triangulation of a reqular region R
belongs to exactly one face of the triangulation if it is in OR, and to exactly
two faces of the triangulation otherwise.

To use triangulations, we must be sure, at the very least, that they do
exist. The first theorem of this section, whose (difficult) proof is postponed to
Section 6.5 of the supplementary material of this chapter, has precisely this
purpose:
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Fig. 6.5.

Theorem 6.2.5. Let R C S be a reqular region on a surface S, andU an open
cover of R. Then there exists a triangulation T of R such that for all T € T
there exists U € U with T C U.

So triangulations exist, and we may choose them with arbitrarily small
triangles. However, they are all but unique; so we must find a way to ensure
that the results we shall find are independent of the particular triangulation
chosen to prove them. In other words, we have to find a way to compare
different triangulations.

A first idea might consist in subdividing the faces of one of the two trian-
gulations to be compared into triangles so small that the new triangulation
refines both triangulations (in the sense that the triangles of the large tri-
angulations can all be obtained as union of triangles of the small one), and
then using this third triangulation as a link between the two original triangu-
lations. Unfortunately, reality is somewhat more complicated, and this naive
idea does not work; fortunately, it is possible to fix it so to reach the goal
we set ourselves (even if we shall need, as you will see, three intermediate
triangulations rather than just one). Let us begin by giving a name to the
small triangulation:

Definition 6.2.6. A triangulation T’ is a refinement of a triangulation T if
every triangle of T’ is contained in a triangle of T.

Remark 6.2.7. Note that if T’ is a refinement of T, then every triangle of T
is a union of triangles of T/ (why?).

In general, two different triangulations do not admit a common refine-
ment (see Remark 6.2.9). The next theorem (proved too in Section 6.5 of the
supplementary material of this chapter) provides us with an alternative way,
more complex but as valid, to compare different triangulations:

Theorem 6.2.8. Let Ty and T be two topological (respectively, reqular) tri-
angulations of a reqular region R C S. Then there always exist a topological



312 6 The Gauss-Bonnet theorem

triangulation T* (respectively, topological with piecewise reqular sides) and
two topological (respectively, reqular) triangulations T§ and T such that T
is a refinement both of To and of T*, and T7 is a refinement both of T1 and
of T*.

Remark 6.2.9. If a side of Ty intersects in infinitely many isolated points a
side of Ty, a situation that may well happen, then Ty and T; cannot have
a common refinement. This is the reason why it is in general necessary to go
through the intermediate triangulation T*.

As a first example of application of Theorem 6.2.8, let us show how to use
triangulations to define a fundamental topological invariant of regular regions
(which is the invariant promised at the end of the previous section).

Theorem 6.2.10. Let Ty and T be two topological triangulations of a requ-
lar region R C S. Then:

f(To) = U(To) +v(To) = f(T1) = I(T1) +v(Ty) . (6.2)

Proof. We begin by showing that (6.2) holds if T is a refinement of T. Start-
ing from T, we may get back Ty by a finite sequence of the two following
operations (see Fig. 6.6):

(1) remove a side connecting two vertices each incident with at least two other
sides;
(2) remove a vertex incident with exactly two sides.

Obviously, in intermediate steps, the faces we obtain (in the sense of con-
nected components of the complement in R of the union of the sides) are
not necessarily triangles (in the sense of having exactly three vertices in their
boundary); but they are still connected open sets, and will be again triangles
at the end of the operations.

Now, operation (1) lowers by 1 both the number of sides and the num-
ber of faces, while operation (2) lowers by 1 both the number of sides and
the number of vertices. In both cases, the quantity we obtain by subtracting
the number of sides from the sum of the number of faces and the number of
vertices does not change; so we have proved (6.2) for refinements.

Fig. 6.6.
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Let now T*, T(; and T7 be the triangulations provided by Theorem 6.2.8.
The above implies

and we are done. O

Definition 6.2.11. The Euler-Poincaré characteristic x(R) of a regular re-
gion R contained in a surface S is defined by

X(R) = f(T) = (T) +o(T) € Z,
where T is an arbitrary topological triangulation of R.

Theorem 6.2.10 guarantees that the Euler-Poincaré characteristic is well
defined, that is, it does not depend on the triangulation used to compute it.
In particular, it is a topological invariant:

Proposition 6.2.12. (i) If RC S and R’ C S’ are two homeomorphic reg-
ular regions then x(R) = x(R');

(ii) the Euler-Poincaré characteristic of a simple reqular region is 1;

(iii) the Euler-Poincaré characteristic of a sphere is 2;

(iv) the Euler-Poincaré characteristic of a torus is 0.

Proof. (i) If ¢»: R — R’ is a homeomorphism and T = {T},...,T,} is a topo-
logical triangulation of R, then ¢(T) = {¢(T1),...,¥(T})} is a topological
triangulation of R’ with the same number of faces, sides and vertices, and
so x(R) = x(R).

(ii) A simple regular region is homeomorphic to a closed disk, which in
turn is homeomorphic to the standard triangle, whose FEuler-Poincaré charac-
teristic is clearly 1.

(iii) Modelling the sphere with a tetrahedron (which is homeomorphic to
a sphere), we easily get a triangulation of a sphere S with 4 face, 6 sides and
4 vertices, so x(5) = 2; see Fig. 6.7.(a).

(iv) Using as our model a square with opposite sides identified, we get
a triangulation of a torus with 8 faces, 12 sides and 4 vertices, and so the
Euler-Poincaré characteristic of the torus is zero; see Fig. 6.7.(b). O

We conclude this section by stating the famous classification theorem for
orientable compact surfaces which, while being beyond the scope of this book
(and not being needed in the proof of the global Gauss-Bonnet theorem), is
useful to put in the right context some of the results we shall see, and to give
an idea of the importance of the Euler-Poincaré characteristic.
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Fig. 6.7.

Definition 6.2.13. A handle in a surface S is a regular region H C S homeo-
morphic to a closed (finite) circular cylinder and such that S\ H is connected.
Given g € N, a sphere with g handles is a surface S containing g disjoint han-
dles Hi,...,H, in such a way that S\ (H; U---U H,) is a sphere with 2¢
disjoint closed geodesic balls removed; see Fig. 6.8.

Theorem 6.2.14 (classification of orientable compact surfaces). Fvery
orientable compact surface is homeomorphic to a sphere with g > 0 handles,
that has Euler-Poincaré characteristic 2 — 2g. In particular:

(i) two orientable compact surfaces are homeomorphic if and only if the have
the same Euler-Poincaré characteristic;

(ii) the sphere is the only orientable compact surface with positive Euler-Poin-
caré characteristic;

Fig. 6.8. A surface with 2 handles
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(iii) the torus is the only orientable compact surface with Euler-Poincaré char-
acteristic equal to zero.

You can find a proof of this result in [23].

In particular, all orientable compact surfaces have Euler-Poincaré charac-
teristic even and less than or equal to 2, and it is not difficult to construct
regular regions with Euler-Poincaré characteristic odd and less than or equal
to 1. (Exercise 6.4).

Remark 6.2.15. In case you are wondering, in R? there are no non-orientable
compact surfaces, by Theorem 4.7.15 proved in the supplementary material
of Chapter 4.

6.3 The global Gauss-Bonnet theorem

We are almost ready for the proof of the global Gauss-Bonnet theorem which,
as mentioned, will express the value of the left-hand side of (6.1) for any reg-
ular region in topological terms; however, we have still to clarify some details.

Firstly, (6.1) contains the integral of the Gaussian curvature, but up to
now we have only defined the integral of functions defined on a regular re-
gion contained in the image of a local parametrization. Triangulations allow
to easily overcome this obstacle:

Lemma 6.3.1. Let R C S be a regular region, and choose two regular trian-
gulations To = {To1,...,Tor} and Ty = {T11,...,T1s} of R such that each of
their triangles is contained in the image of a local parametrization. Then

i fdv = S fdv (6.3)
h=1"Ton k=1"T1x
for every continuous function f: R — R.
Proof. Let
™ ={17,...., T}, TS ={T51, - 15, T ={1y,...,T5,}

be the triangulations given by Theorem 6.2.8. Since every triangle of T is
(by Remark 6.2.7) a union of finitely many triangles of T and, conversely,
every triangle of T} is contained in a single triangle of Ty (and the sides have
no effect on integrals), we find

fdv = / fdv.
hzz:l Ton ; T5;

Repeating this argument with T* and T{, and then with T* and T7, and
finally with T; and T7 we obtain the assertion. O
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Hence we may use (6.3) to define the integral of an arbitrary continuous
function f on an arbitrary regular region R C S:

Definition 6.3.2. Let R C S be a regular region of a surface S, and f: R — R
a continuous function. Then the integral of f on R is

/Rfdz/:jil/ﬂfdu7 (6.4)

where T = {T1,...,T.} is an arbitrary regular triangulation of R whose trian-
gles are contained in the images of local parametrizations; such a triangulation
exists by Theorem 6.2.5, and f r J dv does not depend on the choice of T be-
cause of the previous lemma.

The second obstacle to overcome for the computation the left-hand side
of (6.1) for arbitrary regular regions is related to the appearance of the geodesic
curvature. Firstly, the geodesic curvature is only defined for orientable sur-
faces; so we shall have to assume that our regular region R is contained in
an orientable surface. But this is not enough: the geodesic curvature changes
sign if we invert the orientation of a curve, and so we have to find a way to
fix once and for all the orientation of the curvilinear polygons making up the
boundary of R.

In the case of small curvilinear polygons, we managed by using the rotation
index; the general case requires instead a somewhat different approach (which
however will be compatible with the previous one). We need some definitions
and a lemma.

Definition 6.3.3. Let 0: I — S be a curve parametrized by arc length in an
oriented surface S, and N: S — S2 the Gauss map of S. The intrinsic normal
versor of o is the map n € 7 (o) given by

n=(Noog)Ad.

Note that fi(s) is the unique versor in T, S such that {¢(s),n(s)} is a pos-
itive orthonormal basis of T, (4)S, for all s € I.

Definition 6.3.4. Let R C S be a regular region of a surface S. We shall say
that a regular curve 7:(—¢,¢) — S enters R if 7(0) € OR, 7(t) € R for all
t >0, and 7(t) ¢ R for all ¢ < 0. Moreover, if 7(0) is not a vertex of R, 7/(0)
will be required not to be tangent to OR.

Definition 6.3.5. Let R C S be a regular region of an oriented surface S, and
o:la,b] — S a curvilinear polygon that parametrizes one of the components
of the boundary of R. We shall say that o is positively oriented with respect
to R if the intrinsic normal versor n of o (defined out of the vertices) points
toward the interior of R, in the sense that, for all sy € [a,b] such that o(sg)
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Fig. 6.9.

is not a vertex and for every regular curve 7:(—¢,¢) — S with 7(0) = o(sg)
that enters R, we have (7/(0),1n(sg)) > 0; see Fig. 6.9. Finally, we shall say
that the boundary of the regular region R is positively oriented if each of its

components is so with respect to R.

For this to be a good definition we have to verify that the boundary of
a regular region can always be positively oriented. To prove this we need a
version of the notion of tubular neighborhood for curves on surfaces.

Lemma 6.3.6. Let 0:[a,b] — S be a curve parametrized by arc length in an
oriented surface S. Then there exists § > 0 such that the map ¢: (a,b) x (=0, 9)
— S given by

50(87 t) = €XPg(s) (tﬁ(s))

1s a local parametrization of S inducing the given orientation.

Proof. First of all, as [a,b] is compact, Proposition 5.2.5 guarantees (why?)
that for § > 0 small enough ¢ is well defined and of class C'*°. Now, for all
s € [a,b] we have

dp

. 0 d
o (50,0) = 5(s0) and ¥ (s0,0) =

9t gt XDy (5) (tﬁ(so)) =n(sg) ;

t=0

then, by Corollary 3.4.28, for all sy € [a,b] we may find 5, > 0 such that
<p|(50,550’50+550)X(,(;SO,(;S ) is a local parametrization, inducing the given ori-
entation because {d(sg),n(sp)} is a positive basis. Finally, arguing as in the
proof of Theorem 2.2.5 and recalling Proposition 3.1.31, we find a 6 > 0 as
required. a

Let then o:[a,b] — S be a curvilinear polygon that is a component of the
boundary of a regular region R in an oriented surface S, and suppose first
that o has no vertices. Let ¢: U — S, where U = (a,b) x (=9, 9), be the local
parametrization given by the previous lemma; then the complement in p(U)
of the support of o has two connected components, X = ¢((a,b) x (0,9))
and X~ = ¢((a,b) x (=4,0)); up to decreasing § if necessary we can assume
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that one of these two connected components is contained in R and the other
one is disjoint from R. We shall denote by X' the connected component con-
tained in R and by X° the other one. Note that changing the orientation of o
changes the sign of i and hence swap YT with X~

Given sg € [a,b] (and, by the periodicity of o, we may assume sy # a, b), let
7:(—e,e) — S be a regular curve with 7(0) = o(so) and 7/(0) # £5(so). Up to
taking a smaller €, we can assume that the support of 7 is contained in ¢(U);
in particular, 7 enters R if and only if 7(t) € X' for t > 0 and 7(t) € X°
for t < 0. Write now 7 = (71, 72) for suitable functions 71, 72: (—&,&) — R of
class C, so that 7(t) € X7F if and only if +75(¢) > 0. We have

(r'(0),81(s0)) = 73(0) ,

which is different from zero because 7/(0) # £5(so). Hence n(sp) points to-
ward the interior of R if and only if 75 is non-decreasing in 0. Since 72(0) = 0,
this means that we must have 75(t) > 0 for small values of t > 0, and 72(¢) < 0
for small values of ¢ < 0 (it cannot be zero because 7(t) is not in OR for
t # 0). It then follows that n(sg) points toward the interior of R if and only
if ¥+ = X' Since changing the orientation of o swaps X+ with X~ but does
not change X' or X, we can always orient o positively (in exactly one way)
with respect to R; moreover, as soon as n(sg) points toward the interior of R
for some sy € [a,b], the curve o is positively oriented with respect to R.

If, on the other hand, ¢ has vertices, by using the technique introduced
at the end of the proof of Theorem 2.4.7 we may modify ¢ and R close to
the vertices so to get a sequence oy: [a,b] — S of curvilinear polygons with-
out vertices, coinciding on larger and larger subintervals, approaching ¢ and
parametrizing suitable components of the boundary of regular regions Ry.
The previous argument shows that as soon as we positively orient a o with
respect to Ry the other ones are too positively oriented (with respect to their
regular region); so, taking the limit, we obtain exactly one orientation of o
that makes it positively oriented with respect to R.

Remark 6.3.7. In particular, the above argument shows that if R and R’ are
regular regions with disjoint interiors of the same oriented surface such that
ORNOR’ consists in a segment of a curvilinear polygon o then o is positively
oriented with respect to R if and only if it is negatively oriented (with the
obvious meaning) with respect to R'.

Remark 6.3.8. We have still to verify that if R C S is a simple regular region
contained in the image of an orthogonal local parametrization p: U — S then
the two Definitions 6.1.4 and 6.3.5 of positively oriented boundary coincide.
As usual, arguing as in the proof of Theorem 2.4.7 we may without loss of gen-
erality assume that the boundary o: [a,b] — S of R has no vertices. Moreover,
we have already remarked (Remark 2.4.9) that the two definitions coincide
for curves in the plane.

Set 0, = ¢l oo = (01,02): we know (Proposition 6.1.3) that p(o) = +1
if and only if p(c,) = +1. Moreover, p(c,) = +1 if and only if (Remark 2.4.9)
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the normal versor of o, points toward the interior of p~!(R). Now we may

write

0 19,
0= 0101 + 620, Z\/Ed1\/j5 +\/Gd2\/2 ;

so the intrinsic normal versor of o is given by

A G. E
n—\/EO'281+\/G0'182 .

The oriented normal versor n, of o, is instead n, = (—&2,1)/|6,]|-

Fix now sg € [a,b]. A curve 7:(—¢,e) — S enters R at o(so) if and only
if 7, =¢p lor = (r,7) enters o1 (R) at 0,(sg). Since 7/ = {01 + 7502, we
have

(7(0),01(s0)) = VEG[—7{(0)é2(s0) + m5(0)&1(s0)]

(72 (0), Bos0)) = . - [~ (O)Fa(50) + 72(0)61(s0)]
160(s0)]

so 1, points toward the interior of =1 (R) if and only if i points toward the
interior of R, and we are done.

At last, we are ready for:

Theorem 6.3.9 (global Gauss-Bonnet). Let R C S be a regular region (if
S is compact R = S is allowed) of an oriented surface S, with OR positively
oriented. Let C1,...,Cs be the connected components of the boundary of R

parametrized, for j =1,...,s, by curves oj:[aj,b;] — S with geodesic curva-
ture K3 (and if R = S then OR = @). Denote further by {e1,...,ep} the set
of all external angles of the curves o1, ...,05. Then

s b P
/ Kdv+ Z/ Ky ds + Z ep = 2mx(R) . (6.5)
R j=17a;

h=1

Proof. Let T be a triangulation of R such that every triangle of T is con-
tained in the image of an orthogonal local parametrization compatible with
the orientation (such a triangulation exists by Theorem 6.2.5). Give a posi-
tive orientation to the boundary of each triangle; by the above discussion, this
orientation is compatible with that of the boundary of R.

Apply the local Gauss-Bonnet theorem to each triangle, and sum. Since
(by Remarks 6.2.4 and 6.3.7) the integrals of the geodesic curvature on the
internal sides of the triangulation cancel pairwise, we get

f(T) 3

s b;
/Kdu—i—Z/ K‘;dS+ZZEij:27Tf(T)7 (6.6)
R j=174aj

i=1 j=1
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where €;1, €, and ¢;3 are the external angles of the triangle T; € T. If we
denote by ¢;; = ™ — €;; the internal angles of the triangle T;, we have

J(T) 3 f(T) 3
DD ey =3ml(T) =3 > b
i=1 j=1 i=1 j=1

Denote by [; (respectively, l,) the number of sides of the triangulation in the
interior of R (respectively, on the boundary of R), and by v; (respectively, vp,)
the number of vertices of the triangulation in the interior of R (respectively,
on the boundary of R); clearly, l; + Iy, = [(T) and v; + vy = v(T). Since the
boundary of R consists of curvilinear polygons, lj, = v},. Moreover, every face
has three sides, every internal side is a side of two faces, and every side on the
boundary is a side of a single face (Remark 6.2.4); so

3f(T) =2l + 1y .

Hence,
f(T) 3 f(T) 3
Zew =27l; + 7l — Z Z‘bw .
=1 j=1 i=1 j=1

Write v, = vpe +vnt, where vy = p is the number of vertices of the curvilinear
polygons making up the boundary of R, and vy is the number of the other
vertices of the triangulation on the boundary. Now, the sum of the internal
angles around every internal vertex is 2m; the sum of the internal angles on
every external vertex that is not a vertex of OR is m; and the sum of the
internal angles on a vertex of R is m minus the corresponding external angle.
So we obtain

f(T) 3 P
Z Zsij = 27ly + 7wl — 27v; — ULt — Z(ﬂ' —€p)
i=1 j=1 h=1
P
= 27ly + 27l — TV — 27V — TVt — MURe + Z En
h=1
P
=27l(T) — 2mu(T) + Zsh ,
h=1
and by (6.6) we are done. O

It is impossible to overrate the importance of the Gauss-Bonnet theorem
in differential geometry. Perhaps the easiest way to realize the power of this
result is to consider the simplest situation, that is, the case R = S:

Corollary 6.3.10. Let S be an orientable compact surface. Then

/ Kdv =2mx(S) . (6.7)
s
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Fig. 6.10. A deformation of the sphere

Proof. This immediately follows from the Gauss-Bonnet theorem, since S is
a regular region without boundary. O

Remark 6.3.11. In the supplementary material of Chapter 4 we have proved
(Theorem 4.7.15) that every closed surface (and so, in particular, every com-
pact surface) in R? is orientable, so the previous corollary actually applies to
all compact surfaces.

We thus have a powerful and unexpected link between a purely local ob-
ject, depending on the differential structure (the Gaussian curvature) and
a purely global object, depending only on the topology (the Euler-Poincaré
characteristic). For instance, in whichever way we deform a sphere (see, e.g.,
Fig. 6.10), the integral of the Gaussian curvature cannot change: it stays equal
to 47, no matter what we do.

As a consequence, recalling Theorem 6.2.14, the sign of the Gaussian cur-
vature may force the topological kind of a surface:

Corollary 6.3.12. An orientable compact surface whose Gaussian curvature
is K > 0, and positive in at least one point, is homeomorphic to a sphere.

Proof. Tt follows from the last corollary and from the fact that the sphere is
the only orientable compact surface with positive Euler-Poincaré characteris-
tic (Theorem 6.2.14). O

Remark 6.3.13. There are deep links between the sign of the Gaussian curva-
ture and the topology of surfaces. For instance, in the supplementary material
of the next chapter we shall see that every orientable compact surface with
strictly positive Gaussian curvature is diffeomorphic to the sphere; the dif-
feomorphism is the Gauss map N:S — S? (Theorem 7.4.9). Conversely, we
shall also see that every simply connected closed surface in R® with Gaus-
sian curvature K < 0 is diffeomorphic to a plane; the diffeomorphism is the
exponential map exp,,:7,S — S (Theorem 7.6.4).

Corollary 6.3.10 was an application of the Gauss-Bonnet theorem to re-
gions without boundary, in which two of the three summands in the left-hand
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side of (6.5) are zero. We find equally interesting consequences for regular
regions with a boundary consisting of geodesic polygons:

Definition 6.3.14. A geodesic polygon in a surface S is a curvilinear polygon
whose regular segments are all geodesics. A geodesic polygon is simple if it is
the boundary of a simple regular region.

If the boundary of a regular region R consists of geodesic polygons we can
exploit the fact that the middle summand of the left-hand side of (6.5) is zero.
For instance, Gauss was especially proud of the following:

Corollary 6.3.15. Let T' C S be a geodesic triangle, that is, a triangle whose
three sides are geodesics, and denote by ¢; =7 —¢€;, for j =1,2,3, the three
internal angles (where €1,¢9,e3 are the external angles). Then

¢1+¢2+¢3:7r+/Kd1/.
T

In particular, if the Gaussian curvature K is constant then the difference be-
tween the sum of the internal angles of a geodesic triangle and © equals K
times the area of the triangle.

Proof. It immediately follows from (6.5). O

Remark 6.3.16. 1t is well known from elementary geometry that one of the
conditions equivalent to Euclid’s parallel postulate is the fact that the sum of
the internal angles of a triangle is exactly w. Hence, if we consider geodesics
as the natural equivalent of line segments on an arbitrary surface, this corol-
lary gives a measure of how much Euclid’s postulate is not valid on surfaces
different from the plane.

Another interesting application of the Gauss-Bonnet theorem to geodesics
is the following;:

Proposition 6.3.17. Let S C R® be an orientable surface diffeomorphic to a
circular cylinder, with K < 0 everywhere. Then on S there is (up to repara-
metrizations) at most one simple closed geodesic, and this geodesic cannot be
the boundary of a simple regular region.

Remark 6.3.18. A surface of revolution S having an open Jordan arc C' as its
generatrix is always diffeomorphic to a circular cylinder (Exercise 3.49). More-
over, if C has a parametrization by arc length of the form s — (a(s),0, 5(s))
with « positive everywhere as usual, then S has Gaussian curvature negative
everywhere if and only if & > 0 (Example 4.5.22). In particular, o has at most
one critical point, so (Example 5.1.17) at most one parallel of S is a (simple
closed) geodesic. Finally, the central parallel of the one-sheeted hyperboloid
is a geodesic, and so one can exist.
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Proof (of Proposition 6.3.17). Let C' C S be the support of a simple closed
geodesic 0: R — S. Suppose by contradiction that C' is the boundary of a
simple regular region R C S. Then the Gauss-Bonnet theorem and Proposi-
tion 6.2.12.(ii) imply

27r:27rx(R):/Kdl/<0,
R

impossible.

Since S is diffeomorphic to a circular cylinder, which in turn is diffeomor-
phic to the plane with a point removed (Exercise 3.53), there has to exist
a diffeomorphism @:S — R?\ {O} between S and the plane minus the ori-
gin. So the curve @ o ¢ is a Jordan curve in the plane, with support &(C).
The Jordan curve Theorem 2.3.6 tells us that R? \ ¢(C) has two connected
components, with exactly one bounded, and both having as their boundary
@(C). If the origin were in the unbounded component, then ¢(C) would be
the boundary of a simple regular region, its interior {2 (Remark 2.3.7), and so
C would be the boundary of the simple regular region ®~1(§2), contradicting
what we have just seen. Consequently, the origin has to be in (2.

Suppose now, by contradiction, that 6:R — S is another simple closed
geodesic with support C different from C; note that, by the previous argu-
ment, the origin is in the interior of ®(C) too. If C N C' = @, then &(C) and
@(C‘) are within one another, and thus they form the boundary of a regular re-
gion R C R*\ {O}. It is easy (exercise) to construct a triangulation of R as in
Fig. 6.11.(a) with 4 faces, 8 sides, and 4 vertices, so that x(R) = 0. But in this
case C and C would make up the boundary of the regular region ~!(R) C S,
and we would have

0=2mx (¢ ' (R) = /QSI(R) Kdv <0,

impossible.

Fig. 6.11.
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So C and C have to intersect. Since the uniqueness of the geodesic through
a point tangent to a given direction implies that C' and C cannot be tangent
in an intersection point, they necessarily intersect in at least two points. So
we may find (do this as an exercise, using as usual the diffeomorphism )
two consecutive intersection points p; and ps, an arc in C' from p; to py and
an arc in C' from p, to p; that form the boundary of a simple regular region
R with two vertices having external angles 1 and e9; see Fig. 6.11.(b). As a
consequence,

27r:27rX(R):/Kdy+51+52<27r,
R

since |e1| + |e2| < 27, and we have once more reached a contradiction. a

The Gauss-Bonnet theorem also provides us with a simple way to compute
the Euler-Poincaré characteristic of regular regions of the plane:

Corollary 6.3.19. Let R C R? be a regular region of the plane, and suppose
that the boundary of R has r > 1 connected components. Then

X(R)=2—r.

Proof. Let o1,...,0, be the curvilinear polygons making up the boundary of
R, positively oriented with respect to R. Firstly, Proposition 5.1.28 tells us
that the geodesic curvature of a curve in the plane coincides with the deriva-
tive of the rotation angle; recalling the definition of rotation index and the
Gauss-Bonnet theorem we obtain

> ploj) = x(R).
=1

By the turning tangents Theorem 2.4.7, we know that p(c;) = %1, where the
sign only depends on the orientation of o;. Now, since the interior Rof Ris
connected, it is contained in one of the two components of R? \ C; for every
j=1,...,r, where C; is the support of o;. Up to reordering indices, we may
suppose that C7 is the component of the boundary of R containing a point
po € R having maximum distance dy from the origin. In particular, C is
tangent at pg to the circle C' with radius dy and center the origin. Since, by
construction, the interior of R has to lie within the interior of C' and is ad-
herent to pg, it cannot be contained in the unbounded component of R? \ Cy;
so it is in the interior of ;. In particular, Remark 2.3.10 implies that oy,
being positively oriented with respect to R, is positively oriented tout-court
and hence p(o1) = +1.

Finally, since for j = 2,...,r the component C; is contained in the in-
terior of Cq, the interior R of R is necessarily contained in the unbounded
component of R? \ Cj; hence ¢;, being positively oriented with respect to R,
has rotation index —1. So we have p(o1) + -+ p(o,) =1 — (r — 1), and we
are done. O
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In the exercises of this chapter you will find further applications of the
Gauss-Bonnet theorem in the spirit of those we have just discussed; the next
section contains instead a completely different, and quite important, applica-
tion.

6.4 The Poincaré-Hopf theorem

The last application of Gauss-Bonnet theorem we describe is concerned with
vector fields or, more precisely, with their zeros.

Definition 6.4.1. Let X € 7 (S) be a vector field on a surface S. A point
p € S is singular (or a zero) for X if X (p) = O. The set of singular points of
X will be denoted by Sing(X). A non-singular point will be called regular.

If p € S is a regular point of the vector field X € T(S), by using the
techniques seen in Section 5.3 it is not hard to prove (Exercise 5.25) that
there exists a local parametrization p: U — S centered at p such that X = 0y
in ¢(U). So the behavior of X in a neighborhood of a non-singular point is
completely determined; in particular, its integral curves are locally coordinate
curves of a local parametrization.

If, on the other hand, p € S is a singular point of the vector field X, the
behavior of X and of its integral curves in a neighborhood of p can be very
diverse and complicated; see for instance Figs. 5.3 and 6.12.

We want to introduce now a way to associate with each isolated singular
point of a vector field an integer number that, in a sense, summarizes the
qualitative behavior of the field near the point.

Definition 6.4.2. Let X € 7(S) be a vector field on a surface S, and p € S
either a regular or an isolated singular point of X. Take a local parametrization
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(a) X(zy)=(-x,~y) (b) X(z,y,2)=(~xz,~yz 1_32)

Fig. 6.12.
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Fig. 6.13. Index at an isolated singular point

p:U — S centered at p, with U homeomorphic to an open disk, and suppose
that o(U)NSing(X) C {p}, that is, that ¢(U) does not contain singular points
of X except at most p. Fix next a vector field Yy € 7 (¢(U)) nowhere zero;
for instance, Yy = 01. Let finally R C ¢(U) be a simple regular region with p
in its interior, and o: [a,b] — OR C ¢(U) a parametrization of the boundary
of R, positively oriented (with respect to ¢). Denote by 6:[a,b] — R a con-
tinuous determination of the angle between Yy oo and X oo. Then the index
of X at p is given by

1

ind,(X) = o

(6(b) — 6(a)) € Z .

Roughly speaking, ind, (X) measures the number of revolutions of X along a
curve that surrounds p; see Fig. 6.13 where, for the sake of simplicity, in the
image on the right we have modified the length of X (an operation that does
not change the index) to make it easier to read the number of revolutions.

This definition of index immediately raises several questions, which we
shall try to answer in the next remarks.

Remark 6.4.3. The definition we have given only applies to regular points and
to isolated singular points of a vector field; we shall not define an index in
non-isolated singular points.

Remark 6.4.4. The index of a vector field X at a point p only depends on
the behavior of X in a neighborhood of p and not on the field Y; nor on the
regular region R that appear in the definition.

Let us prove first that it does not depend on the regular region. Let R C
©(U) be another simple regular region with p in its interior, and & a para-
metrization of the boundary of ]:2, positively oriented (with respect to ), that
without loss of generality we may assume to be also defined on [a, b]. Since U
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is homeomorphic to an open disk and R and R are simple regions, it is not dif-
ficult (see Exercise 2.13) to prove that there is a homotopy @: [0, 1] x [a,b] —
o(U) \ {p} between o and & as closed curves. Since X is nowhere zero in
o(U) \ {p}, we may define (using Corollary 2.1.14) a continuous determina-
tion ©: [0, 1] x [a,b] — R of the angle between Yyo® and X oP. So the function
s+ [O(s,b) — O(s,a)]/2m is an integer-valued continuous function defined on
a connected set; hence it is constant, and the index of X at p computed using
R is equal to the index computed using R.

The index does not depend on the field Yy either. If Y3 € T (¢(U)) is an-
other nowhere zero vector field, since R is homeomorphic to a closed disk we
may again use Corollary 2.1.14 (how?) to define a continuous determination
1¥: R — R of the angle from Yy to Y;. Then, if 6: [a,b] — R is a continuous
determination of the angle from Yy oo to X oo we have that § —¢ oo is a
continuous determination of the angle from Y; o o to X o o since

[0(b) — (o (0)] = [0(a) — v(o(a))] = 0(b) — b(a) ,

it follows that the index of X at p computed using Y7 coincides with the index
computed using Yj.

Finally, the index does not depend on the orientation given on ¢(U) either.
Indeed, if we invert the orientation we change the sign of the determination
of the angle from Yj o o to X oo but we also invert the orientation of ¢, and
so the value of the index does not change.

Hence the index of a vector field at a (regular or) isolated singular point
is well defined. The next remark suggests a technique for computing it:

Remark 6.4.5. If X is a vector field defined on an open set U C R? of the
plane and p € U, then the index of X at p is simply (why?) the degree of the
map ¢: [a,b] — St defined by

_ X(U(t))
[X(e@)]

where o: [a,b] — U is an arbitrary piecewise regular, positively oriented Jor-
dan curve with p in its interior.

The general case may be reduced to this one by using a local parametriza-
tion, as usual. Let X € 7(5), take p € S and a local parametrization p: U — S
centered at p, and write Xop = X10;+X202. Then X, = (X1, X3) = dp~1(X)
is a vector field on U, and arguing as in the proof of Proposition 6.1.3 (and
taking Yy = 0) it is easy to see that the index of X at p = ¢(O) is exactly
equal to the index of X, at O.

Ezample 6.4.6. Let X € T(R?) be given by X(z1,29) = (—21, —22); see
Fig. 6.12.(a). The origin is an isolated singular point of X. If we take
as Jordan curve o:[0,27] — R? the circle o(t) = (cost,sint), we find
¢(t) = (—cost,—sint), and so, using for instance Corollary 2.1.18, we ob-
tain indp(X) = 1.

(1)
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Ezample 6.4.7. Let X € T(S?) be the vector field defined by X (p) = m,(es),
where 71'p:IR3 — T,5? is the orthogonal projection, and e3 = (0,0,1); see
Fig. 6.12.(b). Then X has exactly two singular points, the north pole N = ej
and the south pole S = —N. To compute the index of X at N, choose as
local parametrization ¢:U — R? the first one in Example 3.1.15, that is,
o(z,y) = (x,y,1/1 — 22 — y2), and as simple regular region the one bounded
by the curve o: [a,b] — S? given by
o(t) = (5 cost, s sint) = (5 cost, ) sint, ‘23) .

It is easy to verify (check it!) that X(p) = (—pips, —p2ps,1 — p3) for all
p = (p1,p2,p3) € S?, and so

X(o@t) = (- \f’ cost, 7\{13 sint, }) .

Now, 1], = (1,0,—\}3 cost) and Os|, = (O,l,—\}3 sint); so, if we write

X oo =X101|s + O2|s, we find (X1, X5) = (— ‘f’ cost, —‘23 sint), and hence
¢(t) = (—cost,—sint), and indy(X) = 1. Analogously (exercise), we find
lnds(X) = 1.

Remark 6.4.8. The index is only interesting at singular points; the index of
a vector field at a regular point is always 0. Indeed, let p € S be a regular
point of the vector field X € 7(S). Then we may find a local parametriza-
tion ¢:U — S centered at p, with U homeomorphic to an open disk, such
that X is nowhere zero in ¢(U). Hence (up to shrinking slightly U) we may
define a continuous determination ©:¢(U) — R of the angle from 0 to X
on all p(U), by the usual Corollary 2.1.14. Now, if o:[a,b] — ¢(U) is a para-
metrization of the boundary of any simple regular region containing p in its
interior, we have that © o ¢ is a continuous determination of the angle from
Ao to X o0, and ind,(X) = [6(c(b)) — O(o(a))] /27 = 0, as claimed.

The following proposition shows an alternative way to compute the index
of a vector field at a point, with a formula suggesting that there might be a
relation with the Gauss-Bonnet theorem:

Proposition 6.4.9. Let X € 7 (S) be a vector field on a surface S, andp € S
a regular or isolated singular point of X. Let R C @(U) be a simple regular
region containing p in its interior, contained in the image of an orthogonal
local parametrization p:U — S, and such that RN Sing(X) C {p}. Let now
o:la,b] — OR C o(U) be a parametrization by arc length of the boundary
of R, positively oriented with respect to ¢, and choose an arbitrary parallel
non-zero vector field n € T (o) along o. Then:

ind,(X) = [ K= [o0) - o(@)] (68)

where ¢: [a,b] — R is a continuous determination of the angle from X oo to 1.
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Proof. Denote by #:[a,b] — R a continuous determination of the angle
from 01|, to 7. As a first thing, we want to prove that

dyp 1 C,}_(?G_(,7 OF (6.9)
ds — oV/EG | “0x1 ' 0ma]’ '
where, as usual, we have written ¢ = ¢(01,02). Set & = 0;|o/||0;lo| for

j =1, 2; in particular, n/[|n|| = (cos)&1 + (siny))&s. Lemma 5.1.24 tells us
that to obtain (6.9) it suffices to prove that

dy
ds

Now, {&1,&} is an orthonormal basis; so (D&1,&1)s = (D&, &), = 0 and

(D&1,&2)0 = —(&1, D&a)o. Hence from DE; = (DEj,61)81 + (D€, §2) 082 we
obtain

+ <D£17£2>o’ =0.

D& = (D&1,82)062 and D& = —(D&1,82)061 -
Keeping in mind that # is parallel (and in particular ||n|| is constant), we
deduce

O = D(n/|nll) = —(sin)&; + (cosyp) Dé; + ¥(cos )& + (sineh) Déy

— (if + <D£17£2>0> [—(sin®)&1 + (cos)&a] .

So di/ds + (D&1,&2)s = 0, and (6.9) is proved.
Integrating (6.9) between a and b we then find

b b
1 oG oF
b) — = ds = — ) —0 ds= | Kd
vty vta) = [as= [ o o 07 fas— [ kv,
where the last equality follows from the computation already seen in the proof
of Theorem 6.1.7.

Now, if 0: [a,b] — R is a continuous determination of the angle from 0 |,
to X oo then ¢ = ¢ — 0 is a determination of the angle from X oo to 7. So

ind, (X) = [0(0) ~ 6(a)] = ,_[6(0) ~(a)] — . [6(b) ~ 6(a)
1 1
= g [ Ky ol 6a)].
and we are done. O

We are now able to prove the promised application of the Gauss-Bonnet
theorem to vector fields:

Theorem 6.4.10 (Poincaré-Hopf). Let X € 7(S) be a vector field whose

singular points are all isolated on a orientable compact surface S. Then:

> indy(X) = x(S) - (6.10)

pES



330 6 The Gauss-Bonnet theorem

In particular, if S is not homeomorphic to a torus then every vector field on S
has necessarily singular points.

Remark 6.4.11. Remember again that in the supplementary material to Chap-
ter 4 we proved (Theorem 4.7.15) that every compact surface is orientable,
and so the Poincaré-Hopf theorem applies to all compact surfaces.

Proof (of Theorem 6.4.10). First of all, note that the set of singular points
of X (being a discrete subset of a compact surface) is finite; so Remark 6.4.8
assures us that the sum in the left-hand side of (6.10) is actually a finite sum.

Let T = {T1,...,T,} be a triangulation of S whose faces are contained in
the image of orthogonal local parametrizations compatible with the given ori-
entation. We may also assume (why?) that every face contains in its interior
at most one singular point of X, and that no singular point belongs to a side
of the triangulation. Finally, orient positively the boundary of each face, and
for i = 1,...,r choose a parallel vector field n; along the boundary of T;; let
¢; be a continuous determination of the angle from X to ;.

If ¢; ; is a side of T; with vertices v; and vg, then the number

¢i,j = ¢i(v1) — di(vo)

does not depend on the particular determination of the angle we have chosen.
Moreover, ¢; ; does not depend on the particular parallel field either. Indeed,
if we denote by v a continuous determination of the angle from 0; to n along
¢; ; and by 0 a continuous determination of the angle from 0; to X along ¢; ;,
where 0, is induced by an orthogonal local parametrization containing ¢; ; in
its image, then (6.9) implies

1 1 . 0G . OF
bij = _/80 W EG [02(%1 _Ulax2:| ds — [9(1)1) —9(110)] ;

where o is a parametrization by arc length of the boundary of T; with o(s;) =
v; for j =0, 1. In particular, if ¢; ; is a side of the face T} too, say £; ; = £ jv,
we get

Gij = —i jr (6.11)

by Remark 6.3.7.
Now, the previous proposition applied to 7T; tells us that

3

Jo if T; N Sing(X)

/T. Kdv — Zl(bz,j = {27T indp(X) if T; N Slng(X)
i j=

So, summing on all triangles we get:

16}

{pi’ :

f(T) 3

/SKdy —2m ) indy(X) =D > ¢ (6.12)

peS i=1 j=1
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But every side of the triangulation is a side of exactly two distinct faces (Re-
mark 6.2.4); so (6.11) implies that the right-hand side of (6.12) is zero, and
the assertion follows from Corollary 6.3.10. O

The Poincaré-Hopf theorem is a good example of a result that unexpect-
edly combines local and global properties, analytic and geometric objects.
The left-hand side of (6.10) depends on the local differential properties of an
analytic object, the vector field; the right-hand side only depends instead on
the global topological properties of a geometric object, the surface, and does
not depend on the particular vector field we are considering.

To appreciate the power of this theorem, consider the fact that if p € S is
a singular point of a vector field X € 7(S) on an oriented compact surface, it
is very easy to modify X in an arbitrarily small neighborhood of the point p
so to obtain a vector field X; that is not zero at p. But in doing so, we neces-
sarily create new singular points (or change the index of old ones) with a kind
of action at a distance, since the value of the left-hand sum in (6.10) cannot
change.

An especially eloquent consequence of the Poincaré-Hopf theorem is the
so-called hairy ball theorem:

Corollary 6.4.12. Let S C R® be an orientable compact surface with non-
zero Euler-Poincaré characteristic. Then every vector field on S has at least
a singular point.

Proof. Let X € T(S). If X had no singular points, the sum in the left-hand
side of (6.10) would be equal to zero, whereas x(S) # 0 by assumption. O

Remark 6.4.13. The reason behind the curious name given to this corollary
is that we may imagine a vector field as if it were a hairstyle (a tidy one:
no mohawks here!) on the surface S. Then Corollary 6.4.12 tells us that if
X(S) # 0 then any hairdresser, no matter how good, will be forced to leave on
the surface a small tonsure (an isolated singular point) or a parting (consisting
of non-isolated singular points).

Remark 6.4.14. If S is an orientable compact surface with x(S) = 0, then
vector fields on S without singular points may exist; see Example 5.3.3 and
Fig. 5.2.

Guided problems

Problem 6.1. Prove that every compact surface S C R® contains an open set
consisting of elliptic points.

Solution. Since S is compact, it has a point py having maximum distance
from the origin; we want to show that pg is elliptic.
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Denote by Sy C R® the sphere with center in the origin and radius ||po]|.
Clearly, pp € So NS, and S is contained in the closed ball with boundary Sp.
In particular, S is tangent to Sy at py (Exercise 3.38); hence pg is orthogonal
to T, S.

Since we are only interested in what happens in a neighborhood of py,
we may assume without loss of generality S to be orientable, and choose a
Gauss map N:S — S? such that N(po) = po/|pol|. Let now o:(—¢,e) — S
be a curve parametrized by arc length such that o(0) = pg. The function

s+ ||lo(s)]|* has an absolute maximum for s = 0; so its second derivative is
not positive at 0. By differentiating we obtain
1
kn(0) < — )
" ol

where k,, is the normal curvature of o.

Since o was an arbitrary curve, it follows that all normal curvatures of S
at po have the same sign, and thus pg is elliptic. Finally, K(pg) > 0 implies
that K is positive in a neighborhood of pg, and so S contains an open set
consisting of elliptic points. a

Problem 6.2. Let S be an orientable compact surface in R®, not homeomor-
phic to a sphere. Show that S contains elliptic points, hyperbolic points and
points with Gaussian curvature equal to zero.

Solution. Since by assumption S is not homeomorphic to a sphere, its Euler-
Poincaré characteristic x(.5) is non-positive. From the global Gauss-Bonnet
theorem we get

/ Kdv <0.

s

We know that S contains an open set consisting of elliptic points, by Prob-
lem 6.1. So we may consider a triangulation {T7,..., T} of S such that Ty is

contained in an open set consisting of elliptic points. The definition of integral
tells us that [, Kdv =", 7, Kdv <0. Since [, K dv >0, we must have
S, fT_ K dv < 0. In particular, K is strictly negative somewhere on S and
consequently, by the continuity of K and the connectedness of S, it mush also

vanish somewhere else. O

Problem 6.3. Let S be an orientable surface in R® with K < 0 everywhere.
Let R C S be a simple reqular region whose boundary is a geodesic polygon.
Show that the polygon has at least three vertices. Conclude that in S neither a
closed simple geodesic nor a geodesic self-intersecting once nor two geodesics
intersecting in two points can be the boundary of a simple region.

Solution. Since R is simple, it has Euler-Poicaré characteristic x(R) = 1. The
Gauss-Bonnet theorem yields

p
/KdV:27r—ZEh,
R h=1
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where €1, ..., e, are the external angles, as usual. Since fR K dv <0, we have
> b _,en > 2m. On the other hand, ), € (=, m); hence p > 2, as required. O

Exercises

THE GAUSS-BONNET THEOREM

6.1. Show that the claim in Problem 6.1 is false without the hypothesis that
S is compact by finding a regular surface in R?® without elliptic points.

6.2. Let H:S7 — S5 be an isometry between two regular surfaces S; and Sy
in R®. If R C S is a regular region and f: R — R is continuous show that
H(R) is a regular region of Sy and that

/Rfdyz/H(R)(foH—l)du.

6.3. Show that two closed simple geodesics in a compact surface S C R® en-
tirely consisting of elliptic points always intersect. Show that the claim is false
if S is not compact.

6.4. For which values of d € Z is there a regular region R contained in a
surface S with x(R) = d?

6.5. Construct on S? simple geodesic polygons with exactly 0 and 2 vertices,
and prove that on S? there are no simple geodesic polygons with exactly 1
vertex.

6.6. The goal of this exercise is to construct a simple geodesic polygon with
exactly 1 vertex. Let S C R® be the ellipsoid of revolution

S = {(x,y,z) eR?

2 2, ¥
=1;.
o +y + 100 }
Ifpo = (3,0,5V/3) € Sand vy = (0,—1,0) € T}, S, let o(s) = (z(s),y(s), 2(s))
be the geodesic parametrized by arc length with ¢(0) = po and ¢(0) = vg. Set
further r(s) = v/2(s)2 + y(s)2, and write

o(s) = (7“(8) cos ¢(s),r(s) sin ¢(s),z(s)) ,

where ¢(s) is the determination of the angle between (1,0) and (z(s),y(s))
with initial value ¢(0) = 0.

Keeping in mind the properties of geodesics and in particular Clairaut’s
relation prove that:
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o is not the parallel passing through pg;

we have 1 > r(s) > 1/2 for all s € R; in particular (z(s),y(s)) # (0,0)
everywhere, and so ¢(s) is well defined for every value of s;

we have z—&y = 1/2 = r2¢; in particular, ¢ is monotonically increasing,
2>¢>1/2, and 25 > ¢(s) > 5/2;

we have r7 4 (22/100) = 0 and 72 + ¢/2 + |2|? = 1; hence |3| < V/3/2
and Z(s) = 0 if and only if r(s) = 1/2;

if so > 0 is such that ¢(sg) = m, then 7/2 < s9 < 2, the coordinate z is
monotonically decreasing in [0, s0], we have z(s¢) > (5 — 7)v/3 > 0 and
r(so) < 1;

we have o(—sg) = o(so); (Hint: use the symmetry of S with respect to
the zz-plane.)

) we have d(sg) # £6(—s0), and so o[_,, s, is a simple geodesic polygon

with only one vertex.

6.7. Let S C R® be the ellipsoid of equation z2 + y? + 422 = 1.

(i)

(i)

Parametrize the sides of the geodesic polygon on S having as vertices the
points

P11 = (17070) )
p2 = (cos by, sinby,0) , for a fixed Oy € [0,7/2] ,
pP3 = (0,0,1/2) .

Compute fT K dv both directly and by using the Gauss-Bonnet theorem.

6.8. Let S = S? be the unit sphere. Given 6y € [0,7/2], let o1:[0,60] — S2,

02,

and

(i)
(i)

03:0,7/2] — 5% be the geodesics
o1(s) = (cos s,sin s, 0) ,
o2(s) = (cos by cos s, sin Oy cos s, sin s) ,
o3(s) = (sins, 0,cos s) ,
denote by T' C S? the geodesic triangle with sides o1, o5 and 3.

Compute the area of T' when 6y = /2.
Compute the area of T for any 6y € [0,7/2].

6.9. Let f;: R® — R be the function

1
ft(x7yvz) = t2x2 +y2+22 - 17

where t > 0 is a positive real parameter, and set

(i)
(i)

Se={(z,y,2) € R? | fi(x,y,2) =0} .

Prove that S; C R? is a regular surface for all ¢ > 0.
Compute the first and the second fundamental form of S; at the point
(¢,0,0).
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(iit) Having set D; = S; N {(x,y,2) € R* | y > 0}, compute the integral of the
Gaussian curvature over D;.

6.10. Let S C R? be the ellipsoid
3 2 2 1 2
S:{(x,y,z)eR x“+y +2z :1}.

(i) Find the principal, Gaussian and mean curvature of S at p = (1,0,0).
(ii) Let T C S be the regular region given by

T={p=(xy2)€S|x20y>0z2=>0}.
Compute the integral over T' of the Gaussian curvature K of S.

6.11. On the sphere S2 C R® consider a geodesic triangle bounded by arcs,
each of which is a quarter of a great circle, and let o:[0,¢] — S? be a para-
metrization by arc length of this geodesic triangle.

(i) Prove that, even if o is just piecewise regular, for all v € T,,5? there is a
unique parallel vector field &, € T (o) along o such that £,(0) = v.

(ii) Prove that the map L: 7,5 — T,S? given by L(v) = &,(¢) is linear.

(iii) Determine explicitly L.

6.12. Determine the Gaussian curvature K of the surface S C R? of equation
2% + y? = (cosh 2)?, and compute

/Kdu.
S

6.13. Consider a closed regular plane curve ¢ in R3, parametrized by arc
length. If v is a versor orthogonal to the plane that contains the support of
o, and a > 0 is small enough, determine the integral (over the whole surface)
of the Gaussian curvature of the surface S parametrized by

o(s,v) =0o(s)+a cosvn(s)+asinvv .

THE POINCARE-HOPF THEOREM

6.14. Let X:S? — R® be given by X (z,v,2) = (—xy71 —y? -z, y(l — z))
Prove that X is a vector field on S2, find its singular points and compute its
indices.

6.15. Let S C R? be the surface given by the equation

zt4yt4+2t—1=0,
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and let X € 7(S5) be the vector field given by

X =m (5 )

for all p € S, where m: R? — T,S is the orthogonal projection on the tangent
plane to S at p.

(i) Find the singular points of X.

(ii) Prove that the map F: S — S2 given by F(p) = p/||p|| is a diffeomorphism
between S and the unit sphere S2.

(iii) Compute the index of the singular points of X.

6.16. Let S = S? be the unit sphere, and for all p € S? let WPZRS — T,5? be
the orthogonal projection on the tangent plane to S? at p. Let X: 5% — T'5?
be the vector field on S given by

<o (L),

(i) Prove that X has exactly two singular points, p; and ps.

(i) Compute the sum of the indices of the singular points of X on S2.

(iii) Show that ind,, (X) = ind,, (X) = 1 using the symmetries of the problem.
(iv) Compute explicitly the index of X at the point ps using the local para-
metrization p: R? — S2 given by

2u 2v w? +02 -1
w2+ w4024+ 1wz +02 41/

p(u,v) = (

that is, the inverse of the stereographic projection.

6.17. Let S be the torus obtained by rotating the circle (x — 2)? + 22 = 1
around the z-axis. For all p € S, denote by szRg — T,S the orthogonal
projection, and let X € 7(S) be given by X (p) = m,(0/y).

(i) Determine the singular points of X.
(ii) Compute the sum of the indices of the singular points of X on S.
(iii) Compute the index of X at (0, 3,0).

6.18. Let F:S; — S5 be a local diffeomorphism between surfaces, and X; €
T(S1) a vector field with a singular point p; € S;. Prove that there is a
neighbourhood U C Sy of p; such that the map X5: F(U) — R3 given by
X5(q) = dFp-1(9X (F~!(q)) is a well-defined vector field on ¢(U), show that
F(p1) is a singular point of X and that indy, (X1) = indp(;,,)(X2). In other
words, the index is invariant under local diffeomorphisms.

6.19. Let X € T(S) be a vector field on a surface S € R®, and p € S a
singular point of X.
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(i) Prove che dX, induces an endomorphism of T,,5. If det dX,, # 0 we say
that p is a non-degenerate singular point.

(ii) Prove that if p is non-degenerate then it is an isolated singular point, and
that in this case ind,(X) is given by the sign of det dX,.

(iii) For a € S? let X,:S? — R® be given by X,(p) = a — (a,p)p. Prove that
X, € T(S?), determine its singular points, and compute the indices of X,
at the singular points.

(iv) Find a vector field on S? with exactly one singular point.

6.20. Let S C R? be a surface, and fix f € C°°(S).

(i)  Prove that there exists a unique vector field Vf € T(S), the gradient

of f, such that
(Vf(p),v)p = dfy(v)
for all p € S and v € T},S.

(ii) Show that p € S is a singular point of Vf if and only if it is a critical
point for f.

(iii) Let p € S be a critical point of f. Prove that setting

d2
Vv e 1,5 Hess, f(v) = _ ,(foo) ,
d¢ =0
where o: (—e,e) — S is a curve with ¢(0) = p and ¢’'(0) = v, we get a
well-defined quadratic form on 7},5, the Hessian of f in p.

(iv) Let p € S be a singular point of Vf. Show that p is non-degenerate
(in the sense of Exercise 6.19) if and only if Hess, f is a non-degenerate
quadratic form.

(v) Let p € S be a non-degenerate singular point of Vf. Prove that the
following assertions are equivalent:

(a) Hess, f is positive or negative definite;
(b) ind,(V ) = +1
(c) p is a local minimum or a local maximum for f.

(vi) Let p € S be a non-degenerate singular point of Vf. Prove that the
following assertions are equivalent:
(a) Hess, f is indefinite;

(b) ind, (Vf) = —1:
(c) p is a saddle point for f.

(vii) Assume that all singular points of Vf are non-degenerate, and that S
is compact and orientable. Denote by m(f) the number of local minima
or maxima of f, and by s(f) the number of saddle points of f. Prove
that m(f) — s(f) = x(S).

(viii) Let S be compact and oriented by a Gauss map N:S — 52 and let
a € S? be a regular value for both N and —N. Prove that I, =
N='({a,—a}) is a finite set, and that the number of elliptic points
in I, minus the number of hyperbolic points in I, is equal to the Euler-
Poincaré characteristic of S. (Hint: use the function h, € C*°(S) given

by ha(p) = (p,a).)
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Supplementary material

6.5 Existence of triangulations

The goal of this section is to prove the theorems about triangulations (The-
orems 6.2.5 and 6.2.8) stated in Section 6.2. Let us begin with a couple of
preliminary definitions.

Definition 6.5.1. In this section, a Jordan arc (respectively, curve) in a sur-
face S will be the support C of a non-closed (respectively, closed) simple
continuous curve o: [a,b] — S. If o is furthermore a regular curve, we shall
say that C' is a regular Jordan arc; if o is a geodesic, C' will be a geodesic arc.

Definition 6.5.2. A topological region in a surface S is a compact subset
R C S obtained as the closure of its interior and whose boundary consists of
finitely many disjoint Jordan curves. A simple topological region is a topolog-
ical region homeomorphic to a closed disk.

Definition 6.5.3. Let R C S be a simple topological region of a surface S.
A cut of R is a Jordan arc C' C R that intersects OR in its endpoints only.

The proof of existence of triangulations will rely on two fundamental
lemmas, the first of which depends on Schonflies’” Theorem 2.8.29 (see Re-
mark 2.3.7), and generalizes Lemmas 2.8.5, 2.8.16, and 2.8.24:

Lemma 6.5.4. Let R C S be a simple topological (respectively, regular) re-
gion, and C C R a (respectively, regular) cut. Then R\ C has ezactly two
connected components, which are simple topological (respectively, reqular) re-
gions whose boundary consists of C' and an arc of the boundary of R.

Proof. Since this is a topological statement (the regular case is an immediate
consequence), we may assume that R is the unit disk in the plane.

Let p1, p2 € OR be the two intersection points of C' with OR, and denote
by Cp, Cs the two arcs of a circle cut by p; and ps on the boundary of R.
Then C'U C; is the support of a Jordan curve, and so it divides the plane
in two connected components, a bounded one (2; (which, by Schonflies’ the-
orem, is a simple topological region) and an unbounded one. The unbounded
component of R? \ R intersects the unbounded component of R\ (C'U C;),
and so it lies within it; hence, {2; is contained in the unit disk, and has CUC)
as its boundary.

If £, N 25 were not empty, they would coincide, whereas they have differ-
ent boundaries. Hence {2y N {2 = &; to get the assertion we only have to prove
that R\ C has no further components. Indeed, if we identify the boundary
of R with a point, we get a topological space X homeomorphic to a sphere.
In X, the cut C becomes a Jordan curve; and so X \ C' has two components,
which are necessarily 21 and (2. O
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The second fundamental lemma is the tool that will allow us to construct
the sides of the triangulations. We need a definition.

Definition 6.5.5. Let R C S be a topological region of a surface S. We shall
say that R is in good position with respect to a finite set J of Jordan arcs
and curves contained in R if every component of OR intersects J = UJ in at
most finitely many points or subarcs.

Then:

Lemma 6.5.6. Let J be a finite set of Jordan arcs and curves contained in
a topological region R C S of a surface S. Assume that R is in good position
with respect to J, and set J = UJ. Then every pair of points of R can be
joined by a Jordan arc C contained in the interior of R except at most its
endpoints and such that C' N J consists of finitely many points or subarcs of
C and so that C'\ J is a union of finitely many geodesic arcs.

Proof. We begin by proving the claim for the points in the interior of R. The
relation stating that two points of the interior of R are equivalent if and only
if they can be joined by a Jordan arc as in the statement is an equivalence
relation (why?); so it suffices to prove that the equivalence classes are open.

Since J is finite, if p ¢ J is in the interior of R we may find an ¢ > 0 such
that the geodesic ball B.(p) is contained in R\ J. Then every point of B.(p)
can be joined to p by a geodesic not intersecting J, and so all points of B.(p)
are equivalent to p.

Let now p € J. Since J is finite (again), we may find an £ > 0 such that
the geodesic ball B.(p) C R only intersects the elements of J containing p.
Take ¢ € B:(p). Follow the radial geodesic from ¢ to the first point (which
might well be p or ¢) belonging to an element of 7, and then follow that
element up to p. So in this case too all points of B.(p) are equivalent to p.

Let now pg € OR. If py ¢ J or, more in general, if there exists a neigh-
borhood U of py such that JNORNU C OR, we may find a radial geodesic
through py with support Cy contained (except for pg) in the interior of R and
disjoint from J. Let p be the second endpoint of Cy. Then the above applied
to J' = T U{Cp} tells us that for any point ¢ in the interior of R we may
find a Jordan arc from ¢ to p contained in the interior of R that intersects
the elements of 7’ in finitely many points or subarcs. Follow this arc from ¢
up to the first intersection point with Cy, and then follow Cjy up to pg; in this
way we get an arc from ¢ to py as required.

If, on the other hand, py € AR N J and there exists an element Jy of J
containing p and that does not lie in OR in a neighborhood of pg, since R is
in good position with respect to J there is a subarc Cy of Jy starting at pg
and contained in the interior of R (except for py). We may then repeat the
previous construction, joining pg to any point in the interior of R by an arc
with the required properties.

Finally, let qo be another point of OR. Again, we may find an arc Cy start-
ing from ¢g, contained in the interior of R except for ¢g, and disjoint from
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J\ {qo} or contained in an element of 7. Let ¢ be the other endpoint of Cj.
Applying what we have seen to J U {Cy} we obtain a Jordan arc as required
from pg to ¢. Following this arc from py up to the first intersection with Cj,
and then following Cy up to gp, we have joined pgy to gg too, as required. O

Remark 6.5.7. 1t is clear from this proof that if the elements of 7 and the
region R are regular then the arcs we have constructed are piecewise regular.
Moreover, it is easy to see (exercise) that if J = & then the arcs we have
constructed can be taken regular everywhere.

To be able to deduce Theorem 6.2.8 about refinements we shall need a
more general version of Theorem 6.2.5 about the existence of triangulations:
to state it, we need two more definitions.

Definition 6.5.8. Let T be a topological triangulation of a topological re-
gion R in a surface S. We shall say that T is subordinate to an open cover i
of R if for all T' € T there is a U € U such that T C U.

Definition 6.5.9. Let J be a finite set of Jordan arcs and curves in a topo-
logical region R. We shall say that a topological triangulation T of R is in
good position with respect to J if every side of T intersects J = UJ in at
most finitely many points or subarcs.

We may now prove the existence of triangulations:

Theorem 6.5.10. Given a topological region R C S of a surface S, let Ll be
an open cover of R and J a finite set of Jordan arcs and curves in R. Suppose
that R is in good position with respect to J. Then there exists a topological
triangulation T of R subordinate to U and in good position with respect to J .

Proof. Let 6 > 0 be the Lebesgue number of the cover Y (computed with
respect to the intrinsic distance of S introduced in Section 5.4). For all p € R,
choose 0 < ¢, < ¢, < inj rad(p) such that ), < 6. We may further suppose
that B, (p) only intersects the elements of J’ that contain p, where J’ is
obtained from J by adding the components of the boundary of R (so, in par-
ticular, if p is in the interior of R then B. (p) is in the interior of R); and
if p € OR we may also suppose that both B, (p) N OR and B., (p) NOR are
Jordan arcs. Note finally that, since every geodesic ball is a ball with respect
to the intrinsic distance (Corollary 5.4.4), there is automatically a U € i such
that B, (p) CU.

The region R is compact; so we may find pi,...,pr € R such that
{Be,(p1),. .., B, (p)} is an open cover of R, where we have set ¢; = ¢, .
Our first goal is to find k simple regular (or topological) regions con-
tained in R whose interiors (in R) form an open cover of R, and such that
J U{0OR,...,0Ry} is in good position with respect to all of them.

Start with p;. Suppose first that p; belongs to the interior of R, so
the whole geodesic ball B/ (p1) is contained in the interior of R. Choose
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Fig. 6.14.

€1 < &} < ¢} and two points q1, g2 € 9B.y(p1). Then the segments of radial
geodesic from p; to ¢; and ¢o taken between the geodesic circles with radii &/
and €} divide the annulus B, (p1) \ Ber(p1) in two simple regular regions 2,
and (25; see Fig. 6.14.(a).

Now, Lemma 6.5.6 yields in each {2; a (piecewise regular if the elements
of J are regular) Jordan arc that joins ¢; to g2 intersecting J = UJ in finitely
many points or subarcs. These two arcs joins to form the boundary of a simple
regular (or topological) region Ry, in good position with respect to J. More-
over, the interior of Ry contains B, (p1). Indeed, since Ry N IB., (p1) = 2,
either B, (p1) lies in the interior of Ry, or it lies in the interior of B (p1)\ Ri.
But in this last case we would have 921 N Ry = {¢q1,¢2} € OR;, and so the
interior of {27 would be disjoint from R;, whereas one of the curves that make
up the boundary of R; is contained in the interior of {2;.

Suppose now, on the other hand, that p; € OR. By hypothesis, 0RNB;, (p1)
is a Jordan arc, that intersects B¢, (p1) in two points, ¢; and go. Follow the
boundary of R beyond ¢; and g2 up to the first (and only) intersection points
with 0B, (p1), which we denote respectively by ¢; and g5. Since IRN B, (p1)
is a cut of B, (p1), it divides B., (p1) in two connected components, one con-
tained in R and the other one external to R. In particular, just one of the two
arcs of geodesic circle from ¢ to go is contained in R; call it 0. Denote by (2 the
simple regular (or topological) region whose boundary consists of o, the two
boundary arcs from g; to q}, and the unique arc of geodesic circle from ¢ to
¢4 for which B., (p1) is external to {2; see Fig. 6.14.(b). In particular, 2 C R.
Lemma 6.5.6 (or, more precisely, its proof, which shows how in this case the
way in which OB, (p1) intersects J is irrelevant) provides us with a (piecewise
regular if the elements of J are regular) Jordan arc in 2 that joins ¢; to ¢o
intersecting J in finitely many points or subarcs, and contained in the interior
of R but for the endpoints. Then this arc together with ORN B, (p1) forms the
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boundary of a simple regular (or topological) region Ry C R in good position
with respect to J, and it is easy to see that Ry N B, (p1) = RN Be, (p1).

Suppose now that Ri,...,R;_; have been constructed. To construct R;,
apply the same procedure to p; but with respect to J U {0R1,...,0R;_1}
rather than just to J; it is straightforward that the regions Ry, ..., Ry con-
structed this way are as required.

Of course, the interiors of the regions Ry, ..., R may intersect; let us see
now how to subdivide them to avoid this. First of all, clearly we may discard
all the regions R; contained in some R; for i # j.

Now, it may happen that OR; C R; for some ¢ # j. Since R; is not con-
tained in R;, the region bounded by OR; within R; has to be the complement
in R of the interior of R;. So R\ OR; is the union of two disjoint open sets (2;
and (25 both homeomorphic to a disk and with common boundary R; (and,
in particular, R is homeomorphic to a sphere). In this case, it is easy to find
a triangulation of R with the required properties. Indeed, take as vertices two
points of OR;. Join these two vertices with an arc in {21 constructed using
Lemma 6.5.6 as usual, and choose a point of the arc in the interior of (21 as a
new vertex (and join it to the other vertices of OR; if necessary). Repeat this
procedure in {25, and we have the required triangulation.

Suppose next that OR; ¢ R; for all i # j, and take some R;. By construc-
tion, OR; intersects R, in finitely many (possibly zero) arcs of OR; and cuts.
The first cut divides R; in two simple regions, by Lemma 6.5.4. The second
cut divides one of these regions in two simple subregions, and so on. Hence,
OR, divides R; in finitely many simple regions. Each of those intersects 0 R
in finitely many (possibly zero) arcs of the boundary and cuts, and so it is
subdivided by ORs in finitely many simple subregions. Proceeding like this we
see that in the end R; is divided in finitely many simple regions.

Denote by Rjj, the regions in which R; is divided. Clearly, two regions R;y,
and R either coincide or have disjoint interiors, since the boundary of either
does not intersect the interior of the other one.

Analogously, every OR; is divided into subarcs ¢;, by the intersection
points with the other dR;’s or by the endpoints of the subarcs it shares with
the other OR;’s. Moreover, the boundary of each R;;, is a union of arcs £;,.

We are done. Take first as vertices the endpoints of all £;,’s. If some R;j,
happens to have a boundary with less than two vertices, we add any two ver-
tices. For each R;j, join two points of its boundary according to Lemma 6.5.6,
add as a further vertex a point of the arc in the interior of R;;, and join it
(again using Lemma 6.5.6) to the other vertices of the boundary; in this way
we have constructed the required triangulation. a

Remark 6.5.11. Note that if R is a regular region and the elements of J are
piecewise regular then the sides of the topological triangulation constructed
in the previous theorem are piecewise regular.
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Theorem 6.2.5 then follows from this remark, from Theorem 6.5.10 and
from the following:

Lemma 6.5.12. Let T be a topological triangulation of a regular region R C .S
with piecewise reqular sides. Then there exists a refinement of T that is a reg-
ular triangulation of R.

Proof. Connect every vertex of a side of T (as a curve) that is not already
a vertex of the triangulation with the opposite vertex (as a triangulation) of
the same face, using Lemma 6.5.6 and Remark 6.5.7 to be sure that the new
side is a regular Jordan arc; in this way, we obtain the required regular trian-
gulation. a

To prove Theorem 6.2.8 we still have to work a little. A last definition:

Definition 6.5.13. Two triangulations are in good position if each of them
is in good position with respect to the family of sides of the other one.

An immediate corollary of Theorem 6.5.10 is:

Corollary 6.5.14. Let R C S be a regular region, 34 an open cover of R, and
Ty, T1 two topological (repsectively, reqular) triangulations of R. Then there
exists a topological triangulation (respectively, with piecewise reqular sides) T*
subordinate to U that is in good position both with Ty and with T;.

Proof. Denote by J the family consisting of the sides of Ty and of T; clearly,
R is in good positions with respect to J. So it suffices to apply Theorem 6.5.10
and Remark 6.5.11 to obtain a topological triangulation T* (with piecewise
regular sides if Ty and T, are regular) in good position with respect to both
TO and Tl. O

Theorem 6.2.8 follows now from this corollary and the following proposi-
tion:

Proposition 6.5.15. Let R C S be a regular region, and let Tg and T1 be
two topological triangulations of R (respectively, with piecewise regular sides).
Suppose that Ty and T are in good position. Then there exists a topological
(respectively, reqular) triangulation T* that is a refinement both of Ty and T;.

Proof. Tt suffices to prove that the union of the sides of Ty and T; divides R
into a finite union of simple topological regions (with piecewise regular bound-
ary). Indeed, once we have proved this, we may give a triangulation of each
region by joining (by a regular Jordan arc, thanks to Lemma 6.5.6 and Re-
mark 6.5.7) an internal point to the vertices on the boundary of the region.
In this way we get a topological triangulation (with piecewise regular sides)
that refines both Ty and T, and Lemma 6.5.12 tells us that, if necessary, we
may find a further refinement that is a regular triangulation, as required.
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Let Ty be a face of Ty; we have then to verify that the sides of Ty sub-
divide it into finitely many simple topological regions (with piecewise regular
boundary).

Since T and T are in good position, every side of T is either completely
contained in the interior of Tj or intersects the boundary of Tj in finitely many
points or subarcs. First of all, Lemma 6.5.4 used as in the second part of the
proof of Theorem 6.5.10 shows that the sides of T; without vertices in the inte-
rior of Ty divide Ty in finitely many simple topological regions (with piecewise
regular boundary).

After this, suppose that there exists a side £ of Ty with a vertex in the in-
terior of one of these simple regular regions I2;, but not completely contained
in the interior of R;. Since the faces of T completely cover R;, we may con-
struct a (piecewise regular) Jordan arc that starts from the internal vertex of
¢ and reaches the boundary of R; going first, if necessary, along sides of T
that are completely internal to R;, and then along a subarc of another side of
T, with a vertex in the interior of R;. Joining this arc with the subarc of £
that goes from the internal vertex to the boundary of R;, we get a cut, which
consequently divides (again by Lemma 6.5.4) R; in two (piecewise regular)
simple regions.

By repeating this procedure we deal with all the sides of T, since clearly
each side of T, if it is completely internal to a region R;, can be joined to the
boundary of ; using an arc consisting of sides of T';; hence, the existence of
such a side necessarily implies the existence of a side with an internal vertex
and intersecting the boundary. Since T'; has finitely many sides, we complete
the construction in finitely many steps. O



7

Global theory of surfaces

The Gauss-Bonnet theorem is just the first (though one of the most impor-
tant) of many theorems about the global theory of surfaces. It is a theory
so wide-reaching and rich in results that t cannot be reasonably presented in
a single chapter (or in a single book, for that matter). So we shall confine
ourselves to introduce some significant theorems to give at least an idea of the
techniques used and of the kind of results one can obtain.

The main goal of this chapter is to obtain the complete classification of
closed surfaces in R?® having constant Gaussian curvature. In Section 7.1 we
shall prove that the only closed surfaces with constant positive Gaussian cur-
vature are spheres (actually, in this section we shall prove this for compact
surfaces only; to get the complete statement we shall need the material we
shall introduce in Section 7.4 of the supplementary material of this chapter).
In Section 7.2 we shall prove that the only closed surfaces having Gaussian
curvature everywhere zero are planes and surfaces, and in Section 7.3 we prove
that there are no closed surfaces with constant negative Gaussian curvature.
As you will see, the proofs of these results are rather complex, and use crucially
the properties of asymptotic curves and Codazzi-Mainardi equations (4.28).

In the supplementary material we shall go further, introducing quite so-
phisticated techniques to study closed surfaces whose Gaussian curvature has
constant sign. In Section 7.4 we shall prove that every compact surface with
positive Gaussian curvature is diffeomorphic to a sphere (Hadamard’s theo-
rem), while every non-compact closed surface with positive Gaussian curva-
ture is diffeomorphic to a convex open subset of the plane (Stoker’s theorem).
In Section 7.5 we shall introduce the notions of covering map and of sim-
ply connected surface, and in Section 7.6 we shall prove another theorem by
Hadamard: every simply connected closed surface having non-positive Gaus-
sian curvature is diffeomorphic to a plane.

Abate M., Tovena F.: Curves and Surfaces.
DOI 10.1007/978-88-470-1941-6 7, © Springer-Verlag Italia 2012
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7.1 Surfaces with constant positive curvature

The goal of this section is to prove that the only compact surfaces with con-
stant Gaussian curvature are spheres (Liebmann’s theorem). This kind of
results, where assumptions on local objects implies that the surface belongs
to a very specific class, are sometimes called rigidity theorems.

We begin by remarking that we may actually assume that the surface has
positive constant curvature, because Problem 6.1 tells us that every compact
surface has elliptic points.

We have seen in Problem 4.3 that spheres are characterized by the fact
that they consist entirely of umbilical points (and are not planes). Problem 6.1
implies, in particular, that a compact surface cannot be contained in a plane
(why?); so this suggest that we try and prove that a compact surface with
constant Gaussian curvature consists entirely of umbilical points.

To get there, we shall use the following criterion to obtain umbilical points,
originally due to Hilbert:

Proposition 7.1.1. Let S C R® be an oriented surface, and ki, ko: S — R
the corresponding principal curvatures, with kv < ko as usual. Let p € S be a
point that is simultaneously a local minimum for kv and a local mazimum for
ko; suppose further that K(p) > 0. Then p is an umbilical point.

Proof. Let N: S — 52 be the Gauss map of S. Without loss of generality, we
may suppose that p is the origin O € R*, and that N(p) = es, the third vec-
tor of the canonical basis. Moreover, by Proposition 3.1.29, the surface S is a
graph in a neighborhood of p; having set N(p) = es, it has to be a graph with
respect to the xjzoe-plane, and so we have a local parametrization p:U — S
centered at p of the form (1, 22) = (a:l, 2o, h(xy, ch)) for a suitable function
h:U — R such that h(O) = 0 and VA(O) = (0,0). Finally, up to a rotation
around the z-axis, we may also suppose (Proposition 4.5.2) that e; = 9|, is
a principal direction with respect to k;(p) for j =1, 2.

Let now o1, 03: (—&,&) — S be given by 01 (t) = ¢(0,t) and o2(t) = ¢(t,0),
and define the functions 1, ¢5: (—e,e) — R by setting

ti(t) = Qo,0)(95/11051) 5

in other words, ¢; = (¢/E) o 01 and {3 = (g/G) o 03, where E, F and G are
the metric coefficients and e, f and g the form coefficients of S with respect
to .

The hypotheses on p imply that for |¢t| small enough we have

0,(0) = Qp(e1) = ki1(p) < k1(01(t)) < Qoyy(81/]|01]]) = a(t)
5(0) = Qp(e2) = ka(p) > k2(02(t)) > Quyy (02/02]]) = £2(t) 5

so 0 is a point of local minimum for ¢; and of local maximum for f5. In
particular, £5(0) < 0 < £/(0).
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Using Examples 4.1.8 and 4.5.19, which contain the formulas for the met-
ric and form coefficients of a graph, we obtain the following expression for ¢,
and l5:

1 0%h
4H(t) = <(1 n |8h/al’1\2)\/l+ VA2 8:5%) (0,8,

1 0?h
0H(t) = <(1 T |8h/8x2\2)\/1 + || Vh||2 5%%) (t,0);

in particular, ,
0°h
0)=1,;0)=k;(p) .
9,29 = 60) = b (p)
Moreover, as 01|, and 0|, are principal directions, we also have f(p) = 0,
and so 9?h/0x10x2(0) = 0.
Differentiating twice the expressions we have found for ¢; and evaluating
the result at 0 we obtain

o*h 0 [8% 9?h

2
ooz~ 5,50 5301 =40

9*h 9*h, 1% 9h
< _ i
<0 = 50,0 5 50) g o),
or
ki (p)k2(p) [k2(p) — k1 (p)] < 0.
Since we know that k1(p)k2(p) = K(p) > 0, we get ko(p) < ki(p). This is

possible only if ks (p) = k1(p), and so p is an umbilical point. |
We are now able to prove the promised Liebmann’s theorem:

Theorem 7.1.2 (Liebmann). The only compact surfaces with constant
Gaussian curvature are spheres.

Proof. Let S C R® be a compact surface with constant Gaussian curva-
ture K = K. Firstly, Problem 6.1 tells us that Ky > 0; so S cannot be
contained in a plane. Next, since the Gaussian curvature is always positive,
the absolute value of the mean curvature cannot be zero anywhere; hence by
Problem 4.16 we know that S is orientable.

Fix an orientation of S, and let k1, k2:.S — R be the principal curvatures
of S, with k; < ko as usual. Since k; and ko are continuous (a fact that fol-
lows, for instance, from Proposition 4.5.14) and S is compact, there exists a
point p € S where ks has a maximum. Since the product kik, is constant,
the same point p has to be a minimum point for k; = Ky/ko. Hence we
may apply Proposition 7.1.1, and deduce that p is an umbilical point, that is,
k1(p) = k2(p). Then for all ¢ € S we have

ka(q) < ka(p) = k1(p) < k1(q) < ka2(q) ,

and so all points of S are umbilical.
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Now, Problem 4.3 implies that S is contained in a sphere Sy; we have to
prove that S = Sj. Since S is compact, it is closed in Sy. Since it is a surface,
it is a union of images of local parametrizations, so it is open in Sy by Propo-
sition 3.1.31.(i). But Sp is connected; hence, S = Sy, and we are done. O

Ezxample 7.1.3. The assumption that the surface is compact (or, at least, closed
in R?; see next remark) in Lichmann’s theorem is essential: there are non-
closed surfaces in R?® with positive constant Gaussian curvature that are not
contained in a sphere. For example, choose a constant C' > 1, and let S ¢ R?
be the surface of revolution obtained by rotating the curve o: (— arcsin(1/C),

arcsin(1/C)) — R? given by
o(s) = (CCOSS,O,/ V1-c2 sin%dt) :
0

see Fig. 7.1.

Since the curve o is parametrized by arc length, Example 4.5.22 provides
us with the following values for the principal curvatures of S:
B Ccoss i _\/1—C2sin23.
_\/1—C281n25, o Ccos s
hence K = k1ks = 1. Moreover, C' > 1 implies that S has no umbilical points,

so it is not contained in a sphere; and, clearly, S is not compact (nor closed
in R%).

Ky

)

Remark 7.1.4. In the supplementary material of this chapter we shall prove
(Theorem 7.4.14) that every surface S closed in R?® whose Gaussian curva-
ture is bounded from below by a positive constant is necessarily compact. So
Liebmann’s theorem implies that the only closed surfaces in R® with positive
constant Gaussian curvature are spheres.
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7.2 Surfaces with constant zero curvature

The aim of this section is to classify the closed surfaces in R® with Gaus-
sian curvature identically zero. In addition to planes (Example 4.5.16), we
have already met surfaces with this property: right circular cylinders (Exam-
ple 4.5.17) and, more in general, all cylinders (Exercise 4.27). The theorem by
Hartman and Nirenberg we shall shortly prove says that there are no other
such surfaces: every closed surface in R® with Gaussian curvature identically
zero is a plane or a cylinder.

Let S € R? be a surface S with Gaussian curvature identically zero. The
points of S have to be either parabolic or planar. We shall denote by P1(S) C S
the set of planar points of S, and by Pa(S) C S the set of parabolic points of
S. Since P1(S) = {p € S| |H(p)| = 0}, where |H| is the absolute value of the
mean curvature of S, the set of planar points is closed in S; as a consequence,
the set Pa(S) = S\ P1(S) of parabolic points is open in S.

Our first goal is to show that, given any parabolic point of S, there is
actually a straight line passing through it. Remember (see Definition 4.6.16)
that an asymptotic direction at p € S is a v € T),S of length one such that
Qp(v) = 05 clearly, this notion does not depend on the local orientation cho-
sen to define the second fundamental form, and so it is well defined for non-
orientable surfaces too. Now, if p € S is a parabolic point, (4.10) tells us that,
up to a sign, there is a unique asymptotic direction at p, and it necessarily is
a principal direction. So we may define a vector field X € 7 (Pa(S)) such
that XF?2(p) is an asymptotic direction of S at p (convince yourself that Xt
is smooth because of he uniqueness of the asymptotic direction); and, since S
is connected, X? is uniquely defined up to a sign (why?). So Theorem 5.3.7
yields for all p € Pa(S) a unique maximal integral curve of X% passing
through p; we shall denote by R(p) C Pa(S) its support, which clearly is the
support of the unique asymptotic curve passing through p. We have found the
line we were looking for:

Proposition 7.2.1. Let S C R? be a surface with Gaussian curvature K = 0,
and p € Pa(S). Then R(p) C Pa(S) is the unique (open) line segment passing
through p and contained in S.

Proof. Since p is not an umbilical point, Corollary 5.3.24.(ii) tells us that there
exists a local parametrization ¢: U — S centered at p whose coordinate curves
are lines of curvature; clearly, we may assume that V = ¢(U) C Pa(S). More-
over, one of the two coordinate curves passing through a point of V' has to
be tangent to the asymptotic direction through that point, and so its support
is the intersection of the support of the corresponding maximal asymptotic
curve with V. Without loss of generality, we may suppose that the asymptotic
coordinate curves are the curves {xo = cost.}.

Let N:V — S? be the Gauss map induced by . By construction, we have
O(N o ¢)/0z1 = AN(d1) = O in V; in particular, N is constant along the
curves {xo = cost.}. Moreover, we also have 9?(N o ¢)/0z10x2 = O in V;
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hence O(N o ¢)/0x2 = AN(J) is also constant (and nowhere zero, since we
are working in the set of parabolic points) along the curves {z5 = cost.}.

Next,
ON o)\ _,
81‘1 -

As a consequence, the function (p, N o @) is constant along the curves {xs =
cost.}, which means that every curve {2 = cost.} lies within a plane orthog-
onal to the constant value assumed by N along that curve. Analogously,

2
0 <w’ 8(Nocp)> _ <al78(No<p)>+<%8 (Nogp)> _g.
8561 81’2 6562 81’18562

since (N o ¢)/dxy = AN(Js) is a multiple of d5, and so (Proposition 4.5.2)

it is orthogonal to d;. Hence the function (p, (N o ¢)/dxs) is also constant

along the curves {xo = cost.}, which means that every curve {xo = cost.} lies

within a plane orthogonal to the constant value assumed by O(N o ¢)/0x2

along that curve. So every curve {x2 = cost.} is contained in the intersection

of two (distinct, since N is always orthogonal to (N o ¢)/dz3) planes, and
thus it is a line segment.

We have still to check the uniqueness. But every line segment R passing

through p is necessarily (why?) an asymptotic curve; since R(p) is the only

asymptotic curve passing through p, we are done. a

B)
o, {(p, N o) =(01,Nop)+ <s0,

We shall shortly see that if S is closed in R® then every R(p) actually
is a whole straight line. To prove this, we shall need the fact that the clo-
sure of R(p) does not intersect the set P1(S) of planar points of S. To verify
this claim we shall use the following consequence of the Codazzi-Mainardi
equations:

Lemma 7.2.2. Let S C R® be a surface with Gaussian curvature identically
zero, p € Pa(S), and o:1 — Pa(S) a parametrization by arc length of R(p).

Then &2
1
=0,
ds? \|H|oo

where |H| is the absolute value of the mean curvature of S.

Proof. Note first that |H| is nowhere zero on Pa(.9), so the claim makes sense.

Let p:U — S be the local parametrization centered at p already used in
the previous proof. In particular, since 9y and 0y are principal directions, we
have FF'= f=0in V = ¢(U). Moreover, as dN(09;) = O we also have e = 0,
and so the absolute value of the mean curvature is given by |H| = |g|/2G.
Finally, g has constant sign on R(p), since it does not vanish in Pa(S). Hence

9

H| =+
HI=q

in R(p), and we have to compute the second derivative of (G/g) o o.
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To this end, we resort to the Codazzi-Mainardi equations (4.28). Since
F = 0, the Christoffel symbols are given by (4.23); so, recalling that h1q =
e =0, hig = hoy = f = 0 and hyy = g, the Codazzi-Mainardi equations

become
g OF _0 g 0G _ dg
2G 8£E2 ’ 2G 8:61 8:61 '
The first equation implies that OE/0x5 = 0; so E only depends on z1. Hence
the map y: U — R? given by

x(z) = (/Om VE(t, ) dt,x2>

is a diffeomorphism with its image, and the map ¢ = p o x7 " is still a local
parametrization with all the properties of ¢, since the only thing we did was
to change the parametrization of the curves {xs = cost.} so that now they
are parametrized by arc length.

So, up to changing the parametrization as explained, we may also assume
that ' = 1. In particular, Lemma 4.6.14 tells us that

1L VG 19 ( 1 8G>_K:0.
VG 0 2VG 911 \ VG Ox1 -
so it is possible to write
VG(x) = ay(2)z1 + as(z2) (7.2)

for suitable functions ai, as that only depend on 5.
Now, the second equation in (7.1) can be written as

(7.1)

1

dloglgl 199 1 oG 1 0VG 09logVG
0x1 o g 0x1 o 2G 0x1 o \/G 0x1 o 0x1 ’

so we have g(z) = a3(z2)/G(z) for a suitable function az that only depends
on re. Summing up,

1 e _ \/G\/G _ ai(z2)z1 + az(w2) .

+ = 7.3

o = g =V as(z2) 3
Now, in this local parametrization the curve o is exactly the curve s — ¢(s, 0);
therefore o2 2 G

1
5 < ) =42 =0,
0s2 \ |H o o] 0ry g |.,—0

as required. 0

Corollary 7.2.3. Let S C R® be a surface having Gaussian curvature iden-
tically zero, and p € Pa(S). Then R(p) NPLS) = @. In particular, if S is
closed in R® then R(p) is a straight line, and all the lines R(p), for every p
in a connected component of Pa(S), are parallel.
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Proof. Let o:(a,b) — S be a parametrization by arc length of R(p). If
R(p) N P1(S) were not empty, up to changing the orientation of o we would
have lims_,; 0(s) = qo € P1(S). Now, the previous lemma tell us that there
exist constants aq, as € R such that

1
|H(U(s))| = asta (7.4)
so, since the absolute value of the mean curvature is zero in all planar points,
we should have
H lim|H li 1 1
07| (q0)|7sli>l}7| (J(S)) 7sli>l%7a15—|—a2 7a1b+a2 7é07
a contradiction.

So we have proved that R(p) N P1(S) = @. Since R(p), being the support
of an integral curve, is closed in Pa(S), it has to be closed in S. If S is closed
in R?, it follows that R(p) is closed in R?, and so it has to be a whole line.

Finally, we have to prove that all the lines R(p), for each p in a component
of Pa(S), are parallel. Given p € Pa(S), let 0:R — S be a parametrization
by arc length of R(p). Clearly, |H (o(s))| is defined (and nowhere zero) for all
values of s; but (7.4) tells us that this is only possible if |H| o o is constant.

Let then ¢: U — S be the local parametrization centered at p constructed
in the proof of the previous lemma. The fact that |H| o o is constant cor-
responds to requiring that |H| o ¢ does not depend on xz1; hence, recalling
(7.3) and (7.2), to requiring that G does not depend on z;. In particular,
0G /0x; = 0, and we already remarked that E =1 and F =e = f = 0. But
then (4.18) and (4.23) imply

0%
83?281‘1

0% _

i Loy +THo, +eN=0,
1

=130+ T30+ fN=0;

hence 0 = Op/dz; is constant, that is, the tangent direction to the lines R(q)
for ¢ € p(U) does not depend on ¢, and thus all R(q)’s are parallel.

So we have proved that all lines R(q) for ¢ in a neighborhood of p are
parallel; hence the set of points ¢ € Pa(S) such that R(q) is parallel to a given
line is open, and this immediately implies (why?) the assertion. a

So if S is closed in R® the set of parabolic points is a disjoint union of
straight lines; let us see now what happens for dsPa(S), the boundary in S
of the set of parabolic points. We shall need the following:

Lemma 7.2.4. Let S C R? be a surface with Gaussian curvature identically
zero, and take p € dsPa(S). Suppose we have a sequence {q,} C Pa(S) ap-
proaching p such that the line segments R(q,) approach a segment C C S
passing through p of positive length. Then C is the only segment through p
contained in S.



7.2 Surfaces with constant zero curvature 353

Proof. Suppose that there is another line segment C’ C S passing through p.
Then for n large enough the segment R(g,) has to intersect (and be distinct
from) C’. But a segment always has zero normal curvature, so it always is
an asymptotic curve; so the point ¢ € C' N R(g,) should simultaneously be
parabolic and have two distinct asymptotic directions, a contradiction. O

Then:

Proposition 7.2.5. Let S C R? be a surface with Gaussian curvature identi-
cally zero. Then exactly one open line segment C(p) C S passes through each
p € 0sPa(S). Moreover, C(p) C dsPa(S), and if S is closed in R® then C(p)

s a straight line.

Proof. Given p € dsPa(S), we want to show that if ¢ € Pa(S) approaches
p then the line segment R(q) tends to a segment C(p) passing through p
contained in S. Note first that

liminf [R(q)| >0, (7.5)

qePa(s)

where |R(q)| is the length of the segment R(q), since otherwise p would be an
accumulation point of endpoints not belonging to S (by Corollary 7.2.3) of
segments R(q), contradicting the fact that p is in the interior of S. Let us show
now that the asymptotic direction in ¢ € Pa(S) admits a limit for ¢ tending
to p. If it were not so, we could find two sequences {g,} and {¢,} tending
to p such that the corresponding segments R(g,) and R(q,) tend to distinct
segments C' and C’ passing through p, both of positive length by (7.5), and
this would contradict Lemma 7.2.4.

Hence the segments R(q) tend to a segment C(p) contained in S of positive
length, which is unique by Lemma 7.2.4, and is an open segment since other-
wise its endpoints (in .S) would be limit of points not in .S, impossible. We want
to show now that C'(p) C dsPa(S). Clearly, C(p) C Pa(S) = Pa(S)UdsPa(S).
If a g € Pa(S) N C(p) existed, then C(p) N Pa(S) should be contained (be-
ing a limit of asymptotic curves) in R(q); but in this case we would have
R(q) N PI(S) # @, contradicting Corollary 7.2.3.

Finally, if S is closed in R?, since C(p) is closed in dsPa(S), it follows that
C(p) is closed in R®, and so it is a straight line. O

So Pa(S) U dsPa(S) is a disjoint union of segments (of lines when S is
closed). We are finally able to prove the promised Hartman-Nirenberg’s theo-
rem:

Theorem 7.2.6 (Hartman-Nirenberg). Let S C R? be a closed surface
with Gaussian curvature identically zero. Then S is either a plane or a cy-
linder.

Proof. Suppose that S is not a plane. Then Problem 4.3 tells us that S con-
tains parabolic points. What we have proved above implies that Pa(S) U
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OsPa(9) is a disjoint union of straight lines. Now the connected components of
P1(S) \ 0sPa(S) are open sets consisting of planar points; thus (Problem 4.3)
they are portions of planes, each with a boundary consisting of straight lines,
since it is contained in dsPa(S). This lines have to be parallel, since they
would otherwise intersect, contradicting the fact that a unique line belonging
to S may pass through each point of dsPa(5). Hence exactly one line passes
through each point of P1(S) \ dsPa(S) as well, and all the lines belonging to
the same component are parallel.

On the other hand, we have seen that all the lines belonging to a com-
ponent K of Pa(S) are parallel too, and this implies (also recalling the proof
of Proposition 7.2.5) that the lines making up the boundary of K are also
parallel.

Let now py and p; be two arbitrary points of S, and ¢:[0,1] — S a curve
joining them (it exists because S is connected). By compactness, we may find
a partition 0 = tg < --- <t = 1 of [0, 1] such that each o([t;_1,¢;]) is con-
tained in the closure of a connected component of S\ dsPa(S). Then for all
Jj = 1,...,k all the lines passing through each o(t) (with ¢t € [t;_1,t;]) are
parallel. But ¢; lies both in [t;_1,%;] and in [tj,¢;41]; so all the lines passing
through points of the support of ¢ are parallel. In particular, the lines through
po and p; are parallel. But pg and p; are generic points, and thus S is a cylin-
der, as claimed. a

Remark 7.2.7. We may replace the assumption of being closed in R® by the
assumption of being complete (see Definition 5.4.9; note that a closed surface
is always complete, by Corollary 5.4.11). Indeed, every line segment in a sur-
face has to be a geodesic, and every geodesic in a complete surface has to be
defined for all times (Theorem 5.4.8); so all line segments contained in S are
lines, and we may repeat the previous arguments.

Ezample 7.2.8. Once more, the closure (or completeness) hypothesis is essen-
tial: there are non-closed surfaces with Gaussian curvature identically zero
not contained in a plane or in a cylinder. A very simple example is the upper
sheet of a circular cone

S ={(x,y,2) eR®| 22 =22 +42, 2> 0},

the surface of revolution of the curve o: R™ — R given by o(t) = (¢,0,t). By
Example 4.5.22 we know that K = 0 and H(z,y,z) = 1/z. In particular, S
only consists of parabolic points, and so it is not contained in a plane. It is
not contained in a cylinder either: indeed, through each parabolic point of .S
passes a unique segment contained in S (Proposition 7.2.1), and thus it should
be a generator (see Definition 4.P.4) of the cone. Hence if S were contained
in a cylinder the generators would be parallel, but they are not.
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7.3 Surfaces with constant negative curvature

In the previous sections we have classified the closed surfaces with constant
positive or zero Gaussian curvature; we are left with the closed surfaces hav-
ing constant negative Gaussian curvature. Our goal is to prove a theorem due
to Hilbert which states that there is nothing to classify: there are no closed
surfaces with constant negative Gaussian curvature.

If S C R? is a surface with negative Gaussian curvature, then every point
of S is hyperbolic, and so it has two distinct asymptotic directions. By Corol-
lary 5.3.24.(ii) we know that there is a local parametrization centered at p in
which the coordinate curves are asymptotic curves. As we shall see, when the
Gaussian curvature of S is constant (negative), we can say much more about
this local parametrization, finding the key to the proof of Hilbert’s theorem.
But let us begin with a definition.

Definition 7.3.1. A local parametrization ¢: U — S of a surface S is called
Chebyshev if E = G = 1, that is, if the coordinate curves are parametrized
by arc length. Furthermore, a local parametrization is asymptotic if the coor-
dinate curves are asymptotic curves.

To show the existence of Chebyshev asymptotic local parametrizations we
need a preliminary computation.

Lemma 7.3.2. Let o:U — S be an asymptotic local parametrization of a
surface S with form coefficients e, f, g:U — R. Then

of 1 190(EG — F?) oF oG
8x1 o EG—F2 |:2 8x1 +F85E2 _Eaxl f ’ (76)
of 1 10(EG —F?) oG _OF

= F - . .
a{EQ EG — F2 |:2 &rg + axl GaxQ f (7 7)

Proof. Recalling that in this local parametrization we have e = g = 0, the
Codazzi-Mainardi equations (4.28) give

of of
Ox, = (F111 - F221)f ) oo = (F222 - F112)f :
Since
1 OF oF OF oG
Iy, —r = —2F o2F -E
H 2 Q(EG — F2) |: 8331 81‘1 + 8])2 8$1:|
1 oG oF oG OF
2 —rk = E —2F 2F -
2 12 Q(EG — F2) |: 83?2 8.1'2 + 8$1 G8$2:|

we obtain the assertion.
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Then:

Proposition 7.3.3. Let S C R? be a surface with negative constant Gaussian
curvature K = —Kqy < 0. Then every point p € S has a Chebyshev asymptotic
local parametrization centered at p.

Proof. Let ¢:U — S be an asymptotic local parametrization centered at p;
it exists by Corollary 5.3.24.(ii). Up to two parameter changes (performed
independently on the two variables), we may assume that the two coordinate
curves passing through p = ¢(0,0) are parametrized by arc length. So,

we want to prove that negative constant Gaussian curvature forces ¢ to be
Chebyshev.

Note first that K = — K, implies f? = Ko(EG — F?). Substituting this in
(7.6) multiplied by 2f, we get

OE oG
F - F =0.
83:2 8.1‘1
Proceeding analogously in (7.7), we get
) oG
-G F =0.
0xo + o0x1

The system formed by these two equations has determinant F'? — EG, which
is nowhere zero; hence, OF/0xy = 0G/0x; = 0. But this means that E does
not depend on z2 and G does not depend on z1; so E(x1,22) = E(x1,0) =1
and G(x1,z2) = G(0,22) = 1, as required. O

Let o:U — S be a Chebyshev local parametrization, with U homeomor-
phic to a square. Since 97 and 0> have norm 1, we have N = 9; A d», and
{01, N A 0>} always is an orthonormal basis of the tangent plane. Up to re-
stricting U, we may use Corollary 2.1.14 to define a continuous determination
0:U — R of the angle from 9; to 0 to write

02 = (c0s )01 + (sinO)N A 0y .
Moreover, since 0 and Jo are always linearly dependent, 6 cannot be equal to

0 or to m; so, by choosing a suitable initial value, we may obtain (U) C (0, 7).
In particular, as

cosf = F and sin9:\/1—F2:\/EG—F2,

we get § = arccos F; in particular, 6 is of class C*°. The function 6 satisfies
an important differential equation:
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Lemma 7.3.4. Let o:U — S be a Chebyshev local parametrization, with U
homeomorphic to a square, of a surface S, and let 0:U — (0,m) be the con-
tinuous determination of the angle from 0y to Os as described above. Then

020

P (=K)sinf . (7.8)

Proof. Keeping in mind that § = arccos F and sinf = /1 — F2, we easily
obtain

1 @ _ 1 PP, F  OFOF
sinf 0x10zs 1 — F20x,0xy (1 — F2)2 0z Oz

Now, setting F = G = 1 in the definition of the Christoffel symbols we find

—F OF 1 OF
1 _ 1 _ 1l 1
Fll_l_F2a.’I:1’ F12_F21:O7 F22_1_F2a.’1:2’
1 OF —F OF
2 2 2 2
Fll - 1— F2 81'1 ’ F12 - F21 =0 ’ F22 - 1— F2 81'2 .

So (4.27) implies
0 1 9F\ F OF OF
9z \1 = F2 0z (1= F?)2 021 0x4
_ 1 ®F _ F 0FOF
o 1—F2 81‘181’2 (1—F2)2 8371 81)2 ’

and we are done. O

The main idea in the proof of the non-existence of closed surfaces with
negative constant Gaussian curvature consists in using Chebyshev asymp-
totic local parametrizations to define a function #: R* — (0, 7) that satisfies
(7.8), and then proving that such a function cannot possibly exist.

We need a further lemma, in whose proof the fact that we are working
with closed surfaces is used in a crucial way:

Lemma 7.3.5. Let S C R® be a closed surface with Gaussian curvature ev-
erywhere negative, and o: I — S a parametrization by arc length of a mazimal
asymptotic curve of S. Then I =TR.

Proof. Suppose by contradiction that I # R, and let 59 € R be a (finite) end-
point of I; without loss of generality, we may assume that it is the supremum
of I. Since o is parametrized by arc length, we have

lo(s) = o ()| < Lois,sn) =1s = 5| (7.9)

for all s, s’ € I with s < s’. So, for every sequence {s, } C I approaching s
the sequence {o(s,,)} is Cauchy in R?, and thus it tends to a point py € R®.
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But S is closed in R?; hence py € S. It is straightforward to verify that pg
does not depend on the sequence chosen, so by setting o(sg) = py we have
extended continuously o to sg.

Now, Theorem 5.3.7.(ii) provides us with a neighborhood V' C S of pg
and an € > 0 such that for all p € V' the asymptotic curves parametrized
by arc length passing through p are defined on the interval (—¢,¢). So, if we
take s1 € I such that o(s1) € V and |sg — s1] < € then the curve o, which
is an asymptotic curve passing through o(s1), has to be defined at least up
to s1 + € > sg, against the choice of sg. O

We are now ready to prove Hilbert’s theorem:

Theorem 7.3.6 (Hilbert). There are no closed surfaces in R® with negative
constant Gaussian curvature.

Proof. Suppose by contradiction that S C R? is a closed surface with nega-
tive constant Gaussian curvature K = — K < 0. Fix a point py € S, and let
0:R — S be an asymptotic curve parametrized by arc length with o(0) = po;
the existence of ¢ is assured by the previous lemma.

Let & € 7T,,S be an asymptotic direction of length 1 at pg, with
&0 # £0(0); then there is (why?) a unique vector field & € T (o) along oy
with £(0) = &o such that {(s) € T(4)S is an asymptotic direction of length 1
at o(s), different from +5(s). Now define #: R* — S by setting

Q(Ihl@) = Oz (a:?) )

where 0,,: R — S is the only asymptotic curve parametrized by arc length
such that o,,(0) = o(z1) and &,,(0) = &(z1); see Fig. 7.2.

We want to prove that for all 2° = (29,23) € R? there is an € > 0 such
that @ restricted to (z§—e,29+¢) x (2§ —¢, 29 +¢) is a Chebyshev asymptotic
local parametrization at @(z°).

Fig. 7.2.
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To this end, fix 7 € R. We know that the curves s — &(s,0) and
s +— P(x9,s) are asymptotic curves parametrized by arc length, with tan-
gent versors linearly independent in the intersection point p = @(x9,0). A
first remark is that, by Proposition 7.3.3, there exists a Chebyshev asymp-
totic local parametrization ¢: (x§ —¢e,29 +¢) x (—¢,¢) — S with p(z9,0) = p,
O1lp = 09/0x1(29,0) and 0s|, = 0P/0x2(xf,0). But then s — ¢(z1,s) is the
asymptotic curve passing through o(z1) tangent to £(x1) parametrized by arc
length, that is p(z1, s) = P(x1, s) for all 21 € (x§—e,29+¢) and s € (—e,¢). In
other words, @ restricted to (x§—¢, 29+¢) x (—¢, e) is a Chebyshev asymptotic
local parametrization.

Suppose now that xo € R is such that s — &(s,x2) is an asymptotic
curve in a neighborhood of z{. Note that, for fixed s and ¢ near z2, the point
@(s,t) is found by following o, from o(z3) to os(t), which is an asymptotic
curve passing through os(x2). A second remark then is that it is possible to
repeat the previous argument and find an € > 0 such that @ restricted to
(2§ —e,25 +¢€) X (xg —&,x2 + €) is a Chebyshev asymptotic local parametri-
zation.

Since [0, 23] is compact, we may cover the support of Ox9 |[0,zg] with the im-
ages of finitely many Chebyshev asymptotic local parametrizations ¢1, ..., ¢,
in such a way that each image intersects the next one as in Fig. 7.3. So the
first remark above implies that @ coincides with ¢ (up to changing the orien-
tation of ¢1), and the second remark implies that, one step after another, we
get that @ is a Chebyshev asymptotic local parametrization in a neighborhood
of (29, x9).
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Define now : R> — (0, 7) by

0 = arccos o¢ 0P
o 8561 ’ 8$2 '

Lemma 7.3.4 tells that 6 satisfies (7.8) on all R?, with —K = K, > 0; we want
to show that such a function cannot possibly exist.

First of all, 8%0/0x10z2 > 0 everywhere; so 90/0x; is an increasing func-
tion of x5 and, in particular,

00 00

(91‘1 (131,.%2) > 61’1 (Il,O) (710)

for all 5 > 0. Integrating with respect to x; this relation over the interval [a, b]
we get
0(b, z2) — (a,xz2) > 6(b,0) — 0(a,0) (7.11)

for every x5 > 0 and every a < b. Now, since 00/9x is not identically zero,
up to a translation we may assume that 00/9x1(0,0) # 0. Since the func-
tion (x1,22) — 0(—x1,—z2) also satisfies (7.8), we may also assume that
00/021(0,0) > 0. Let 0 < 51 < s3 < s3 with 90/0x1(-,0) > 0 on [0, s3], and
set

0 = min{6(ss,0) — 0(s2,0),0(s1,0) —0(0,0)} € (0,7) .

So, recalling (7.10) and (7.11), we find that for all 5 > 0 the function s —
(s, x2) is increasing on [0, s3] and

min{f(ss3, x2) — 0(s2,x2),0(s1,22) — 0(0,22)} >0 .

Keeping in mind that the image of 6 is contained in (0,7) all of the above
implies that
0 <O(zy,29) <-4

for every xy € [s1, $2] and every x5 > 0, so
Yy € [s1,82] Yo >0 sinf(zq,z2) > sind .

But by integrating (7.8) over the rectangle [sq, s2] x [0,T] we get

%0
KO sm@ (z1,22) dadas = dz1dzs
s1 61318@‘2

—0 82, )—9(82, ) 9(81,T)+6‘(81,0) .

Hence,
T S2
0(527T) - 9(517T) = 0(82,0) — 9(81,0) + Ko/ / sin@(zl,xg) dl’ldIQ
0

> 0(s2,0) — 0(s1,0) + Ko(s2 — s1)T'sind

for all T" > 0, and this is impossible since the left-hand side is less than 7. O
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Remark 7.3.7. As usual, Hilbert’s theorem also holds for complete (in the
sense of Definition 5.4.9) surfaces. Indeed, the only step where we have used
the closure of S was in the proof of Lemma 7.3.5, and the same proof holds
for complete surfaces replacing (7.9) by

ds(o(s),0(s")) < L(o|s,e1) = |s — '],
where dg is the intrinsic distance of S introduced in Definition 5.4.1.

Remark 7.3.8. As usual, again, the closure (or completeness) assumption is es-
sential: we have seen that the pseudosphere (Example 4.5.23) is a non-closed
(nor complete) surface with negative constant Gaussian curvature. On the
other hand, there exist closed surfaces with Gaussian curvature everywhere
negative (but not constant): for instance, the helicoid (Example 4.5.20). How-
ever, note that in that case the supremum of the values assumed by the cur-
vature is zero. This is not a coincidence: Efimov’s theorem states that there
are no closed surfaces in R® with K < —C < 0 for any constant C' > 0. You
may find a proof of this theorem in [14].

Guided problems

We recall that a parametrization in ruled form (see Exercise 4.69) of a ruled
surface S is a local parametrization ¢: I x R* — R? of S of the form

@(tv U) = U(t) + UV(t) )

where 0: 1 — R? is a regular curve (the base curve of the parametrization),
and v: I — S? is a smooth map.

Definition 7.P.1. A ruled surface S parametrized in ruled form is non-cylin-
drical if v/(t) # 0 for all t € I. A ruled surface S is developable if its tangent
planes are constant along the points of every generator.

Problem 7.1. Let S be a ruled surface, with local parametrization in ruled
form o(t,v) = o(t) +vv(t), with the basis curve o is parametrized by arc
length. Show that S is developable if and only if

det|o v Vv |=0. (7.12)
Solution. The tangent plane to S at pg = ¢(tg,vo) is generated by
ot = & (to) +vov'(to) and 0y = v(to) .

Note that |v|| = 1 implies v/(¢) L V(t) for all ¢ € I; in particular,
t

4
v/(t) Av(t) = O if and only if v/(t) =
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If v/(tg) = O or 6(tp) A v(top) = O then the determinant (7.12) van-
ishes automatically in tg and the tangent planes along the generator passing
through pg are automatically constant, and so there is nothing to prove.

Assume then v/ (tg), o (to) Av(tg) # O. If the determinant in (7.12) vanishes
in tg then (o) can be written as a linear combination of v(¢y) and v'(¢y), and
thus the the tangent planes along the generator passing through py are con-
stant. Conversely, if the tangent planes along the generator passing through pg
are constant then the direction of the vector (5(to) + vv’'(to)) A v(to) is in-
dependent of v. Letting v tend to 0 we see that this direction is the direction
of 6(tg) Av(to); hence {(to), v(to)} is a basis of all these tangent planes. But
this can happen only if v/(tg) can be expressed as linear combination of & (%)
and v(tp), and we are done. O

Problem 7.2. Let o: (a,b) — R? be a reqular curve of class C™, parametrized
by arc length. Let S C R® be a ruled regular surface, admitting a parametri-
zation p: (a,b) x R — S in ruled form with base curve o.

(i) Show that if v(t) and v'(t) are linearly dependent for allt € (a,b) then the
generators of S are parallel and S is contained in a plane or in a cylinder.

(ii) Prove that if S is developable and non-cylindrical then & is always a linear
combination of v and v'.

Solution. (i) The vectors v and v’ are orthogonal, since ||v|| = 1; so the only
way they can be everywhere linearly dependent is v/ = O. Thus v is constant,
and this means that the generators are parallel.

(ii) As in (i), S non-cylindrical implies that v(¢) and v'(¢) are always
linearly independent. The assertion immediately follows because, by Prob-
lem 7.1, if S is developable then the vectors &, v and v’ are always linearly
dependent. a

Problem 7.3. Let S € R® be a compact surface with Gaussian curvature K
everywhere positive, and assume that the absolute value |H| of the mean cur-
vature is constant. Prove that S is a sphere.

Solution. Since the Gaussian curvature is always positive the absolute value
of the mean curvature is different from zero everywhere; by Problem 4.16 it
follows that S is orientable. Choose then an orientation so that H = Hy > 0,
and denote by k1 < ko the principal curvatures of S. Being S compact and k1,
ko continuous, we can find a maximum point p € S for ko. From ki + ko = 2H,
we deduce that p is a minimum point for k7; hence p is an umbilical point, by
Proposition 7.1.1. Then

Vge S ka(q) < ka(p) = k1(p) < k1(q) < k2(q) ,

and thus all points of S are umbilical. Problem 4.3 shows then that S is con-
tained in a sphere; and the argument already used at the end of the proof of
Theorem 7.1.2 implies that S is a sphere. a
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Exercises

RIGIDITY

7.1. Let S C R be a compact surface with Gaussian curvature K everywhere
positive, and assume it to be oriented (as we may by Exercise 4.33). Prove
that if:

(i) the quotient H/K between the mean curvature and the Gaussian curva-
ture is constant; or

(ii) a principal curvature (k; or ko) is constant; or

(iii) there is a decreasing function h: R — R such that ks = h(k),

then S is a sphere.

7.2. Let S be a regular surface in R® closed in R®, with constant Gaussian
and mean curvatures and with no umbilical points. Show that S is a right
circular cylinder.

7.3. Let S be a orientable closed regular surface in R®. Prove that it is possi-
ble to give S an orientation such that @, = —I, for all p € S if and only if S
is a sphere with radius 1.

THIRD FUNDAMENTAL FORM

Definition 7.E.1. Let S C R® be an oriented surface in R® with Gauss map
N:S — S2. The third fundamental form of S is the map III,,: T,,S x T,,S — R
given by

I, (v, w) = (AN, (v), dNp(w)) .

7.4. Let S C R? be an oriented surface R® having Gauss map N: S — S2.

(i) Prove that III, is a symmetric bilinear form on 7,5 independent on the
choice of N.
(ii) Prove that
I, - 2H(p)Q, + K(p)I, = 0.

7.5. Let S be a closed surface in R?. Prove that the first and third fundamental
forms of S are equal if and only if S is a sphere with radius 1.

7.6. Let S be an orientable closed surface in R®. Prove that if it is possible
to give S an orientation such that the second and third fundamental form
of S coincide then S is a sphere with radius 1, or a plane, or a right circular
cylinder with radius 1.
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DEVELOPABLE SURFACES
7.7. Prove that a cylinder is a developable ruled surface.

7.8. Show that the regular part of the tangent surface to a curve of class C'*
is developable (see also Problem 4.20).

7.9. Consider a parametrization ¢:U — S of a surface S of the form

o(z,y) = a(y) + xb(y) ,

where a and b are suitable maps with values in R® such that ¥ (y) = h(y)a’(y)
for some real-valued function h. Prove that the Gaussian curvature of ¢(U)
is zero everywhere. Which conditions have a and b to satisfy for ¢(U) not to
consist only of planar points?

7.10. Determine a parametrization in ruled form (see Exercise 4.69) of the
ruled surface S having as base curve the curve o: (0, +00) — R? parametrized
by o(t) = (t,t%,t3) and generators parallel to v = (cosu,sinwu,0). Is the sur-
face S developable?

7.11. Show that the normal surface (see Exercise 4.73) to a curve o is devel-
opable if and only if the curve is plane.

7.12. Consider a curve ¢ of class C™ in a regular surface S in R®, and let S}
be the surface described by the union of the affine normal lines to S passing
through the points of the support of . Show that S is developable if and
only if o is a line of curvature of S.

Supplementary material

7.4 Positive Gaussian curvature

In this section, we are going to study in detail the closed surfaces in R® hav-
ing positive Gaussian curvature. In particular, we shall prove that they are
always diffeomorphic to either a sphere or a convex open subset of the plane
(Hadamard’s and Stoker’s theorems).

Let us begin with some general remarks. Let S C R? be a closed surface.
In the supplementary material of Chapter 4 we proved that S is orientable
(Theorem 4.7.15) and that R*\ S consists exactly of two connected compo-
nents (Theorem 4.8.4). If we fix a Gauss map N: S — S?, Theorem 4.8.2 tells
us further that there exists a unique component of R? \ S that contains points
of the form p + tN(p), with p € S and 0 < t < e(p), where e: S — RT is a
continuous function such that Ng(e) is a tubular neighborhood of S. So we
may give the following:
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Definition 7.4.1. Let S C R® be an oriented closed surface with Gauss
map N: S — S2. Then the interior of S is the only component R? \ S contain-
ing points of the form p+tN(p) with p € Sand 0 < t < e(p), wheree: S — R
is a continuous function such that Ng(e) is a tubular neighborhood of S.

Suppose now that the Gaussian curvature of S is positive everywhere. In
particular, the principal curvatures of S are nowhere zero; as a consequence,
there is a Gauss map N:S — S? with respect to which the principal curva-
tures of S are positive everywhere. From now on, we shall always assume that
the surfaces with Gaussian curvature positive everywhere are oriented with the
Gauss map that makes all the principal curvatures positive.

The first goal of this section is to show that the hypothesis K > 0 implies
the convexity of the interior of S and (in a sense to be made precise) of S
itself. But let us first introduce the convexity notions we are interested in.

Definition 7.4.2. Given two points z, y € R", we shall denote by [z,y] C R"
the closed line segment from x to y, and by |z, y[ C R™ the open line segment
from x to y. A subset K C R" is convez if [z,y] C K for all z, y € K; strictly
conver if ]z, y[ is contained in the interior of K for all z, y € K.

Remark 7.4.3. Clearly, every strictly convex set is convex, and its interior is
convex. Moreover, every convex open set is trivially strictly convex, so the
notion of strict convexity is only interesting for non-open sets. Finally, it is
easy to verify (exercise) that the closure of a convex set is convex.

It is apparent that a surface cannot be convex in this sense unless it is con-
tained in a plane. For this reason we introduce another notion of convexity
for surfaces, which will be useful in this section.

Definition 7.4.4. Let S C R® be a surface, and p € S. The affine tangent
plane to S at p is the plane H,S = p + T,S parallel to 7,5 and passing
through p. If S is oriented and N: S — S? is the corresponding Gauss map,
we shall denote by H;ES C R? the open half-space determined by H,S and
containing p + N(p).

Definition 7.4.5. A surface S C R? is convez if for all p € S it is contained
in one of the two closed half-spaces determined by H,S; and strictly convex
if S\ {p} is contained in one of the two open half-spaces determined by H,S
for any p € S.

The result that will relate the positivity of the Gaussian curvature with
the various notions of convexity is the following:

Lemma 7.4.6. Let S C R* be a closed surface, and p € S with K(p) > 0.
Let N: S — S? be the Gauss map of S such that the principal curvatures are
positive in a neighborhood of p, and 2 C R® the interior of S. Let hyp: R?® - R
be the function

hp(x) = (x —p, N(p)) ,
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so that HpS = h;l(O), Then there is a neighborhood V, C R? of p in R?

such that h, is strictly positive in (2 \ {p}) N'V,; moreover, no line segment
[z,y] C V, N2 is such that p € ]z, yl.

Proof. For every curve o:(—¢,e) — S with o(0) =p and ¢/(0) = v € T,,S we
have

d(hp)p(v) = (0'(0), N(p)) =0 and  (hy©0)"(0) = (¢”(0), N(p)) = Qp(v) ,

by (4.8). Since @, is strictly positive definite by the choice of N, it follows
that p is a strict local minimum for h,|g, and so there exists a neighbor-
hood V,, € R? of p such that hy,(q) > 0 for all ¢ € (S\ {p}) N V,,.

Let Ns(e) € R® be a tubular neighborhood of S, and 7: Ng(e) — S and
h: Ng(g) — R the maps defined in Theorem 4.8.2; in particular, h(z) > 0 for
allz € 2NNg(e). Up to restricting V,,, we may assume that V,, = 7#=(V,NS) C
Ns(e), and that (N(q), N(p)) > 0 for all g € V,NS. So for all z € V, N 2 we
have

hyp(x) = hy(m(z)) + h(z)(N(7(z)),N(p)) > 0;

hence we have h,(q) > 0 for all ¢ € (22\ {p}) NV},

Finally, suppose there exists a line segment [z, y] C V, N2 with p € |z, y].
Let 0:[0,1] — R? be its parametrization given by o(t) = x +t(y — z), and let
to € (0,1) be such that o(tg) = p; in particular,

hyp(o(t)) = (t —to)(y — x,N(p)) .

So either hy, o o is zero everywhere or it changes sign in [0,1]; but, from the
fact that [z,y] C 22NV, we deduce that h,(c(t)) > 0 for all ¢ # tg, a contra-
diction. 0

Then:

Proposition 7.4.7. Let S C R® be a closed surface with Gaussian curvature
positive everywhere, and let 2 C R® be its interior. Then:

(1) 2 is strictly conves;
(il) S is strictly convex;

(iil) 2 = Npes Hp S and 2 =g Hf S.

Proof. We begin by proving that (2 is convex, that is, that the subset A =
{(z,y) € 2 x 2] [z,y] C 2} of 2 X £ coincides with the whole 2 x (2. Since
2 is connected, if A were not equal to 2 x {2 we could find (zg,yo) € OA.
So there must exists two sequences {z,}, {yn} C 2 such that =, — o,
Yn — Yo, and [x,,y,] C 2 for all n > 1 but [zg,yo] ¢ 2. Clearly, we have
[0, y0] C 2= 2US; choose a point p € |xo,yo[N S, and let V,, C R? be the
neighborhood of p given by the previous lemma. Then by intersecting [z, yo]
with V}, we would find a segment contained in {2 NV, and containing p in its
interior, against Lemma 7.4.6.
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So 2 is convex, and hence {2 is too. If {2 were not strictly convex, there
should exist two points xg, yo € S such that ]Jzg, yo[ NS # &, and we would
again contradict Lemma 7.4.6.

Fix now p € S, and suppose by contradiction that there exists ¢ € H, SN2
different from p. Then the whole segment |p, ¢[ should be contained in H,SN2.
But Lemma 7.4.6 implies that the function h, is strictly positive in V}, N {2,
while it is zero everywhere on H,.S, a contradiction.

Hence 2\ {p} is connected and does not intersect H,S = h*(0); so h,
cannot change sign in 2\ {p}. Since it is positive near p, it is positive every-
where, and thus 2\ {p} C H,S. Since this holds for every p € S, we have

proved, in particular, that S is strictly convex, that 2 C ﬂpGS H,f S and that

Q2 CNpes Hy S

Suppose by contradiction that there exists go € (1,5 Hy S\ 2, and
choose a point pg € {2 nearest to qp; it exists because (2 is closed. Clearly,
po € 02 = S. Let 0:(—e,e) — S be a curve with ¢(0) = p, and set

f(t) =|lo(t) — qo||?>. Then we have
2(0"(0),p0 — q0) = f'(0) =0

since this holds for every curve ¢ in S passing through p, it follows that pg—qo
is orthogonal to T),,S, that is, go — po = AN (po) for some A € R*. Now, since
qo € H,, S, we have

0< hpo(QO) =A,

and so hy, (po + t(qo — po)) = t\ > 0 for all ¢ > 0. On the other hand,
po+t(go—po) & 2 for all ¢t € (0, 1], as pg is the point of {2 closest to go; hence
po + t(go — po) = po — sN(po) with s > 0 when ¢ > 0 is small enough, and so
Ropo (po +t(qo — po)) < 0, contradiction.

So 2 = Nyes Hy S D Nyes Hf S. But 02N N,cgHyS = @; 50 2 2
Nypes Hy S, and we are done. O

A consequence of this proposition is that the Gauss map of a surface with
positive Gaussian curvature behaves particularly well:

Proposition 7.4.8. Let S C R® be a closed surface with Gaussian curvature
positive everywhere. Then the Gauss map N:S — S? is a globally injective
local diffeomorphism.

Proof. Since the Gaussian curvature is exactly the determinant of the differ-
ential of N, the inverse function theorem for surfaces (Corollary 3.4.28) tells
us that the Gauss map is a local diffeomorphism.

Suppose by contradiction that there exist two points p, ¢ € S such that
N(p) = N(q); in particular, H,S e H,S are parallel. By the previous propo-
sition, we know that S C H, S N H; S; since H,S and H,S are parallel, this

intersection has to coincide with one of the two half-spaces, say H, S. But
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from this follows that ¢ € H,S C H, S; so ¢ € Hf SN H, S = H,S, and
hence H,S = H,S. From the strict convexity of S we deduce that

{p}=SNH,S=SNH,S ={q},
that is p = ¢, and N is injective. a
So we have obtained Hadamard’s theorem:

Corollary 7.4.9 (Hadamard). Let S C R® be a compact surface with Gaus-
sian curvature positive everywhere. Then the Gauss map N:S — S? is a
diffeomorphism.

Proof. By the previous proposition, N is a globally injective local diffeomor-
phism; in particular, N(S) is open in S2. But S is compact; so N(S) is closed
in S2 too. As S? is connected, this implies that N (S) = S2. So N is a bijective
local diffeomorphism, that is, a diffeomorphism. O

So every compact surface with Gaussian curvature positive everywhere is
diffeomorphic to a sphere. To find the geometry of the non-compact ones, we
have still some work to do. Let us begin with:

Lemma 7.4.10. Let S C R® be a closed surface with Gaussian curvature
positive everywhere, and let 2 C R® be its interior. Then:

(1) if 2 contains a closed half-line £ then (2 contains all the open half-lines
parallel to ¢ passing through points of 2;
(ii) £2 does not contain whole straight lines.

Proof. (i) Suppose that there exist € {2 and a non-zero v € R? such that
x+tv e 2 forallt>0.If y € 2 strict convexity implies that |y, x + tv[ C 2
for all ¢ > 0. Passing to the limit as ¢ — 400 we find that the open half-
line through y parallel to v lies in {2, and cannot intersect {2 = S without
contradicting Lemma 7.4.6.

(ii) Suppose that {2 contains a line ¢. Then part (i) implies that the line
through any p € S parallel to v is contained in {2, and this again contradicts
Lemma 7.4.6. O

We are now ready to prove Stoker’s theorem:

Theorem 7.4.11 (Stoker). Every non-compact closed surface S C R? with
Gaussian curvature positive everywhere is a graph over a convex open subset
of a plane. In particular, S is diffeomorphic to a convex plane open set.

Proof. Since S is not compact, it is not bounded. So, for every point ¢ € S
we may find a sequence {¢,} C S such that ||¢, — ¢|| — +00; up to extract-
ing a subsequence, we may also assume that (¢, — q)/|lq. — q|| — v € S%
Let 22 C R® be the interior of S. Since £ is convex, we have [q,¢,] C £ for



7.4 Positive Gaussian curvature 369

all n; by letting n approach infinity, we see that {2 has to contain the open
half-line E;‘ passing through ¢ and parallel to v. So the previous lemma tells
us that {2 contains the open half-line é;{ passing through p and parallel to v
for all p € S.

Denote by ¢, the line passing through p parallel to v. First of all, if £,
intersects S in a point p’ different from p we would have p’ € Z; or p € E;,,
against Lemma 7.4.6. So ¢, N S = {p} for all p € S. Moreover, ¢, cannot
be tangent to S; if it were so, necessarily at p, we would have ¢, C H,S
and E; C {2, against Proposition 7.4.7.(iii). So v ¢ T),S for all p € S.

Let H C R? be the plane passing through the origin and orthogonal to v.
What we have seen so far tells us that every line orthogonal to H intersects S
in at most one point; so the orthogonal projection m: R* — H restricted to S
is injective. In particular, S is a graph over the image 7(S) C H. Now, for
every p € S and every non-zero w € T),S we have

dmy(w) = w — (w,v)v # 0,

since v ¢ T,S. Therefore m|g: S — H is a globally injective local diffeomor-
phism, that is, a diffeomorphism between S and its image 7(S), which has to
be open in H. Finally, w(S) is convex. Indeed, let 7(p), 7(q) € 7(S). We know
that the segment |p, ¢[ lies in 2, and that for all = €]p, ¢[ the open half-line
through = parallel to v lies in (2. But we also know that {2 does not contain
lines; hence the line through x parallel to v has to intersect S, and so the
whole segment [7(p),7(¢)] is contained in 7(S). O

In particular, every non-compact closed surface with positive Gaussian cur-
vature, being diffeomorphic to a convex open subset of the plane, is homeo-
morphic to a plane.

In Remark 7.1.4 we claimed that closed surfaces with Gaussian curvature
bounded from below by a positive constant are necessarily compact. To prove
this we need two more lemmas. The first one is a general one:

Lemma 7.4.12. Let S C R? be a surface that is a graph over an open sub-
set 2 of a plane H C R? passing through the origin, and denote by m:R® — H
the orthogonal projection. Then for every regular region R C S we have

Area(R) > Area(w(R)) .

Proof. Up to a rotation in R® we may assume that H is the zy-plane, and that
S is the graph of a function h: {2 — R. Then Theorem 4.2.6 and Example 4.1.8

imply

Area(R) = / V14 ||VR|2dzdy > / dz dy = Area(n(R)) ,
7(R) 7(R)

as required. a
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The second lemma deals instead with surfaces having positive curvature:

Lemma 7.4.13. Let S C R? be a closed surface with positive Gaussian cur-
vature, let 2 C R® be its interior, and let H C R® be a plane such that
HN 2 # @. Then there exists an open subset V. C S of S that is a graph over
Hn .

Proof. Let U = H N {2, and choose a versor v € S? orthogonal to H. Suppose
that there exists z € U such that the half-line £ through x parallel to v does
not intersect S. Then ¢ must be contained in one of the two connected com-
ponents of R*\ S; since z € 2, we find £} C £2. Hence Lemma 7.4.10 implies
that £ C £ for all y € U, where £ is the half-line through y parallel to v.
But in this case, since {2 cannot contain whole straight lines, the opposite
half-line £, has to intersect S for all y € U.

So, up to swapping v with —v, we may suppose that all half-lines ¢,
through points x € U intersect S; then the assertion follows arguing as in the
final part of the proof of Theorem 7.4.11. ]

The promised result about compactness of closed surfaces with Gaussian
curvature bounded below by a positive constant is then a consequence of
Bonnet’s theorem, that we can now prove:

Theorem 7.4.14 (Bonnet). Let S C R® be a closed surface such that

Ko = inf K(p) > 0.
o= inf (p)

Then S is compact, diffeomorphic to a sphere, and moreover

47

< .
Area(S) < Ko

(7.13)
Proof. Proposition 7.4.8 tells us that the Gauss map N: S — S? is a diffeomor-

phism with an open subset of S2. In particular, for every regular region R C S
contained in the image of a local parametrization we have

Ky Area(R) :/ Kodv < / Kdyz/ |deth\d1/:Area(N(R)) <Adr,
R R R

where we have used Proposition 4.2.10. So we get

47

Area(R) < K,

(7.14)
for every regular region R C S contained in the image of a local parametriza-
tion.

Suppose now by contradiction that S is not compact. Then Theorem 7.4.11
tells us that S is a graph over a convex subset of a plane Hy C R?, orthogonal
to a versor v € S2. In particular, if 2 C R? is the interior of S, we may choose
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v so that for all z € 2 the half-line £} through x parallel to v is contained in
2. Thus if [z, yo] C 2 and n € N* then the set

Qn=A{z+tv|z€xo,y0], 0 <t <n}C

is a rectangle in H containing |z, yo[ and parallel to v. Lemma 7.4.13 tells
us that there exists a regular region R, C S that is a graph over @,,. Hence
Lemma 7.4.12 implies
47
> Area(R,,) > Area(Q,) = n|lyo — zo||
0
for all n € N*, impossible.
So S is compact, and hence (Corollary 7.4.9) diffeomorphic to a sphere. In
particular, S is an increasing union of regular regions contained in the image
of a local parametrization, and (7.13) follows from (7.14). O

Remark 7.4.15. Inequality (7.13) is the best possible: indeed, for the unit
sphere S? we have Area(S?) = 47 and K = 1.

Remark 7.4.16. There is a completely different proof of Bonnet’s theorem
(see [4, p. 352]), based on a study of the behavior of geodesics, giving an
estimate of the diameter (with respect to the intrinsic distance) of the sur-
face: diam(S) < 7/v/Kp.

Remark 7.4.17. In case you were wondering, there are non-compact (but still
closed in RS) surfaces with positive Gaussian curvature. A typical example is
the elliptic paraboloid, which is the graph of the function h: R> — R given by
h(x1,22) = 23 + 23. Indeed, Example 4.5.19 implies
K= 4 5 >0.
(1+ 4(x? + 23))

7.5 Covering maps

To study surfaces with non-positive Gaussian curvature we need some prelim-
inary topological notions which, for the sake of simplicity, we shall directly
describe for surfaces, only proving the results we shall need later on. You may
find a more complete exposition of the theory of covering maps in, e. g., [11].

Let F: S — S be a local diffeomorphism between surfaces. In particular,
this means that every p € S has an open neighborhood U C S such that F |5
is a diffeomorphism with its image. As already remarked before, this does not
say a lot about the structure of S. Basically, two things may happen. The
first, more evident, is that F' might not be surjective, and thus outside the
image of F there is no relation between S and S. The second one is that, in
a sense, there might exist a connected component U of the inverse image of

an open subset U of I’ (S), albeit small, lacking some points, in the sense that
FU)#U.
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Ezample 7.5.1. Let S = {(x,y,2) € R® | 22 +y?> = 1} € R® be the right
cylinder of radius 1, and F: R? — S the local diffeomorphism given by

F(x1,29) = (coszy,sinxy, 23) .

If S = (0,37) x (=1,1), then F|g is a non-surjective local diffeomorphism.
If, on the other hand, S; = (0,37) x R, then F|§1 is a surjective local diffeo-
morphism, but the second kind of problem appears. Indeed, given € > 0, set
U.=F((m —e,m+¢) x (—¢,¢)). Then

F|§11(U5) =(r—e,m+e)x(—g,e)UBr —g,3m) x (—¢,¢)

but F((37 —€,37) x (—¢,¢)) # U..

The following definition introduces a particular kind of local diffeomor-
phism for which these problems do not arise.

Definition 7.5.2. A map F: S — S of class C° between surfaces is a smooth
covering map if every p € S has a connected open neighborhood U, C S such
that the connected components {U,} of F~*(U,) are such that F| o, is a dif-
feomorphism between U, and U for every a. The neighborhoods U, are said

to be evenly covered, the connected components U, are called sheets over U ,
and the set F~1(p) is the fiber of p.

Remark 7.5.3. If we replace S and S by two topological spaces, F by a con-
tinuous map, and we ask that F' |Ua is a homeomorphism between U, and Up,
we get the general topological definition of a covering map. For instance, it
is easy to see (e.g., recalling the beginning of the proof of Proposition 2.1.4)
that the map m: R — S given by 7(z) = (cos z,sin z) is a topological covering
map. Indeed, several of the results we are going to discuss in this section are
generalizations of facts we have seen in Section 2.1.

Ezample 7.5.4. The map F:R? — S introduced in Example 7.5.1 is a smooth
covering map. Indeed, for all p = F(z1,22) set U, = F((z1 — 7,21 + 7) x R).
Then
FHU,) = | (o1 + 2k — Dm,21 + 2k + 1)7) x R,
kez
and it is easy to verify that F|(,, 4 (2r—1)r1+(2k+1)r)xRr 18 a diffeomorphism
between (z1 + (2k — 1), z1 + (2k + 1)) x R and U, for all k € Z.

A smooth covering map is clearly a surjective local diffeomorphism, and the
evenly covered neighborhoods are diffeomorphic to each component of their
inverse image; so we are justified in saying that a smooth covering map F' from
the surface S over the surface S provides us with a global way of comparing
the local structures of S and S.

The main goal of this section is to obtain a characterization of those lo-
cal diffeomorphisms that are smooth covering maps. As we shall see, what is
important is the possibility of lifting curves.
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Definition 7.5.5. Let F: S — S be a smooth map between surfaces, and X
a topological space. A [lift of a continuous map ¢: X — S is a continuous map
w X — S such that P =Fo w We shall say that F has the continuous (re-
spectively, C*) lifting property if every continuous (respectively, piecewise C')
curve in S has a continuous (respectively, piecewise C!) lift.

Remark 7.5.6. In the application to surfaces with non-positive Gaussian cur-
vature we have in mind (Proposition 7.6.3) we shall be interested in lifting
piecewise C'! curves only; for this reason, we have decided to introduce the
C! lifting property (instead of limiting ourselves to the more standard con-
tinuous lifting property). However, at the end of this section we shall be able
to prove that a local diffeomorphism with the C! lifting property also has the
continuous lifting property.

Remark 7.5.7. Every lift of a piecewise C'! curve with respect to a local diffeo-
morphism is necessarily piecewise C! (why?); so a local diffeomorphism with
the continuous lifting property has the C! lifting property too.

Remark 7.5.8. A map F:S — S with the C! lifting property is necessarily
surjective. Indeed, take arbitrarily p € F(S‘) and ¢ € S. Choose a smooth
curve (Corollary 4.7.11) o:[a,b] — S joining p to ¢, and let &:[a,b] — S be a
lift of o5 then ¢ = o(b) = F(5(b)) € F(S), and F is surjective.

An important remark is that lifts (with respect to a local diffeomorphism),
if they exist, are essentially unique:

Lemma 7.5.9. Let F: S — S be a local diffeomorphism, X a connected Haus-
dorff topological space, and ¢: X — S a continuous map. Suppose we have two
lifts 1, : X — S of 1 such that (o) = ¥ (o) for some xo € X. Then ) = 1).

Proof. Let C' = {z € X | ¢(z) = ¢(x)}. We know that C is a non-empty
closed subset of X; to conclude we have just to prove that it is open too.
Take x; € C. Slnce F is a local diffeomorphism, there is an open neigh-
borhood U of (x1) = t(x1) such that F|g is a diffeomorphism between U
and U = F(U); in particular, U is an open neighborhood of 9(z) = F(w(xl))
By continuity, there is an open neighborhood V' C X of x1 such that ’(/J( yu
% ) C U. But then from F o ¢|y = |y = F o]y we deduce that ¢|y =
‘U oy ,1/1\‘/, thus V C (', and we are done. O

In the last theorem of this section it will be proved that smooth covering
maps can be characterized as the local diffeomorphisms having the C* lifting
property; to get there, we must first show that smooth covering maps have
the C" lifting property.

Proposition 7.5.10. Every smooth covering map between surfaces has the
continuous lifting property (and hence the C lifting property too).
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Proof. Let F: S — S be a smooth covering map, and o [a,b] — S a continuous
curve; we have to construct a lift of o.

By continuity, for all ¢ € [a,b] there is an open interval I; C [a,b] con-
taining ¢ such that o(I;) lies within an evenly covered neighborhood U, )
of o(t). Choose a point py € F_l(a(a)), and choose the component Ug(a)
of F‘l(U[,(a)) containing py. We may then define a lift 6 of o over I, by
setting & = F|51 o0.

o(a)

If I, = [a,b], we are done. Otherwise, let [a,ty) C [a,b] be the largest
interval where a lift &: [a,t9) — S with &(a) = o is defined. Choose t € [a, to)
and € > 0 such that o([t, to +€]) C Uy(y,), and let U be the connected compo-
nent of F~(Uy(4,)) containing & (¢). Then we can define a lift 6: [¢, to+¢] — S
of olt,1g+< by setting & = F|51 o 0. By construction, 6(t) = (t); therefore
Lemma 7.5.9 yields & ,) = &) But this means that using 6 we can
extend ¢ beyond tg, contradiction.

The last assertion follows from Remark 7.5.7. O

In Section 2.1 we have introduced the notion of homotopy between curves
(Definition 2.1.9). In the present context we need some more terminology:

Definition 7.5.11. Let 0g, 01:[a,b] — S be two continuous curves in a sur-
face S, and ¥:[0,1] x [a,b] — S a homotopy between oy and oy. If there is a
p € S such that ¥(-,a) = p (so, in particular, og(a) = p = o1(a)), we shall
say that ¥ has origin p. If, moreover, ¥(-,b) is constant, we shall say that ¥
has fized endpoints. Finally, we shall say that ¥ is piecewise C! if all curves
t — W(sg,t) and s — ¥(s,tq) are piecewise C*.

It is not difficult to see that homotopies lift too:

Proposition 7.5.12. Let F: S — S be a local diffeomorphism between sur-
faces with the continuous (C') lift property, and ®:[0,1] x [a,b] — S a (piece-
wise C*) homotopy with origin py € S. Then for all po in the fiber of po there
is a unique lift $:10,1] x [a,b] — S of & with origin py.

Proof. We shall prove the statement for the continuous case; the piecewise C'!
case is completely analogous.

Uniqueness immediately follows from Lemma 7.5.9. To prove existence, let
w:[0,1] x [a,b] — S be given by ¥(s,t) = 74(t), where &,: [a,b] — S is the
unique lift of the curve o, = ¥(s,-) such that &(a) = po. Clearly, ¥ is a
lift of ¥ and Lﬁ(~, a) = Po; to finish the proof we only need to show that v is
continuous.

Take (so,t0) € [0, 1] x [a,b]. Since F is a local diffeomorphism, there is an

open neighborhood U of ¥(sq,tg) such that F|; is a diffeomorphism with its
image U = F(U), an open neighborhood of ¥ (sq, to) in S. Let Qg C [0, 1] x[a, D]
be an open square of side 2¢ centered at (sg,tp) such that ¥(Qg) C U; if we
show that ¥|g, = F\gl o W, we have proved that ¥ is continuous at (sg, o),

and we are done.



7.5 Covering maps 375

Note that s F\_l( (s,t0)) defined in (so — &, so + ) is a lift of the

curve s — W(s, 1) starting at ¥(sg,%); by the uniqueness of the lift we get
U (s,tg) = F|U01( (s,to)) for all s € (sop — €,80 + €). Analogously, for all

s € (so —€,80 +¢€) the curvet+—>F|71( (s,t)) defined in (to —e,t9 +¢) is a

lift of the curve ¢ — W(s,t) starting at ¥(s,%o); by the uniqueness of the lift
we get W(s,t) F\Uol( (s, )) for all (s,t) € Qo, as required. O

An important consequence of this result is that the lifts of homotopic
curves are homotopic:

Corollary 7.5.13. Let F: S — S be a local diffeomorphism between surfaces
with the continuous (C1) lift property, and o, o1:[a,b] — R two (piecewise
C1) curves such that og(a) = p = o1(a) and oo(b) = ¢ = o1(b). Having chosen
pe F~Y(p), let 59, 61:[a,b] — S be the lifts of oo and o issuing from p. Then
there exists a (piecewise C*) homotopy with fized endpoints between o and
o1 if and only if there exists a (piecewise C*) homotopy with fized endpoints
between & and 7.

Proof. Tf W:[0,1] x [a,b] — S is a (piecewise C'') homotopy with fixed end-
points between & and 1, then F oW is a (piecewise C'!) homotopy with fixed
endpoints between o and o7.

Conversely, suppose that ¥:[0,1] x [a,b] — S is a (piecewise C') regular
homotopy with fixed endpoints between oy and oy, and let ¥: [0,1] % [a,b] — S
be the lift with origin p given by the previous proposition. Since F' is a local
diffeomorphism, ¥ is piecewise C if ¥ is. By the uniqueness of lift of curves
we know that ¥ is a homotopy between &y and &;. Moreover, s — LT/(S b)
has to be a lift of the constant curve s — W(s,b) = ¢; hence we must have
W(-,b) = Go(b), and so ¥ has fixed endpoints. |

Homotopies allow us to identify a particular class of surfaces whose cover-
ing maps are necessarily trivial.

Definition 7.5.14. A surface S C R® is simply connected if for every closed
curve og: [a,b] — S there is a homotopy with fixed endpoints between o and
the constant curve o1 = o¢(a).

Example 7.5.15. Every convex open subset of the plane is simply connected.
Indeed, let U C R? be a convex open set, and o: [a,b] — U a closed curve.
Then the map ¥:[0,1] x [a,b] — U given by

U(s,t) = so(a)+ (1 —s)o(t) (7.15)

is a homotopy between o and the constant curve o1 = o(a). In particular,
every surface homeomorphic to a convex open subset of the plane is simply
connected.
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Remark 7.5.16. Note that if ¢ is a piecewise C! closed curve then the homo-
topy defined in (7.15) is piecewise C'! too. In particular, every piecewise C'*
closed curve in a surface diffeomorphic to a convex open subset of the plane
is piecewise C' homotopic to a constant curve.

So we may finally reap the benefits of our work, and prove that every local
diffeomorphism with the C! lifting property is a smooth covering map:

Theorem 7.5.17. Let F: S — S be a local diffeomorphism between surfaces
with the C1 lift property. Then F is a smooth covering map, and so in partic-
ular it has the continuous lifting property.

Proof. Given py € S, let U C S be the image of a local parametrization
at pg whose domain is an open disk in the plane; in particular, U is a simply
connected, connected, open neighborhood of py. We want to prove that U is
evenly covered.

Let F~1(U) = |JU, be the decomposition of F~!(U) into connected com-
ponents. If we prove that F |[3Q is a diffeomorphism between U, and U we
have shown that F' is a smooth covering map.

We begin by proving that F(U,) = U. Chosen p € U, let o:[a,b] — U
be a piecewise C! curve from a point ¢ € F(Ua) to p. Since F has the C!
lifting property, there is a lift 6 of o issuing from a point § € U,. Clearly,
5([a,b)) € F~1(U); being U, a connected component of F~1(U), the whole
support of & is contained in U,. In particular, p = F(&(b)) € F(Ua), and
F|g  is surjective.

Thus F |, :Us — U is alocal diffeomorphism with the C*! lifting property;
to conclude, we only have to prove that it is injective.

Let py, pa € Uy be such that F(p;) = F(p2) = p. Since U, is connected,
Corollary 4.7.11 yields a piecewise C' curve 6¢: [a,b] — U, from py to pa.
Then the curve oy = F o & is a piecewise C closed curve. Since U is diffeo-
morphic to a disk in the plane, Remark 7.5.16 tells us that there is a piecewise
C! homotopy ¥:[0,1] x [a,b] — U with fixed endpoints between oy and the
constant curve o1 = p. Proposition 7.5.13 provides us then with a piecewise
C" homotopy ¥: [0,1] x [a, b] — U,, with fixed endpoints between the curve &
and the lift &1 = p; of o1. In particular, we have py = 5¢(b) = &1(b) = pu,
and so F' is injective. O

The argument given in the last part of this proof allows us to conclude
that simply connected surfaces do not admit non-trivial covering maps:

Proposition 7.5.18. Let F": S — S be a smooth covering map between sur-
faces. If S is simply connected then F' is a diffeomorphism.

Proof. We have to prove that F' is injective. Let p1, pa € S be such that
F(p1) = F(p2) = p. Since S is connected, there is a curve &o: [a,b] — S from py
to pa. Then the curve oy = Fody is a closed curve; since S is simply connected,
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there is a homotopy ¥:[0,1] x [a,b] — S with fixed endpoints between oy and
the constant curve o; = p. Hence Proposition 7.5.13 provides us with a ho-
motopy ¥: [0,1] X [a,b] — S with fixed endpoints between the curve 6o and
the lift 61 = py of o71. In particular, we have ps = ¢ (b) = 61(b) = p1, and so
F' is injective. a

Example 7.5.19. A consequence of the previous proposition is that no surface
of revolution S is simply connected. Indeed, it is straightforward to verify that
the map ¢: R? — S defined in Example 3.1.18 is a smooth covering map but
is not a diffeomorphism.

7.6 Non-positive Gaussian curvature

We have reached the last section of this book, devoted to surfaces with non-
positive Gaussian curvature. We know, by Problem 6.1, that they cannot be
compact; however, we shall be able to say a lot about their geometric struc-
ture. Indeed, our goal is to prove that every complete surface with non-positive
Gaussian curvature is covered by the plane (Cartan-Hadamard theorem). In
particular, every simply connected complete surface with non-positive Gaus-
sian curvature is diffeomorphic to a plane.

Let S C R? be a complete surface (see Definition 5.4.9); in particular, for
all p € S the exponential map exp,, is defined on the whole tangent plane 7},
(Theorem 5.4.8). The crucial property of surfaces with non-positive Gaussian
curvature is that the exponential map increases the length of tangent vectors:

Proposition 7.6.1. Let S C R? be a complete surface with non-positive Gaus-
sian curvature K, and p € S. Then:

Yo, w € Tp,S l[d(exp,)v(w)]| > [lw]] . (7.16)
In particular, exp,, is a local diffeomorphism.

Proof. If v = O, inequality (7.16) is trivial. If v # O, Lemma 5.2.7 tells us
that [|d(exp,),(v)|| = [lv]|, and that if w is orthogonal to v then d(exp,,),(w)
is orthogonal to d(exp,,),(v); hence (why?) we may restrict ourselves to prove
(7.16) for the vectors w orthogonal to v.

Since S is complete, the map X:R x [0,1] — S given by

X(s,t) = exp, (t(v + sw))
is well defined and of class C*°. Define now J: [0, 1] — R® by setting

ox
0s

where o,: R — S is the geodesic 0, (t) = exp,(tv) passing through p and tan-
gent to v. Lemma 5.5.4 tells us that the vector field J € T (o,) is such that

J(t) = (0,t) = d(expp)w(tw) € Tgv(t)S ,
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J(0) = O, DJ(0) = w and (J,0;,) = 0. Moreover, J(1) = d(exp,,),(w); so our
goal has become proving that ||J(1)|| > |lw]].
First of all, by Lemma 5.5.4.(iv), we have

d
dt

since K < 0 everywhere. As J(0) = O, this implies that (J, DJ) > 0; so

(J.DJ) = |DJ|* + (1, D*J) = [|IDJ||* = [[v|[*(K 0 a)||T|* > 0,

d
4 IPJIP = 2(D* 1, DJ) = =2|jv|[*(K 0 0,)(J, DJ) > 0,
again by the assumption on the sign of the Gaussian curvature. In particular,
DI = DI O)]|* = ||wl]f?

for all ¢ € [0,1]. Hence it follows that

d2
dt2 112 = 2| DJ|[* +2(J, D*J) > 2[|w||* — 2|[o|[*(K © o) || J||* 2 2[|w] .

By integrating with respect to t from 0 to 1, we find

dfj.7]*
d

1P 2 2wt +

d
o (0) = 2wt +2(D.J(0), 7(0)) = 2wt
Integrating again we get

117 = [lwl*$ + [T O)[* = [lw]*¢* ,

and setting ¢ = 1 we obtain [[.J(1)[|* > |lw]?, as required.

So we have proved (7.16). In particular, it implies that the differential
d(exp, ), of exp,, is injective for all v € T),S, and so exp,, is a local diffeomor-
phism (Corollary 3.4.28). O

For the sake of simplicity of exposition, let us introduce the following:

Definition 7.6.2. A map F": S’ — S of class ™ between surfaces is expansive
if ||dF,(v)|| > |Jv]| for all p € S and every v € T},S.

Clearly, every expansive map is a local diffeomorphism. But if S is com-
plete we may be more precise:

Proposition 7.6.3. If S is a complete surface, then every expansive map
F:S — S between surfaces is a smooth covering map.

Proof. Since we know that F' is a local diffeomorphism, by Theorem 7.5.17 it
suffices to prove that F has the O lifting property.

We begin by showing that we may lift piecewise C'' curves issuing from
a point of the image of F. Let 0:[0,/] — S be a piecewise C! curve with
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0(0) = p = F(p). Since F' is a local diffeomorphism, there is a neighbor-
hood U C S of p such that F| is a diffeomorphism; in particular, F(U) is
open in S. By continuity, there exists an & > 0 such that o([0,¢)) C F(U);
s0, by setting & = (F|5) "' 00:[0,e) — S we have found a lift of o over [0,¢).

Clearly, we may repeat this argument starting from any point of the sup-
port of ¢ contained in the image of F'. Thus the set

A= {t€[0,0] | there is a lift 5:[0,t] — S of o with 5(0) = p}

is open in [0, £]. Let to = sup A4; if we prove that ¢ty € A, then ¢y = £ necessarily,
and we have lifted o over all [0, ¢], as required.

Choose a sequence {t,} C A approaching to; we want first to prove that
{#(t,)} has an accumulation point in S. Suppose by contradiction that it
does not. Since S is complete, the Hopf-Rinow Theorem 5.4.8 implies that
the intrinsic distance dg (ﬁ,&(tn)) has to diverge for n — +00. So we have
L(50,t,]) — 400 too. But F' is expansive; hence, L(c|(o,1) > L(][0,,), and
so L(clp,,) should diverge too, whereas it actually converges to L(c|,4)-

So, up to taking a subsequence, we may suppose that &(t,) converges to
a point § € S. By continuity, F(§) = o(ty); in particular, o(to) is in the
image of F. Let U C S be an open neighborhood of ¢ over which F is a
diffeomorphism; in particular, F(U) is an open neighborhood in S of o (o).
Since ¢ is an accumulation point of {5 (¢,)}, we may find a ng € N such that
G(tn,) € U. Moreover, there exists an open neighborhood I C [0, £] of ty such
that o(I) C F(U). So we may define a lift of & over I with (F|5)~!' oo. Since
(F|g) "t o o(tn,) = G(tn,), this lift has to coincide with & on I N [0,y), and
thus we have found a lift of o on [0, t]. In particular, ¢y € A, as required.

So we have proved that we are able to lift all piecewise C' curves issuing
from a point of the image of F. Now, if ¢ € S is an arbitrary point, we may
always find a piecewise C'! curve 0:[0,¢] — S from a point p € F(S) to q.
Hence, if 6 is a lift of o we have F(6(¢)) = 0(¢) = ¢, and so q € F(S). Thus
F' is surjective, and we are done. a

Putting together Propositions 7.6.1 and 7.6.3, we get the promised Cartan-
Hadamard theorem:

Theorem 7.6.4 (Cartan-Hadamard). Let S C R® be a complete surface
with non-positive Gaussian curvature. Then for all p € S the exponential
map exp,:1,S — S is a smooth covering map. In particular, if S is simply
connected then it is diffeomorphic to a plane.

Proof. Indeed, Proposition 7.6.1 tells us that exp, is expansive, and so it is a
covering map by Proposition 7.6.3. Finally, the last claim immediately follows
from Proposition 7.5.18. a

Remark 7.6.5. There are non simply connected, complete surfaces with Gaus-
sian curvature negative everywhere; an example is the catenoid (see Exam-
ples 4.5.21 and 7.5.19).
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Remark 7.6.6. In contrast to what happens with non-compact, closed surfaces
with positive Gaussian curvature, a simply connected, non-compact, closed
surface with negative Gaussian curvature might well not be a graph over any
plane: an example is given by the helicoid S (see Problem 3.2). Indeed, it
has Gaussian curvature negative everywhere (Example 4.5.20), and is sim-
ply connected, since it admits a global parametrization <,0:]R2 — S given by
o(z1,22) = (o cosxy, Tosinzy, axy).

To prove that it is not a graph with respect to any plane, it suffices (why?)
to show that for all v = (ug, v, wo) € S? there exists a line parallel to v that
intersects S in at least two points. If wy # 0, &1, let 1 € R* be such that

2 2
(cosxy,sinzy) = | sgn 1o 4o sgn v Yo
1 1) =
’ Wo ug + U(Q) ’ wWo ug + 11(2) ’

and set T3 = axy/(ud + v3)/w; note that we have infinitely many distinct

choices for x1. Then
axq
So(xly .’IIQ) = v,
Wo

and so the line through the origin parallel to v intersects S in infinitely many
points.

Since the z- and z-axis are contained in S, the lines passing through the
origin and parallel to (0,0,+1) or to (£1,0,0) also intersect S in infinitely
many points.

We are left with the lines parallel to (ug, vo,0) with vy # 0. Let 1) € R* be
such that (ug,vg) = (cos,sin®), and let pg = (0,0,a)) = p(x,0) € S. But
then

0(¥, x2) = (z2u0, T2v0, a®)) = po + T2V ;

hence the whole line parallel to v passing through pg is contained in S, and
so we have proved that S is not a graph.
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Gauss
— equation, 202
— lemma, 264
— map, 185
generator, 217, 218, 228
generatrix, 124, 149
geodesic, 251, 290, 292, 301
— ball, 264
— closed, 282
— equation, 251, 255
— polygon, 322
simple, 322

— radial, 264
germ, 139
good position, 339, 340, 343
gradient, 5, 337
graph, 108
— R%.isomorphic, 114
— 2-connected, 110
connected, 110

— of a function, 2, 4, 5, 21, 23, 56, 122,

168, 179, 189, 197, 201, 254
— planar, 108

half-space positive, 50

handle, 314

helicoid, 148, 168, 187, 189, 197, 201
— right, 228

helix, 37, 40, 42, 50, 51

— circular, 4, 13, 16, 21, 23, 33, 44, 51,

254
— generalized, 42
Hessian, 337
homotopy, 71
— piecewise C*, 374
— with fixed endpoints, 374
hyperbola, 8
hyperboloid
elliptic, 129
— hyperbolic, 129
— one-sheeted, 129, 159
— two-sheeted, 129, 225

index, 326

— rotation, 85, 304, 305
inflection point, 51
integral, 177, 316

interior, 107, 113, 309, 365
— of a curve, 85

Index

intrinsic

— distance, 288

— equation, 26

involute, 46

isometry, 169

— at a point, 169

— local, 169, 170, 301
isomorphism of graphs, 108
isoperimetric inequality, 104

Jacobi identity, 287

latitude, 123
Lebesgue number, 69
Leibniz rule, 141
length
— arc, 12
— of a curve, 10, 12
Lie bracket, 287
lift, 68, 69, 373
— of homotopies, 72
line, 2, 4, 13, 15
— affine binormal, 20
— affine normal, 16, 237
— affine tangent, 9
— coordinate, 121
— of curvature, 204, 210, 277
— tangent, 48
local
— canonical form, 48
— connectivity by C'°° arcs, 234
— flow, 271
— parametrization, 275
longitude, 123

map
— antipodal, 158
— conformal, 172, 227
— expansive, 378
— exponential, 262, 290, 292
— locally conformal, 227
— of class C*°, 133
— smooth, 133
covering, 372
measure zero, 159
meridian, 125
metric coefficient, 167
Mobius band, 182
monkey saddle, 226

387
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natural equation, 26

neighborhood

— evenly covered, 372

— uniformly normal, 290

normal

— section, 184

— variation, 229

— versor, 16—-19
field along a curve, 257
intrinsic, 316
oriented, 19

orientability, 180, 235
orientation, 90, 181

— curve, 8

— of a plane curve, 85
— positive, 317
origin, 374

osculating

— circle, 49

— plane, 16, 20, 41

— sphere, 52

parabola, 94

paraboloid, 151

— elliptic, 129, 279

— hyperbolic, 129, 286

parallel, 125

parameter, 4

— change, 7

parametrization, 7

— global, 7, 56, 57, 122

— in ruled form, 228

local, 55, 121, 133
asymptotic, 355
Chebyshev, 355
isothermal, 227

natural, 13

— orthogonal, 172

— periodic, 7, 56, 57

regular, 121

parametrizations

— determining opposite orientations,
179

— determining the same orientation, 179

— equioriented, 179

partition, 10, 173

— of unity, 162

subordinate, 162

— pointed, 173

path, 108

pitch, 4

plane, 122, 137, 167, 171, 186, 189, 197,

201, 253

— affine tangent, 136, 365

— normal, 50

— osculating, 16, 20, 41, 49

— rectifying, 50

— tangent, 136, 142

point

— accessible, 113

— critical, 127

— elliptic, 194, 331

— hyperbolic, 194

— parabolic, 194

— planar, 194

— regular, 325

— singular, 325
non-degenerate, 337

— umbilical, 208, 225

polygon

— curvilinear, 87, 173, 304
positively oriented, 306
small, 304

property

— intrinsic, 169

— lifting, 373

— Lindelo6f, 162

pseudosphere, 155, 198, 211

quadric, 129, 151, 226
— central, 151
— osculating, 217

R?-isomorphism, 114

radius, 4

— injectivity, 264, 290

— of curvature, 15

realization, 108

refinement, 161, 173, 311

region

— regular, 173
rectifiable, 174
simple, 306

— topological, 338
simple, 338

reparametrization, 7

representative, 139



rigid motion, 24
rigidity, 346
rotation index, 87
ruling, 217

scale factor, 172
second fundamental form, 189
semiaxis, 8
sheet, 372
side, 309
similitude, 172
singular
— point
non-degenerate, 337
smooth covering map, 372
sphere, 33, 123, 137, 168, 179, 186, 189,
197, 201, 254
— osculating, 52
spherical indicatrices, 20
spiral, logarithmic, 30, 39, 40
stalk, 139
stereographic projection, 153, 219
subdivision, 114
subgraph, 108
support, 4, 7, 118, 162
surface, 121
— complete, 294
— convex, 365
— embedded, 121
— extendable, 296
— immersed, 118
— level, 128
— locally conformal, 227
— locally isometric, 297
— minimal, 229
— normal, 229, 364
— of revolution, 124, 138, 168, 188, 198,
202, 255, 268, 322
— orientable, 179, 236
— oriented, 179
— parametrized, 118
— regular, 121
— ruled, 217, 228
developable, 361
non cylindrical, 361
— simply connected, 375
— strictly convex, 365
— tangent to a curve, 218

Index 389

surfaces

conformally equivalent, 227
transversal, 157

tangent

vector, 9
versor, 15

theorem

Bonnet, 204, 245, 370
Brouwer-Samelson, 236
Cartan-Hadamard, 379
classification of orientable compact
surfaces, 314

divergence, 103

Efimov, 361

four-vertex, 99

fundamental, of the local theory of
curves, 24

fundamental, of the local theory of
surfaces, 204, 245

Gauss’ Theorema Egregium, 203
Gauss-Bonnet, 319
Gauss-Bonnet, local, 307
Gauss-Green, 103

Hadamard, 368

hairy ball, 331
Hartman-Nirenberg, 353
Hilbert, 358

Hopf-Rinow, 292

implicit function, 5

inverse function, 77

Jordan arc, 94, 112

Jordan curve, 75, 79, 82, 94, 113
Jordan-Brouwer, 234, 240
Liebmann, 347

Poincaré-Hopf, 330

Sard, 128, 159

Schonflies, 84, 114

Stoker, 368

transversality, 232

turning tangents, 87, 305
Whitney, 3, 55

third fundamental form, 363
torsion, 22, 23, 50

geodesic, 282

torus, 126
trace, 4
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tractrix, 27, 198 v-curve, 205
trajectory, 270 value
transversal, 230 — critical, 127
transversality, 236 — regular, 127
triangle, 308, 322 vector

— standard, 309 — of Darboux, 44

— tangent, 135
vector field

— along a curve, 249
parallel, 250

triangulation, 340
— regular, 309

— subordinate, 340
— topologl?al, 309 _ radial, 264
tubular neighborhood, 76, 77, 237, 238 ~ tangent, 268

twisted cubic, 31 vertex, 87, 99, 108, 173, 308, 309

winding number, 80
u-curve, 205

Umlaufsatz, 87 zero, 325
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